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ABSTRACT

A numerical solution of buoyancy-driven unsteadyura convection boundary layer flow past a verticane
embedded in a non-Darcian isotropic porous regimednsidered. The heat and mass flux at the sudfttee cone

is modeled as a power-law according@ig (X) = X" and g, (X) = X respectively, where x denotes the coordinate

along the slant face of the cone. Both Darcian daad Forchheimer quadratic porous impedance areiporated
into the two-dimensional viscous flow model. Tlamsient boundary layer equations are then non-dsiweralized
and solved by the Crank-Nicolson implicit differenoethod. The velocity, temperature and concentrdfields
have been studied for the effect of Grashof nunibarcy number, Forchheimer number, Prandtl numiserface
heat flux power-law exponent (m), surface mass flower-law exponent (n), Schmidt number, buoyamtip r
parameter and semi-vertical angle of the cone. &mesesults for selected variables for the puréhjdfregime are
compared with the non-porous study by Hossain aeu @] and are found to be in excellent agreem@ihte local
skin friction, Nusselt number and Sherwood numbrer also analyzed graphically. The study finds int@ot
applications in geophysical heat transfer, industrnanufacturing processes and hybrid solar enexggtems.

Key words.: cone; non-Darcian porous media; finite differen@thod; flux; AMS Subject Classification: 35Q35,
76R10, 76599, 76W05

1. NOMENCLATURE
X,y coordinates along the cone generator and ndaorihe generator
u,v velocity components along the x- and y-directions

g gravitational acceleration

r local radius of cone

t' time

t dimensionless time

T temperature

T dimensionless temperature

C concentration

C dimensionless concentration

D mass diffusion coefficient

K permeability of porous medium

o' heat flux (i.e. heat transfer rate per unit area)
q:v mass flux (i.e. mass transfer rate per unit area)
k thermal conductivity of fluid
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L reference length
X,Y  dimensionless coordinates along the cone gemeaatl normal to the generator
uv dimensionless velocity components along the X-‘éstirections

b Forchheimer geometrical constant

Da Darcy number

Fs Forchheimer number

Gr, Grashof number

Pr Prandtl number

N buoyancy ratio parameter

Sc Schmidt number

m power-law index for surface heat flux relation
n power-law index for surface mass flux relation
Nuy local Nusselt number

Nuy dimensionless local Nusselt number

Sh, local Sherwood number

Shy non-dimensional local Sherwood number

R dimensionless local radius of cone

Greek symbols

vl dynamic viscosity of fluid

\Y kinematic viscosity of fluid

(0} semi-vertical cone angle

a thermal diffusivity

B volumetric thermal expansion coefficient

0 dimensionless temperature function

1 dimensionless time

Tx dimensionless local shear stress function (skitidn)
Subscripts

w condition on the wall

o0 free stream condition

INTRODUCTION

Heat and mass transfer in fluid-saturated poroudianfinds applications in a variety of engineerprgcesses such
as heat exchanger devices, petroleum reservoiesnichl catalytic reactors and processes and otAetisorough
discussion of these and other applications is abkglin the monographs by Ingham and Pop [11] aiettNand
Bejan [13].Comprehensive reviews of the much of the work comigaied in porous media transport phenomena
have been presented by Vafai [17] and Trevisan Bejdn [15]. Most studies dealing with porous mekéve
employed the Darcy law. However, for high velodltw situations, the Darcy law is inapplicable, @it does not
account for inertial effects in the porous medi8uch flows can arise for example in the near-wedhegion of
high capacity gas and condensate petroleum reseraod also in highly porous filtration systems emdigh
blowing rates.The most popular approach for simulating high-vityotransport in porous media is the Darcy—
Forchheimer drag force model. This adds a secoddrdguadratic) drag force to the momentum trartsgauiation.
This term is related to the geometrical featureshef porous medium and is independent of viscobiafai and
Tien [16] presented a seminal study discussingitifieence of Forchheimer inertial effects in porooedia
convection. Chen and Chen [4] studied the mixedrective boundary layer flow from a vertical surfacea fluid-
saturated non-Darcian porous medium including Hoether inertial effects. Yih [18] studied numerlgahe free
convection heat and mass transfer from truncateé embedded in a saturated porous medium. HossdiRaul
[10] studied thermal convection boundary layer flaith buoyancy and suction/blowing effects fromane with
non-uniform surface temperature. They extended ghisly [9] to consider non-uniform surface heak,flboth
studies employing numerical methods. Chamkha ef3histudied the double-diffusive convection heat anass
transfer over a cone (and wedge) in Darcy-Forchbeorous media. Thusfar the transient thermal ection flow
over a cone in Darcy-Forchheimer porous media babeen studied in the literature despite imporégmlications
in geothermics, geophysics and materials processing
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MATHEMATICAL MODEL

An axisymmetric unsteady natural convection boupdayer flow past a vertical cone with variable haad mass
flux in a Darcy-Forchheimer fluid saturated porauedium in a cartesian (X, y) coordinate systenoimftilated
mathematically in this section. Initially, it issagned that the cone surface and the surroundimndythich are at

rest possess the same temperalyreand concentration level, everywhere in the fluid. At timd' >0, heat
supplied from the cone surface to the fluid, comi@ion level near the cone surface are raised mta of
qw(x) = X"and q:v(x) = X'respectively, and they are maintained at the samwel.|lt is assumed that the

concentrationC' of the diffusing species in the binary mixture isry less in comparison to the other chemical
species, which are present and hence the SoréDafudir effects are negligible. We consider visciosr where
pressure work, viscous dissipation and thermaledipn effects are neglected. The coordinate systessen (as
shown in Fig.1) is such that the x-direction is me&ad along the cone surface from the leading €jgend the y-
direction is normal to the cone generator. The @pex is located at the origin(x=y=0).

Here@ designates the semi-vertical angle of the cone @mthe local radius of the cone.

X, X
-
> - g
O
-
D) Fluid-saturated
porous medium
O
y,Y

Figure 1: Physical Model

Then under the above assumptions, the governingdaoy layer equations with Boussinesq's approxiomatire

o (ur) +a(vr) “o 1)
0x oy

ou du oJu 0%u , v b

T HU—=4Vv—=py—+ -T )+ C- ~ - @ 2
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tu—+v—-=D ()
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where all terms are defined in the nomenclaturedddrnthe Boussinesq approximation buoyancy effects a
simulated only in the momentum equation, whichdepted to the energy equation, constituting a &reevection

regime. The corresponding spatial and temporahlraind boundary conditions at the surface andréan the cone
take the form:

t'<Q:u=0,v=0,T'"=T,),C'= C| for all x, y,
t'>0:u:O,v:O,—aT :_qw(x) ,OC :—qW(X) at y=0,
oy k oy D
u=0,T'"=T,),C"= C_/ at x=0, (5)
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u — O,T'—> T;,C'—> C! asy — oo,

where all the parameters defined in the nomendatur
The equations (1) to (4) are highly coupled, paliatemd nonlinear. An analytical solution is cleaimtractable and

in order to facilitate a numerical solution wen-dimensionaliz¢he model. Proceeding with the analysis we now
introduce the following transformations:

1
x:%, Y:%(G[)4, R=LL,wherer=XSin(0,
vl -1 ulL -1 vt' e
=—(Gr )4, =—(Gr )2, t=—(Gr )2 6
(o) (o) = (en) ®
I_! 4
_ T'-T, | GI‘,_Ig'BCOSinWL/k]L, Pr:K,Dazﬁz
[q.(DL/K v a L
_c—c_ N BCC) g v b
[9.(DL/ D] AT, —T.) D L

The transport equations (1) to (4) are therebygeduo the following dimensionless form

d(UR)  9(VR

=0 (7)
oX oY
2
WUy, 0 U2 +Tcosp+ NC cogp- U__FSy ®)
ot X oY 0Y DaGr Da
2
a_T+Ua_T+Va_T=ia 1- (9)
ot oX oY Proy
2
6_C+U0_C+V0_C:ia C (10)
ot 9X 9Y ScdY
The corresponding non-dimensional initial and bargaonditions are given by
t<O:U =0,V =0, T = 0,C =0 for all X, Y,
t>0:U:O,V:O,a—T:—X”‘,O—C:—Xn at Y=0, (11)
oY oY
u=0, T=0, C=0 at X =0,
U—>O, T—>O,C—>O ay¥ - oo,

Where again all the parameters are given in theemafature. The dimensionless local values of the Slction,
Nusselt number and the Sherwood number are givehebfpllowing expressions

T = —(a_uj (12)
" oY Y=0
Nu, = - X(a—Tj (13)
oY Y=0
oC
Sh=- X — 14
h‘ (aY j e

4. NUMERICAL SOLUTION

In order to solve the unsteady, non-linear, couglgdations (7) — (10) under the conditions (11)inaplicit finite
difference scheme of Crank-Nicolson type has beapl@ed which is discussed by many authors [1], [A] [12]
and [14]. The finite difference scheme of dimenkiea governing equations is reduced to tri-diageyatem of
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equations and is solved by Thomas algorithm asudgsd in Carnahan et al. [2]. The region of intiégnais
considered as a rectangle wilk,__ =land Y, =22 whereY,  corresponds tdf = o which lies very well
out side both the momentum and thermal boundargréayThe maximum of Y was chosen as 22, after some
preliminary investigation so that the last two bdary conditions of (11) are satisfied within thdetance

limit10°. The mesh sizes have been fixed AX =0.05AY =0.05 with time step At =0.01. The
computations are carried out first by reducing $patial mesh sizes by 50% in one direction, aner lat both
directions by 50%. The results are compared. bhkserved in all cases, that the results differ anlyhe fifth
decimal place. Hence, the choice of the mesh sigems to be appropriate. The scheme is uncondlicstable.
The local truncation error iQ(At” + AY? + AX) and it tends to zero aAt,AX and AY tend to zero. Hence,

the scheme is compatible. Stability and compatibdnsure the convergence. The derivatives invoindejuations
(12) — (14) are evaluated using five point appration formula.

RESULTSAND DISCUSSION

Only selective figures have been reproduced hearbriavity. In the numerical computations the follog/values for
the dimensionless thermophysical parameters aseiiiped: Grashof numbef3r, ) = 1.0, Darcy number (Da) =
0.1 (high permeability), Forchheimer number (F9).% (weak quadratic drag), Prandtl number (Pr)G=(Water),
Schmidt number (Sc) = 0.6 (oxygen diffusing in asQrface heat flux power law exponent (m) = Ousface mass
flux power law exponent (n) = 0.5, buoyancy ratargmeter (N) = 1.0 and semi-vertical angle of toeec(®) =

20°. All graphs therefore correspond to these valueless otherwise indicated. To test the accuracyhef
computations the local shear stress and local Nussmber computations for the non-porous casecampared
with those of Hossain and Paul [9] for a heat fijmadient of m = 0.5 and X = 1.0 in the steady statdables 1, 2
respectively, and are found to be in good agreement

Table 1 Comparison of local skin friction valuesat X = 1.0 and m = 0.5 with those of Hossain-Paul [9] for steady state purely fluid (Da -
o0 in present model) case.

Pr Hossain and Paul [9] | Present
Mx/Gr *® results
0.01 5.13457 5.13424
0.05 2.93993 2.9318
0.1 2.29051 2.29044

Table 2 Comparison of local Nusselt number valuesat X = 1.0 and m = 0.5 with those of Hossain-Paul [9] for steady state purely fluid
(Da - o in present model) case.

Pr Hossain and Paul [9] | Present
Nux/Gr, ¥ results
0.01 0.14633 0.14648
0.05 0.26212 0.26227
0.1 0.33174 0.3364

0.00 T — T T :
0 2 Y 4 6 8 0 2 Y 4 6
Fig.1(a).Steady state velocity profies at X = tu0different Gr Fig.1(b).Steady state temperature profies at X0= fbr different Gr
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T
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Fig.2(a). Transient velocity profies at X = 1.0r ttifierent Da Fig.2(b).Transient temperature profies at X = fbrQdifferent Da
16 0.20
t=5
0.18
0.16
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Fs=0,0.1,15,10,20,50 0.121 0.72 678
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0.104 2 319
0.08 5 322
7 349
0.06 10 1113
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0.02
0.0 ; ; — ‘ 0.00 ‘ ‘ : ; ‘
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Fig.3. Transient temperature profies at X = 1.0cifferent Fs Fig.4. Steady state velocity profiles at X=1.0ddterent Pr
1.8
1.61
1.4
1.21
1.01
-
0.8
0.6
0.4
0.2
0.0 ‘ ‘ : ‘ ‘ 0.0 ‘ ‘ ‘ ‘
0 1 Y 3 4 5 6 0 1 2 Y 3 4 5
Fig.5.Steady state concentration profies at XG-fdr. different Sc Fig.6.Steady state temperature profiles at X =fdr.@ifferent m
0.8
t=5
0.7
0.61 Fs=0,0.1,1,5,10,20,50
5051
2
0.4 1
0.3
0.2
0.1
0.0 : : : ‘ 0.0 : : : : :
0.0 2 04X 06 12

0.0 0.5 1.0 Y 15 2.0, 25
Fig.7.Steady state concentration profies at XG=fdr different n

0. . . 0.8 1.0
Fig.8.Effect of Fs on local Nusselt number at X = 1.0
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Fig.9.Effect of Pr on local Nusselt number at X.8 1 Fig.10.Steady state temperatue profies at X =d.@ifferent N

2.5+

2.0

1.59

1.04

0.5

0.0 T T T T
0 2 4. Y 6 8 10
Fig.11. Steady state temperature profies at Xfd.differentq

In Figures 1(a) and 1(b), the influence of Grashof numbefs(; ) on steady state velocity(U) and temperature (T)
distributions with Y-coordinate are shown. Free \@miion i.e. thermal buoyancy effects are analyziedthe
Grashof number. For an increasifigl; from 0.1 through 1.0, 10.0, 50.0 to 100.0 coolofgthe cone by free
convection occurs i.e. heat is conducted away fiteercone to the surrounding regime.

Figures 2(a) and 2(b) show the effect of Darcy number (Da) on dimengeslvelocity (U) and temperature (T)
with transformed radial coordinate (Y) close to tbading edge (i.e. cone apex) at X = 1.0. To sthayinfluence
of regime permeability from sparsely packed medidénsely packed materials the following values=0ia0, 0.1,

0.01, 0.001 are considered. Dalé/ L?for a fixed value of the reference length (L) isedtly proportional to

permeability (K) of the porous regime. Increasing iDcreases the porous medium permeability andlsimaously
decreases the Darcian impedance since progressasigolid fibers are present in the regime. Tdw fs therefore
accelerated for higher Da values causing an inergathe velocity U as shown in Figure 2(a). Maximaffect of
rising Darcy number is observed at intermediatdadie from the cone surface aroundY1. Conversely
temperature T depicted in Figure 2(b) is opposethbrseasing Darcy number. The presence of fewed $iblers in
the regime with increasing Da inhibits the therm@hduction in the medium which reduces distributidrthermal
energy. The regime is therefore cooled when marvie f6 present and T values in the thermal bounttargr are
decreased. Profiles for both velocity and tempeeatuie smoothly asymptotic decays to the free striealicating
that excellent convergence (and stability) is otsdiwith the numerical method. Velocity boundamelathickness
will be increased with a rise in Da and thermal loary layer thickness reduced. The effect of thecliweimer
inertial drag parameter (Fs) on dimensionless teatpee (T) profiles is shown iRigure 3. The Forchheimer drag
force is a second order retarding force simulatettié momentum conservation equation. Increasingakses from
0.0 through 0.1,1.0,5.0,10.0,20.0 and 50.0 caustong increase in Forchheimer drag which decteerthe flow
i.e. reduces velocities. For higher values of Fis iexpected that the porous medium flow becomereasingly
chaotic. Temperature (T) however is slightly ince@ with a rise in Forchheimer parameter. The tffe€ the
Prandtl number (Pr) on velocity profiles are degicinFigure 4. Pr encapsulates the ratio of momentum diffusivity
to thermal diffusivity. Larger Pr values imply airther thermal boundary layer thickness and mordotmi
temperature distributions across the boundary ldyence thermal boundary layer will be much lessktthan the
hydrodynamic (translational velocity) boundary lay@maller Pr fluids have higher thermal condutig, so that
heat can diffuse away from the cone surface falgar for higher Pr fluids (thicker boundary laye®hysically the
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lower values of Pr correspond to liquid metals[{(x.02, 0.05), Pr = 0.7 is accurate for air or hgd#mand Pr=7.0
for water. The computations show that translatioredbcity U is therefore reduced as Pr rises fraif2@hrough
1.0, 2.0, 5.0, 7.0 and 10.0 since the fluid is éasingly viscous as Pr rises. Figure 4(b) indicttas a rise in Pr
substantially reduces the temperature T in satdifadeous regime. The profiles become increasinghalpolic as Pr
increases above 0.1, for which the profile is apinately a linear decay. For all cases T decay=eto as Y- o,
i.e. in the free stream. There is however a rapgicagl to zero for the maximum Pr (= 10) where tmepterature
plummets to zero in the near-wall region. Conaitn function values are seen to increase slighith an
increase in Pr.

Figure 5 shows the effect of the Schmidt number (Sc) ondingensionless concentration (C). We note that the
Schmidt number (Sc) embodies the ratio of the maomento the mass diffusivity. Sc therefore quantifibe
relative effectiveness of momentum and mass trabspy diffusion in the hydrodynamic (velocity) and
concentration (species) boundary layers. SmallevaBges can represent for example hydrogen gakeaspecies
diffusing in air , Sc = 2.0 implies hydrocarbonfdging in air, and higher values to petroleum darixes diffusing
in fluids (e.g. ethyl benzene) as indicated by Gebbkt al. [8]. As Sc increases, Figure 5 shows thaalues are
strongly decreased, as larger values of Sc cornespm a decrease in the chemical molecular diffysia. less
diffusion therefore takes place by mass transpbiie dimensionless concentration profiles all detrayn a
maximum concentration to zero in the freestreaneat@r Sc values correspond to lower chemical mtdecu
diffusivity of the parent fluid so that less diffaa of the species occurs in the regime. Conceaatrdtoundary layer
thickness will therefore be reduced. For low Sddflgreater species diffusion occurs and concentraboundary
layer thickness increased. For Sc = 1, the Conatoir and velocity boundary layers will have appmetely the
same thickness i.e. species and momentum will ffeséd at the same rates. With lower Sc valuesddwmay of
concentration from the cone surface is more cdetiolfor increasing values of Sc the profiles dedcmore and
more steeply and concentration falls faster froenghrface to a short distance into the boundamsrleggime.

The effect of surface heat flux power exponent ¢m)the steady state temperature (T) is showRigure 6. An
increase in the value of m reduces the temperaluig.also seen that the time required to reaehstieady state
temperature is more at lower values of Rigure 7 depict the distribution of concentration (C) withdial
coordinate (Y) for various values of the surfacessfiux power law exponent (n). The concentratieduces with
the increasing n values from 0.0 through 0.25, Q0516 and 1.0.

Increasing Fs clearly reduces the local Nusseltbarmas shown ifigure 8.

A slight increase in local Nusselt number accomgmitihe increment in Pr as showrFigure 9. The influence of
the concentration to thermal buoyancy ratio param@), on dimensionless temperature (T) with radordinate
(Y) is shown inFigure 10. N = O indicates that thermal and species buoydomes are both absent. For N > 0,
thermal and species buoyancy forces aid each dtherl implies that both buoyancy forces are of¢hme order
of magnitude. A rise in N from 0.0 through 1.0,,23® and 5.0 induces a retarding effect on the flothe porous
regime i.e. velocities are decreased. Increasirfth®&mal and concentration buoyancy forces asgigtach other)
decreases temperatures in the regime i.e. coolsdhedary layer regime. The effect of semi-vertizagle of the
cone (p) on dimensionless temperature (T) with Y-coordgniatshown irFigure 11. It is observed that a rise @
substantially increases the temperature T in then@iary layer regime. And more time is required ¢ach the
steady state.

CONCLUSION

Numerical solutions have been presented for thegdnay-driven unsteady natural convection boundayet flow

past a vertical cone embedded in a non Darcianoiat porous regime. Present results are compaitidtose of
Hossain and Paul [9] and found to be in excellgné@ment. The following conclusions are drawn.

* Increasing Grashof number boosts the translatieglakcity in the cone surface regime and decreasapérature
throughout the flow regime.

* Increasing Darcy number accelerates the flow nereiases translational velocities. However the tratpre is
reduced with a rise in Darcy number.

* An increase in the Forchheimer inertial drag pateme observed to slightly increase the tempeeatbut
reduces both velocity and local Nusselt number.

* An increase in Prandtl number is observed to deerdmth temperature and velocity, but the conctotras

slightly increased. A slight increase in local Nelssumber accompanies the increment in Pr.

» The concentration is observed to significantly dase with an increase in Schmidt number.

e The temperature is observed to decrease with aedse in buoyancy ratio parameter, but decreade amit
increase in semi-vertical angle of the cone. Tiketiaken to reach the steady state increasesneitbasingp.
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