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Abstract

The geometries and vibrational frequency of the most stable small Au, clusters
with N =3 to 20 are presented through global structure re-optimization study. The
finite-differentiation method has been implemented within the density-functional
tight-binding (DFTB) approach. The desired set of system eigenfrequencies (3N-6)
is obtained by a diagonalization of the symmetric positive semi definite Hessian
matrix. We have observed the vibrational modes between 0.55 and 370.72 cm
in wavenumbers at AE=0 for the small gold clusters. The effect of the range of
interatomic forces was calculated, and even the very lower frequencies were
occupied in some clusters. Finally, the structure and size dependency of the
vibrational frequency of the re-optimized neutral gold clusters have been studied
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Introduction

Gold is an important material (resistant to most acids, used
in infrared shielding, colored-glass production, gold leafing,
and tooth restoration as well as a good conductor of heat and
electricity due to that it was attracted a great attention) and an
outstanding landmark in cluster science. Small clusters often
will have a different physical and chemical properties than their
bulk ones. Particularly, small particles of gold differ from the
bulk as they contain edge atoms that have low coordination and
can adopt binding geometries which lead to a more reactive
electronic structure [1,2].

The study of nanostructured materials exhibiting novel properties
is one of the most fascinating fields of current research. Small
nanomaterials are of particular interest because of intriguing
characteristics [3-6]. Nanoparticles with smaller dimensions may
exhibit different properties in comparison with bulk material.
The nanoparticles possess unique physico-chemical, optical and

biological properties which can be manipulated suitably for
desired applications [7]. Particulary, gold chemistry plays a very
important role in nanoelectronics and bionanosciences [8].

In the present work, we apply a parameterized density
functional tight-binding method combined with an numerical
differentiation-finite difference method on gold clusters with
from 3 to 20 atoms. We have extracted the normal modes of
vibration and the respective frequencies of the clusters, classified
according to their symmetry group. However, we only study on
the behaviour of the vibrational spectrum which are existed in
small neutral gold clusters at low-temperatures. In addition, we
provide computational evidence of the existence of the novel
properties of the interatomic interaction energy of the atoms
within the clusters.

Theoretical and Computational
Procedure
The DFTB [9-11] is based on the density functional theory of
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Hohenberg and Kohn in the formulation of Kohn and Sham. In
addition, the Kohn-Sham orbitals W (r) of the system of interest
are expanded in terms of atom-centered basis functions {¢m (r}

Yi(y) = Z C,0®, m=j (1)

While so far the variational parameters have been the realspace
grid representations of the pseudo wave functions, it will now be
the set of coefficients c,_. Index m describes the atom, where ¢_
is centered and it is angular as well as radially dependant. The
¢, is determined by self-consistent DFT calculations on isolated

atoms using large Slater-type basis sets.

In calculating the orbital energies, we need the Hamilton matrix
elements and the overlap matrix elements. The above formula
gives the secular equations

H,, =4, [H16,).5,, (8, 14,) @)
Here, ¢, ’s are expansion coefficients, € is for the single-particle
energies (or where € are the Kohn-Sham eigenvalues of the
neutral), and the matrix elements of Hamiltonian H_and the
overlap matrix elements S__are defined as

H,, = (4, |H$,).S,, = |4) &)

They depend on the atomic positions and on a well-guessed
density p(r). By solving the Kohn-Sham (;quations in an effective
one particle potential, the Hamiltonian f is defined as

A N N

Hy,(t) =&y, (), H=T+V, eff (r) ()
To calculate the Hamiltonian matrix, the effective potential
V. has to be approximated. Here, T being the kinetic-energy

operator V}}T(r):ZVa(lrijl)and V_ (r) being the effective Kohn-Sham

potential, which is approximated as a simple superposition of the
potentials of the neutral atoms,

Var ©=2V7 (r=R; ) (5)

Vj" is the Kohn-Sham potential of a neutral atom, r= r-Rj is an

atomic position, and R, being the coordinates of the j-th atom.
The short-range interactions can be approximated by simple pair
potentials, and the total energy of the compound of interest
relative to that of the isolated atoms is then written as,

E, DZE —ZZs}m += ZUJJ(|R ~R, ),

/*J (6)

occ occ

=2a-3%,
i Jjoom;

Here, the majority of the binding energy ( &, ) is contained in the
difference between the single-particle energies € of the system
of interest and the single-particle energies . of the isolated
atoms (atom index j, orbital indexm) U,(R;-R, \) is determined
as the difference between ¢,and . scr for dlatomlc molecules
(with gSCF being the total energy from parameter-free density-
functlonal calculations). In the present study, only the 5d and 6s
electrons of the gold atoms are explicitly included, whereas the
rest are treated within a frozen-core approximation [9,11,12].
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Molecular Vibrations

In this section, we are going to introduce the mathematical
formalism on which the developed method is based. We will see
that, treating the problem within the so called normal-mode-
harmonic oscillator (NMHO) approximation [16], the introduction
of the Hessian matrix and its diagonalization ultimately leads
to the eigenfrequencies of the system and its eigenvectors,
describing the harmonic motion of the clusters atoms [17].

Small vibrations in classical mechanics

Let us consider a stable structure consisting of N atoms. Let x ;
y, and z_ be the coordinates of the ath atom of the structure
and a ;b_and c_ the values of the equilibrium positions of the a™
atom. Displacements from the equilibrium positions can then be
expressed by Ax_=(x_-a ); &y_=(y_-b ); Az, =(z -c ). In the above
notation, the classical kinetic energy T of the structure is given by

(7)

q :\/Zlela% :MAy1»Q3 :\/;lAZI’q4 :\/ZIAXZW

It is customary to express the coordinates Ax,,..., Az, by a new
set of so called mass weighted coordinates q,,..,q,,, defined as
follows

q, :MAx1aqz :MAyl’q3 :MAzlﬂq4 :\/anz,,,, (8)

In terms of the time derivatives of these coordinates, the kinetic
energy is

)

,y:(fi] =0 i=12...3N
4 )y

NMHO approximation and re-optimization

We start out with structures that have been optimized [13]. That
means that we have found the lowest total energy and that the
forces on the atoms are vanishing. We may then write the total
energy in a Taylor series around the optimized structure, so the
total energy depends on the positions of the atoms relative to each
other and therefore depends on the g’s. For small displacements,
the total energy E may be approximated as a Taylor series in g,
within the actual normal-mode-harmonic-oscillator (NMHO)
approximation, the cubic and higher order terms are neglected
in the Taylor series, where the coefficients f and fijare given by

f= (aEJ =0 i=1,2,.,3N (10)
oq
(12)
ial al_o j=12,..3N
dT éq; 0q,

This procedure implies a few customary consequences on which
the popularity of the NMHO-model is based. First of all, since
the energy has become quadratic, the vibrational motion we
get solving Newton’s equations of motion will be harmonic. The
further formulation of the problem leads to the Hessian matrix of
the system, which allows us a simple analysis of the vibrational
motion of the observed system.

In the chosen notation [*], Newton’s equation of motion can be
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cast in the form
d oT oV

L2 %

j=12,.3N
dT oq, 0q,

(12)

we get, the equation determining the motion of the coordinates
3N

.. 13

qj+zf;jqi=0 (13)
i=1

This is a set 3N simultaneous second-order linear differential
equations. A possible solution is g, = aexp(iot) and derivation
with respect to time yields to g,= _a)qu_ and can be written as

3N
= Zf;;qz _wzqiag/‘ =0 (14)
3 (15)
© D 14~ @46, =0
i=1
here, 5u is called the Kronecker delta.
3N (16)
g Z(fyqz _a)zé‘ij )qi =0
i=1
3N
= Z(f,jqi—a)zé'”)aiexp(ia)t)zo (17)
i=1

Dividing by @ €%R’" leads to a set of 3N algebraic equations:
Introducing matrix notation, we get

acn (18)

where € &N is the Hessian matrix containing the
second partial derivatives of the total energy of the system with
respect to the structure (mass-weighted) coordinates of the
nuclei. E being the total energy of the molecule/cluster, i.e. the
single point energy. | is the identity operation in, ¢ eR*Vis a
column vector containing the amplitudes a and the weR are the
frequencies.

Equation (18) has non-vanishing solutions only, if
detH- 0’ 1) =0

Hence, the frequencies are obtained by consulting the roots of
the characteristic polynomial, i.e., the frequencies are obtained
by finding the eigenvalues of the Hessian matrix H.

(19)

In the case of a structure situated at a minimum on the
energy surface the Hessian matrix should be symmetric-
positivesemidefinite and therefore hermitian. It can be shown
that the eigenvectors of an hermitian matrix

constitute an orthonormal basis (onb) of g3V [20]. The
representation of the Hessian matrix in this basis is diagonal
and the diagonal elements are the sought eigenfrequencies

(o ]i=1,.,3N}.

Moreover, the corresponding eigenvectors s of H are
the directions of the harmonic motions of the molecule. They
constitute the so-called normal modes. To fully specify any
N-atomic structure or its vibrational motion, only ((3N-5) for
linear and (3N-6) for non-linear) basis-vectors are needed. The
five/six remaining basis vectors span Kernel of the Hessian, i.e.,
they determine the absolute position and orientation of the
molecule in the inertial system. Thus, there are only ((3N-5) for

© Under License of Creative Commons Attribution 3.0 License
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linear and (3N-6) for non-linear) linearly independent vibrations,
the molecule can undergo. From the construction of H, it follows
that the molecules motions along the normal modes are harmonic
oscillations. Moreover, since we are in a linear approximation,
every possible harmonic motion of the molecule can be written
as a linear combination of the normal modes.

Matrix Diagonalization

The finding of the frequencies of the normal modes of the
clusters involves an eigenvalue problem which can be solved by
diagonalization of the symmetric positive semidefinite Hessian
matrix of the system. So, in the present study, two different
numerical diagonalization methods have been applied. The
first method bases on Jacobi-transformations of the symmetric
Hessian. The second method relies on the Househoulder-reduction
of the symmetric Hessian to a tridiagonal form and subsequent
application of a QL-algorithm which yields the eigenvalues and
vectors. Both methods are standard procedures and a complete
and comprehensive description is given in the Numerical Recipes,
both methods were implemented in the main-program unit
without any modifications with respect to the subroutine-codes
presented [21]. Within the numerical error, both methods yield
the same results.

The normal mode harmonic oscillator (NMHO)
approximation

Please note, that from now on, for convenience, the total energy
E of equation 6 has the meaning as a potential energy surface
V. The potential energy depends on the positions of the atoms
relative to each other and therefore depends on the g’s. For small
displacements, the potential energy V may be approximated as a
Taylor series in g.

Now, we express the potential energy as a Taylor series.

vV
2V =2V, +2 i+ + (20)
;[aq JO l;(a a ] qxq/
ﬁ:[a_V] —o0, E.:[ G ] WithF, = F (21)
as, ), " \eses, ) '
and with
2
i R (A e T
as, ), as,08, ). g

S-nuclei Co-ordinates of an optimized structure.

Structure of the Gold Atomic Clusters

Initially, a study on the structural and electronic properties of
the global minimum gold cluster structures was obtained by
combination of a genetic algorithm together with DFTB energy
calculations. Dong and Springborg study explicitly includes the
electronic degrees of freedom. This feature turned out to be
crucial since the electronic properties of the gold clusters seem
to play an important role in the determination of their structure.
When including orbital interactions, packing effects as well as
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directional interactions determine the cluster structure. Packing
effects lead to high symmetry structures and to the so-called
magic numbers. Including orbital interactions in the calculations
leads to a partial suppression of the magic-numbers and to
low-symmetry structures. In most other metals, packing effects
are predominant. On the other hand, the structures of most
covalent molecules are determined by orbital interactions. For
gold clusters, both seem to be important. Springborg and Dong
suggest, that it is exactly this competition between packing
effects and directional interactions which leads to low-symmetry
clusters.

In their study, Dong and Springborg found the transition from
planar to three-dimensional structures for too small cluster
sizes N. This could eventually be explained by the use of the
parametrized DFTB method. However, low-symmetry structures
have been found in other, more accurate studies on selected
cluster-sizes, too. The comparison of their results with results from
spherical-jellium-model calculations revealed some important
differences. The stability-function, which gives information about
particularly stable and unstable structures has much lower odd-
even amplitudes compared to the stability function obtained
within the jellium-calculations. This can be attributed to the
lower symmetry. The structures do not resemble to fragments of
crystalline gold-phases. Nevertheless, some regular patterns are
found, e.g. the clusters with size up to 20 atoms are built up of
atomic shells [13-15].

-W.l.0.g.,V can besetto zero. And since the g, are the distances
from the equilibrium positions, the potential energy must have a
minimum at

{qi =01]i=1,2,..,3N}, (23)
and we get
<V = /.,Ji44, ”

i,j=1

within the actual normal-mode-harmonic-oscillator (NMHO)
approximation, the cubic and higher order terms are neglected in
the above series, such that the energy expression (20) becomes

3N
W =3 1,94, (25)
i,j=1
where the coefficients fij are given by
2
oV f=f (26)
ij Ji
0q,09; ),

This procedure implies a few customary consequences on which
the popularity of the NMHO-model is based. First of all, since
the potential has become quadratic, the vibrational motion we
get solving Newton’s equations of motion will be harmonic. The
further formulation of the problem leads to the Hessian matrix of
the system, which allows us a simple analysis of the vibrational
motion of the observed system.
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Numerical Differentiation: Finite
Difference Method

For the purpose of the present study, a very high accuracy of the
optimum structures is required. In a first approach, we attempted
to re-optimize the structures using the same steepest-descent
method which has already been used for the first optimization
[13]. The vibrational properties are treated within the normal-
mode harmonic oscillator model [16]. Therefore, we needed
to find a suitable scheme to set up the Hessian matrix of the
system. Since we were using density-functional tight binding
energy calculations, we do not have an analytical expression for
the energy. Thus, we have to rely on numerical differentiation.
Subsequently, we had to test the results in order to find suitable
sets of differentiation parameters, i.e., suitable combinations of
differentiation step-size and order of the polynomial. In order to
get clusters which are somewhat closer to the actual minimum on
the potential energy surface, we turned to a new strategy. This
new strategy relies on the properties of the Hessian eigenvectors.
Based on the assumption, that in the proximity to a minimum, the
curvature of the potential energy surface does only change very
little, we developed a method which could actually cope with the
high numerical accuracy of the local structure optimization.

Briefly, this method is described as follows: The Hessian matrix
is represented in an orthonormal basis consisting of the six
eigenvectors ofthe Hessian matrix which spanits kerneland of (3N-
6) arbitrarily chosen mutually orthonormal basis vectors, which
are orthogonal to the kernel-eigenvectors. When represented in
this basis, the Hessian should be partially diagonal. The diagonal
part is now cut away and the remaining Hessian is diagonalized
to reveal the eigenfrequencies of the clusters normal modes.
Through the obtained eigenfrequencies, it is possible to set up
the vibrational partition function of the examined systems, which
gives access to the sought thermodynamic properties.

The Hessian matrix is the matrix of second derivatives of the
energy with respect to geometry which is quite sensitive to its
geometry. Energy second derivatives are evaluated numerically.
Themmass-weighted Hessian matrix is obtained by numerical
differentiation of the analytical first derivatives, calculated at
geometries obtained by incrementing in turn each of the 3N
nuclear coordinates by a small amount ds with respect to the
equilibrium geometry. The introduction of the Hessian matrix and
its diagonalization ultimately leads to the eigen-frequencies of
the system and its eigenvectors, describing the harmonic motion
of the clusters atoms. In order to obtain the matrix elements H; of
the Hessian matrix which are needed if one wishes to investigate
the clusters thermodynamic properties and one should obtain
the derivatives of potential energy surface (PES).

Cutting off the kernel

The Hessian matrix H is symmetric by Schwarz’ theorem. The
Kernel of H consists of all vectors which describe pure translational
and rotational motion of the center of mass of the molecule,
leaving its internal structure untouched. This is the eigenspace
of H which is associated to the eigenvalue 0. As we have 5 for

4 This Article is Available in: http://www.imedpub.com/archives-in-chemical-research/



linear 6 for non-linear degrees of freedom corresponding to
such translations and rotations, dim(Ker(H)) = 5/6. We denote
the five/six Hessian eigenvectors associated to the Kernel k™,
k&9 = R3Y  The remaining (3N-5)/(3N-6) Hessian eigenvectors
denoted by n®,.. nBYOVENS) - 23N form a basis of the (3N-5)/
(3N-6) dimensional configuration space, in which the molecular
structure may be described uniquely without any reference to
the position or orientation of the molecule relative to an inertial
system.

In our new method, we apply the Gram-Schmidt theorem, to
set up an orthonormal basis for §3°" . The basis of the Kernel
consisting of the five/six hessian eigenvectors k®,..,k®® can
easily be found, they are the orthonormalized translations
and rotations of the structure. Now, we simply use k®,... k®®
as the first five/six basis vectors for an orthonormal basis of
R3N denoted C. The remaining (3N- 5)/(3N- 6) basis vectors
of C are the arbltrarlly chosen mutually orthonormal vectors

k\l) |C , Which have to satisfy (k(') |c(f)> (O for
any possible comblnatlon of jandj.

By construction, the basis vectors c¢,...,c®N-5/EN0) of basis C form a
basis of the (3N-5)/(3N-6) dimensional configuration space which
is the subspace of € without translations and rotations.
Consequently, the Hessian H, which is of rank (H) = (3N-5)/(3N-6)
can be fully represented in the configuration space, the normal
modes n do not contain any components of the basis k%, k6
of the kernel of the Hessian. Thus, the normal modes

n eR, satisfying the condition UeM(iRWxiRW)can be
expanded in the basis c¢'Y,...,c®V”GN6) of the configuration space
and they will still be orthonormal.

Now, let us represent H in the basis C. Let U M(‘RZ’N xi}{3N)
be the matrix consisting of the column vectors of C, i.e.,

kD @ K56 o1 cBN=5)/(3N-6)
1 g s iy 1 1

D k,l;z] K578 CLZJ ) (3N =5)/(3N )
2 2 2 iy
i .2 5/6) 1) (3N —5)/(3N—6)

el ke Ll e .. e

= (27)

(1) 4(2) ms; (1) (3N =5)/(3N—6)

ky kiy k3 Gy e Cay

Since U is a unitary transformation, the complex-conjugate of U is
equaltoitsinverse, i.e., U'=U" and thus the sought representation
H of H in the new basis C is found by calculating U'HU = H'

Since the first five/six vectors basis k¥, ,ki*® of the basis C are
the eigenvectors corresponding to translation and rotation, the
first five/six lines and columns of the representation H of H in this
basis should be diagonal and the eigenvalues which are the H' ’s
diagonal elements should be equal to 0.

Diagonalization of the non-diagonal submatrix H” €
M(R(3N-5) (3N-6)/(3N-6) which is the representation of the

Hessian in the basis ¢,...,cBN5/eN6 of the configuration space,

© Under License of Creative Commons Attribution 3.0 License
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yields its eigenvectors, i.e., the (3N-5)/(3N-6) normal modes
o n/(3N =5)/(3N—6) = R(3N-5)/(3N-6) The diagonal
elements are the sought eigenvalues, the eigenfrequencies
of the normal modes which are needed for the calculation of

thermodynamic properties.

First, we set up an orthonormal basis which allows to separate
RN into its (3N-5)/(3N-6)-dimensional configuration subspace
and the complementary five/six dimensional subspace which
makes reference to absolute position and orientation of the
molecule. The latter is not needed for the description of the
molecule’s structure and the normal modes. Second, we represent
the Hessian in this basis and cut away the part belonging to the
five/six-dimensional complementary space, before the new
Hessian H” M{mfzﬁ—s*.-,.-'.;.w--ﬁ‘_u x R(IN-5)/(3N—6))
Finally is diagonalized to reveal its eigenvalues and vectors.

For quite all systems, results obtained in both ways, with the
above method and without it were compared. The results are
very close to each other. The numerically optimized structures
are almost exact and/or the Hessian matrix changes very little
around the minimum and the numerical error can be ignored,
using an appropriate method. Applying the new method in our
further calculations, we were able to find positive semi definite
Hessian matrices H” for all structures.

Calculation of numerical force constants (fcs)
and vibrational frequency

A re-optimized structure of the force constants (FCs) could
be extracted from the already optimized structure [13] as the
following, the force(s) expressions were obtained by derivation
of the energy expression (or) from the expression of energy, the
forces can be easily calculated by derivation. Here, the Force(s) F,
that act on the j-th atom of the system can be calculated applying
the Hellmann-Feynman theorem [22,23], so the forces are given

as
O,
BV B, == 29
J

These are all identical to 0 (within numerical accuracy) for the
optimized structure [13]. Interatomic forces can easily be derived
from an exact calculation of the gradients of the total energy at
the considered atoms site, finally, the forces acting on an atom at
R are obtained as follows:

0‘E,, 0 {aE

0 0
— tot _F - _F
oR,0R , ©OR, J = Fy) OR ("R

aRjﬁ OR,, B

In our case, we have calculated as the numerical first-order
derivatives of the forces instead of the numerical-second-order
derivatives of the total energy. In principle there is no difference,
but numerically the approach of using the forces is more accurate
and, moreover, it requires much less calculation. However, to
extract the force constants (FCs) in a atomic cluster directly,
rather than indirectly through the agency of energy, a finite
difference formula has been introduced as following.

(29)

We obtained our results by using the following formula,

2
0’E, 0 {aE o PN
aRjﬁ

— tot - _F —
oR,0R,; OR, BRJ} ar. )

ia

(30)



O’E,, 1

0 0
oror, 2|or, ) e )
ia TN B ia B

So for convenience eqn. (30 and 31) can be written as,

5 Ffds_Fﬂis
Cho BB\ [ et or) e2)
OR,0R,, 2 2

(31)

1 0E, _L[E} (33)
M?2 aRmﬁRjﬂ M| 2ds
for homonuclear case, M represents the atomic mass,

| &%, _1[AF "
M?2 8Rm8Rjﬂ M| 2ds (34)

When the forces on atoms are known, the FCs can be used to
compute relaxations and relaxation energies. In total we end
up with (3Nx3N) values O’E
6Ria6Rj

force constants (FCs) is called the Hessian H, which is a (3Nx3N)
matrix. Here, i is the component of (x, y or z) of the force on
the j'th atom, so we get 3N. AF is the average difference of the
two first derivatives of the force constants (FCs) and ds is a small
displacement within the nuclear coordinates. We found that a
PES over which the gradients extend for a small displacements
ds = £[0.01] a.u. of equilibrium coordinate value of cluster, which
is a reasonable value and allowed to discriminate between
the translational, rotational motion (Zeroeigenvalues) and the
vibrational motion [ 7 are vibrational frequencies [(low(min),
high(max))] (Non-Zero-eigenvalues) of the atoms (or molecules)
of the Hessian eigenvalues.

. The complete list of these

The vibrational partition function

The vibrational partition function is calculated by normal mode
analysis. The partition function yields all equilibrium thermal
properties of the clusters and harmonic approximation was used
in the calculation of the vibrational contribution to the cluster
partition function. Reducing dimensionality can bring entirely
new properties for the thermodynamics of vibrational states for
nanoclusters. The one-dimensional vibrational partition function
2" expressed by a sum over all possible vibrational states of the
system, .

b Ze—E,-/kBT,ﬁ =1/k,T (35)
i=1

k, is Boltzmann’s constant, T is the absolute temperature
and E is the energy corresponding to the vibrational state
i. Each vibrational state of the system consisting of (3N-5)/
(3N-6) harmonic oscillators which are by construction linearly

independent.

The partition function of a cluster is evaluated in the same way
one would evaluate that of a polyatomic molecule. The energy of
cluster or molecule is assumed to be separable [24], i.e.,

o= Z ook Z T (36)

Rigorously, this assumption cannot be valid for the different
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terms will influence each other. For example, eqn. (35) implies
that the curvature of the potential energy surface of the
electronically excited molecule is the same as for the molecule
in its electronic ground state. This is a necessary condition for
the vibrational frequencies and therefore for the vibrational
energy to be independent from the electronic state of the
molecule. Also, if the energy surfaces of the ground state and
an electronically excited state come close together (avoided
crossing), the separability of the electronic and vibrational
modes may be a poor approximation (breakdown of the Born-
Oppenheimer approximation). Similarly, rotational excitation
will have an impact on the bond length of "floppy" (soft bending
potential) molecules and subsequently on the vibrational levels
[24].

However, it can be shown that, for sufficiently low temperatures,
the coupling effects are small and can be neglected, because
the molecule is not likely to be in a highly excited state, where
coupling becomes important. As long as the vibrations can be
treated within the harmonic-oscillator-normal-mode model, the
anharmonicity of the potential can be neglected and the average
bond lengths won’t increase with vibrational excitation.

Under the assumptions implied by eqn. (35), we can re-write the
molecular partition function in a factorized form,

—&. kT _( pltrans rot vib elec
z=Y el =N T T, (37)
i

where the sum has to be performed over all combinations of

vibrational, rotational, translational and electronic states
vib

_( glrans _ rot elec
=Y =y T, (38)
ikl
But the above result is just the product of partition functions
which only take into account a single mode of excitation, i.e.,
(39)

trans _rot _vib

ZRZ AR A
This result shows that in the case of negligible coupling of the
different excitations it is possible to approximate the partition
function as a product of translational, rotational, vibrational and
electronic partition functions.

The individual contributions

In the present work, we focus on the size and temperature
dependence of the vibrational part of the heat capacity. It was
demonstrated, that the approximations introduced by the
harmonicoscillator-normal-mode model, which imply that the
different vibrational modes can be treated independently from
each other, lead to a factorization of the vibrational partition
function itself. This work does not answer the question, whether
the electrons are irrelevant for the thermodynamic quantities
or not. Most often, the electronic excitation energies are much
larger than KT and we are going to neglect the electronic partition
function. We still need to find expressions for the translational,
the rotational and the vibrational partition functions, so as to get
access to the partition function and subsequently to the heat
capacity we seek. According to the above and to eqn. (38), as an
enabling the cluster partition function to be written as a product

6 This Article is Available in: http://www.imedpub.com/archives-in-chemical-research/
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In the literature, approximate formulae for the translational and
the rotational part of the partition function are derived [25]. The
translational part z'®™ is related to center of mass translation
and can approximatively be treated within the ideal-gas model.
An approximate formula for the rotational part z° is found by
application of the concepts of a rigid rotator on the cluster’s
structure.

However, based on the equipartition theorem in classical
statistical thermodynamics, we know that in the case of the
classical limit, the internal energy of a system will distribute itself
evenly among its quadratic degrees of freedom if not only the
lowest corresponding energy levels are significantly populated,
but also the higher ones. The population of the quantum states
of a given degree of freedom is temperature dependent. The
closer the energies of the different quantum states lie together,
the more probable it is to find a molecule in an excited state and
the lower will be the temperature for which the classical limit
is reached and the results of the equipartition theorem can
be applied. It can easily be shown that the energy differences
between the rotational and the translational states of a typical
system are small compared to kT [26]. The equipartition theorem
states, that each degree of freedom receives an average energy
of 1/2kT. Since translation and rotation (of a nonlinear molecule)
correspond to six degrees of freedom, the contribution to the
internal energy is 3kT.

In the present application, the translational and the rotational
contributions are treated according to the theorem described
above and only the vibrational partition function will be
considered rigorously. In the case of the classical limit, the
rotational and translational parts of the partition function do
not depend on the cluster structure. Since the (3N-6) oscillators
are by construction linearly independent, the vibrational energy
can be expressed as a sum of the vibrational energies of each

independent mode, i.e.,
NVM

gvib :8vib,l +8vib,2 + +8vib,(3N—6) — z gvib,i (41)
i=1

NVM being the number of normal vibrational modes of the

cluster. The vibrational partition function Z“* expressed by a sum

over all possible vibrational states of the system,

(42)

E =g 4 e b g 0N

E is the energy corresponding to the vibrational state i. Each
vibrational state of the system consisting of (3N-6) harmonic
oscillators is defined by a distinct set {nj |j=1,2,...,(3N-6)} of (3N-
6) vibrational quantum numbers,

vib,1 . . . _

E =g +&"+g" . 4" (43)
vib,1 . . . _

E =g, +&" 4" g0 (44)
vib,1 . . , _

Ei=g, +&"+&" . +g"0N0 (45)
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In this expression the upper index denotes the individual
harmonic oscillator and the lower index specifies the quantum
state it is in. For our understanding, we can write

bl i -
Z _ e_[glv‘ +€lvzb,2+m+€lvxb,(3N 6]
vib
(46)

vib " ~
e +glub,2+m+glub,(3N 0]

+e

6‘lvib,Z vib,(3N-6) ]

vib,1
—[e,  + +.tg

+e
And again, rearranging the terms in the above equation yields
a factorized vibrational partition function, i.e., a product of the
(3N-6) partition functions each of which describes one individual
harmonic oscillator,

v (47)

Recalling the energy states of the harmonic oscillator

[ 4
(48)

we are now in the position to give a concrete expression for the
vibrational partition function. Given @,, the angular frequency
of the i-th harmonic oscillator, the partition function describing
itis

0 o0 . 1
ZVibi Ze—snﬂ — Zefhﬂm(mi)
n=0 n=0

where we introduced the
Rearranging (48) leads us to

(49)

inverse temperature R=1/kT.

)

,(hﬂwij o0 e
vibji __ 2 —hpon __
z =e z e = T ) (50)
n=0 l_e '
-1
2 =| 2sinh| & , Q =29 (51)
2 k,T

The contributions of translation and rotation depend only on the
mass and moment of inertia of the molecule, and they are thus
easy to calculate using the simple models of the particle in a box
and the rigid rotator, respectively. In contrast, the vibrational
contributions are, in general, difficult to evaluate, and thus are
the prime issue of this work. The individual terms in the product
are evaluated from standard statistical mechanical formulas
(using the harmonic approximation) to evaluate the vibrational
component z'®,

Combining the above result with (46), we finally see, that

Table 1 Calculated vibrational frequency (w,) of the re-optimized gold
cluster, Au, at vV=0.

Normal Vibrational
Modes (NVM=3)

Vibrational frequency (w)) in cm™

1 19.21
2 87.47
3 246.21




. NYM a. !

z" = ] | 2sinh (—’J (52)
i=l 2

NVM is the number of normal vibrational modes of the cluster.

The above calculations were used to examine the helmholtz free

energy of formation of the clusters as a function of temperature.

Results and Discussion

In this article, we present only about the symmetric structure
of the gold atomic neutral clusters (Au,,) and its vibrational
spectrum. The predicted spectrum ranges were found to be in
a range of 0.55 to 370.72 cm™. By using a parameterized tight-
binding density-functional method combined with numerical
finite difference method we have confirmed the global total
energy-minimum structures for gold clusters containing up to
20 atoms. The calculated vibrational frequency ranges were
tabulated (Tables 1-18).

How Reliable is Our Model? An
example: The vibrational spectrum (w)
of Au,

Interestingly, we have observed some double and triple state
degeneracy at V=0. Particulary, Aug, clusters are unique
among the other clusters, due to their double and triable state
degeneracy nature. Moreover, some double state degeneracies
are existed on these Au, , ..., clusters and the remaining
clusters are having only a single state degeneracy due to their
local arrangements and the interaction of the energy. Thus as
a different molecule with atomic packing could be similar to
that of bulk gold but with very different properties that is with
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respect to the electron density between the different concentric
layers. However, non-degenerate modes, because of their higher
symmetry, are easier to visualize at the spectrum. Moreover, the
lower nondegenerate mode displaces atoms only at the edges,
not at the vertices or face centers. However, non-degenerate
modes, because of their higher symmetry, are easier to visualize
at the spectrum. Interestingly, the lower non-degenerate mode
displaces atoms only at the edges, not at the vertices or face
centers. Since different symmetry gives rise to a large number of
degenerate modes, but only some distinct modes frequencies are
expected for the rest of the clusters. Furthermore, normal modes
of vibration are having both infrared and Raman-active, and the
remains are optically silent (which Will have some experimental
difficulties).

Nevertheless, all interactions may be accompanied by electron
transfer and the interactions onto the vertex, edge, or inner
gold atoms. Density Functional calculations predict that Au,
Lo POssesses a different geometry structures which were then
verified through the Gabedit package [25] (Tolerance for principal
axis classification: 0.00500 in angstrom (&) and Precision for
atom position: 0.09399 in angstrom (A)). In addition to that the
predicted minima of the global structure optimization of Au, to
Au,, were plotted in Figures 1-6 by increasing cluster size and
energy at T = 0 K. Overall, cluster size, spectrum ranges and
the symmetry of gold clusters from N=3 to 20 atoms are also
mentioned at the Table 19.

Gregory A. Bishea and Michael D. Morsel worked on the
spectrum of Au3, for example; they found the totally symmetric
breathing mode in the excited electronic state had a frequency
of 182:9cm™. We should expect the totally symmetric breathing
mode in the ground state will have a somewhat higher

-

b Y-Degree of Degeneracy
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~

i
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Figure 1 VDOS of re-optimized gold cluster Au, at T = 0. X-axis: atomic units; Y-axis: Degree of Degeneracy. The X-axis in terms of
K wavenumbers: 19.21 to 246.21 cm™ (1 a.u =27.211396 eV = 219474.6305 cm'?). J
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Table 2 Calculated vibrational frequency (w) of the re-optimized gold Normal Vibrational Modes
cluster, Au, at V=0. (NVM=15)

Vibrational frequency (w,) in cm *

L CTuE] Vlbratlfnal Modes Vibrational frequency (w,) in cm * 11 L6l
(NVM=6) 12 142.05
1 9.83 13 214.62
2 31.63 14 214.62
3 55.20 15 235.19
4 98.00
5 147.12 Table 6 Calculated vibrational frequency (w,) of the re-optimized gold
6 165.46 cluster, Au, at V=0.

Normal Vibrational Modes
Table 3 Calculated vibrational frequency (w,) of the re-optimized gold (NVM=18)

Vibrational frequency (w,) in cm™

cluster, Au, at V=0. 1 4.66
Rerma \;:’\rla:\:::;)al Modes Vibrational frequency (w,) in cm * ; ;.6572
1 0.55 4 24.53
2 2.50 5 24.53
3 43.25 6 64.97
4 47.70 7 67.92
5 81.82 8 67.92
6 132.74 9 67.92
7 196.33 10 102.72
8 224.53 11 102.72
9 276.83 12 102.72
13 131.45
Table 4 Calculated vibrational frequency (w,) of the re-optimized gold 14 131.45
cluster, Au, at V=0. 15 198.97
R \(Il:lt\)lrl?lltlc;g?l Modes Vibrational frequency (w,) in cm * 16 215.07
= 17 215.08
1 240 18 215.08
2 2.44
3 2.44 Table 7 Calculated vibrational frequency (w,) of the re-optimized gold
4 38.59 cluster, Au, at V=0.
: ;222 L LliuE] Y;E::ST;I Roge Vibrational frequency (w,) in cm *
7 58.51 1 2.76
8 118.06 2 8.29
9 164.08 3 10.32
10 178.30 4 43.42
11 282.99 5 48.78
12 282.99 6 59.99
7 64.54
Table 5 Calculated vibrational frequency (w,) of the re-optimized gold 8 73.24
cluster, Au, at V=0. 9 92.68
Normal Vibrational Modes Vibrational frequency (w) in cm * 10 %940
(NVM=15) J 11 102.32
1 20.48 12 119.75
2 20.48 13 133.50
3 40.78 14 137.53
4 55.50 15 168.78
5 55.50 16 171.32
6 58.63 17 173.67
7 58.63 18 181.97
8 106.38 19 204.40
9 106.38 20 220.93
10 109.62 21 313.24

© Under License of Creative Commons Attribution 3.0 License 9
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Table 8 Calculated vibrational frequency (w) of the re-optimized gold Normal Vibrational Modes ) ) .
cluster, Au, at V=0. (NVM=27) Vibrational frequency (w,) in cm™
Normal Vibrational Modes M el e e (o) (D e 24 225.77
(NVM=24) ' 25 263.82
1 34.18 26 272.52
2 35.73 27 291.85
3 40.94
4 42.96 Table 10 Calculated vibrational frequency (w) of the re-optimized gold
5 47.34 cluster, Au,, at vV=0.
j ii; Normal \(/I:ltz;:llh:;r(‘)?l iodes Vibrational frequency (w,) in cm™
8 56.61 1 1.01
9 73.12 2 12.39
10 117.24 3 15.81
11 119.14 4 19.28
12 131.30 5 25.17
13 135.27 6 25.55
14 137.72 7 29.87
15 141.02 8 31.54
16 158.26 9 33.80
17 162.84 10 39.88
18 197.30 11 42.25
19 201.95 12 54.20
20 208.66 13 67.07
21 211.00 14 82.31
22 219.66 15 83.87
23 225.22 16 100.68
24 341.88 17 104.66
18 117.65
Table 9 Calculated vibrational frequency (w,) of the re-optimized gold 19 127.19
cluster, Au,, at V=0. 20 138.92
Normal Vibrational Modes Vibrational frequency () in cm-: 21 149.36
(NVM=27) : 22 153.11
1 7.32 23 172.50
2 13.99 24 182.26
3 23.32 25 187.53
4 25.54 26 205.84
5 26.82 27 233.56
6 31.14 28 245.60
7 38.99 29 264.76
8 40.47 30 325.89
9 47.89
10 50.70 Table 11 Calculated vibrational frequency (w,) of the re-optimized gold
11 58.37 cluster, Au_, at V=0.
i; ;;;g AL \(ll:::;l?ntgg?l e Vibrational frequency (w,) in cm™
14 99.44 1 11.45
15 105.82 2 13.66
16 116.72 3 14.02
17 139.15 4 20.81
18 140.83 5 25.53
19 155.00 6 26.48
20 167.69 7 28.30
21 183.43 8 32.12
22 205.44 9 32.79
23 216.68 10 34.11

‘I o This Article is Available in: http://www.imedpub.com/archives-in-chemical-research/



Normal Vibrational Modes

S - 1
(NVM=33) Vibrational frequency (w,) in cm

41.07
56.30

210,07
B R 225.57
263.26

Table 12 Calculated vibrational frequency (w,) of the re-optimized gold
cluster, Au,, at V=0.

Normal Vibrational Modes
(NVM=36)

4 2975

& . 253

I . 34.04

Vibrational frequency (w,) in cm™

42.79

25 147.38
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Table 13 Calculated vibrational frequency (w,) of the re-optimized gold
cluster, Au,, at V=0.

Normal Vibrational Modes
(NVM=39)
4| 2m
& . 308
8 a3

92.83

Vibrational frequency (w)) in cm-*

39 285.36

n
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Table 14 Calculated vibrational frequency (w,) of the re-optimized gold Normal Vibrational Modes Vibrational frequency (w) in
cluster, Au, at V=0. (NVM=45) cmt '
LG RALTELED L RS Vibrational frequency (w.) in cm™ 6 18.47
(NVM=42) ' 7 20.67

1 17.13
5 21.26 8 21.59
3 2219 9 24.78
4 30.59 10 26.02
5 31.41 11 26.95
6 36.50 12 31.39
7 40.37 13 32.96
8 43.02 14 38.97
9 46.15 15 45.72
10 49.37 16 50.75
1 56.35 17 58.65
12 57.66 18 59.62
L vk, 19 62.98
14 66.67 20 65.27
15 75.28 21 77.50
16 77.28
17 83.12 22 78.84
18 85.97 23 84.16
19 89.07 24 88.40
20 99.59 25 99.36
21 110.56 26 104.69
22 116.51 27 112.87
23 120.99 28 119.00
24 131.27 29 132.83
25 142.26 30 148.10
48 == 31 155.52
27 15574 32 159.12
28 180.46 33 168.13
29 183.10 34 181.59
30 185.17
) p—— 35 183.53
32 192.71 36 187.54
33 204.67 37 194.25
34 215.89 38 201.80
35 219.11 39 214.28
36 233.45 40 221.91
37 252.64 41 228.40
38 261.57 42 232.36
39 269.35 43 259.35
40 272.28 44 262.10
4l 285.58 45 302.78
42 295.76

Table 16 Calculated vibrational frequency (w) of the re-optimized gold

Table 15 Calculated vibrational frequency (w,) of the re-optimized gold  cluster, Au,, at V=0.

cluster, Au,, at V=0.
Normal Vibrational Modes

Normal Vibrational Modes Vibrational frequency (w) in (NVM=48) Vibrational frequency (w) in cm™*
(NVM=45) cm? 1 8.07
1 9.57 2 8.72
2 10.23 3 10.91
o gl 4 11.44
4 12.98 5 18.62
5 16.73 6 19.51

‘I 2 This Article is Available in: http://www.imedpub.com/archives-in-chemical-research/



Normal Vibrational Modes

o - 1
(NVM=48) Vibrational frequency (w,) in cm

I 2269
25.68
29.49

Table 17 Calculated vibrational frequency (w,) of the re-optimized gold
cluster, Au ; at V=0.

Normal Vibrational Modes

. . . ”
(NVM=51) Vibrational frequency (w,) in cm

1056
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Normal Vibrational Modes

e - 1
(NVM=51) Vibrational frequency (w,) in cm
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Table 18 Calculated vibrational frequency (w)) of the re-optimized gold / \
cluster, Au,, at V=0.

Normal Vibrational Modes (NVM=54)  Vibrational frequency (w) in cm™

a4 1656 ’t__
.

S T R 2
S - S A - S
t..
,
—'L' .
- Predicted minima of the global structure
optimization of Au, (C,), Au, (D,,) and Au,
(€,) from top to’bottom) by ncreasing

K cluster size and energy at V=0 K. /
i
e s
e a7mm7e
S T T A
e 0921
s ma
i
”

Predicted minima of the global structure
optimization of Au, (D, ), Au, (D,,) and Au,
(Td) (from top to bottom) by increasing
Cluster Size (N) Spectrum Range (T=0 K) in cm™ K cluster size and energy at V=0 K. /

54 370.72
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Predicted minima of the global structure
optimization of Au, (Cs), Au,, (S,) and Au,,
(C,) (from top to bottom) by increasing
cluster size and energy at V=0 K.
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N

Predicted minima of the global structure
optimization of Au,, (C), Au, (C)) and Au,,
(C) (from top to bottom) by increasing
cluster size and energy at V=0 K.

N

A/
N

- Predicted minima of the global structure
optimization of Au,, (C)), Au,, (C) and Au,,
(C,) (from top to bottom) by increasing
cluster size and energy at V=0 K.
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Predicted minima of the global structure
optimization of Au, (D,),Au,, (C)) and Au,,
(C,) (from top to bottom) by increasing
cluster size and energy at V=0 K.
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Table 19 Size and Symmetry of gold clusters from N=3 to 20 atoms.

Cluster Spectrum Range Symmetry (Theoretical Symmetry
Size (N) (T=0K)incm™ (Gabedit package))*® (Theoretical) *3

Au, 19.21-246.21 C, D,
Au,  09.83-165.46 n "
Au, 00.55 - 276.83 C, C,
Au, 02.44 - 282.99 D, D,,
Au, 20.48 - 235.19 D, D,,
Au,  04.66-215.08 T, T,
Au, 02.76 - 313.24 C D,,
Au,, 34.18 - 341.88 S, D,
Au 07.32 - 291.85 C, C
Au, = 01.01-325.89 C, C,
Au, 11.45-334.70 (o C,
Au,, 17.02 - 240.20 C C

Au 07.49 - 285.36 C, C
Au, = 17.13-295.76 ¢ C.
Au, 09.57 - 302.78 (o C
Au,, 08.07 - 232.46 D, C,
Au, 10.08 - 319.18 C, C
Au,  03.99-370.72 C, C,

frequency,perhaps around 200-250 cm™. The gold trimer, Au,,
has 3 normal modes, two of which may be degenerate, depending
on the symmetry. Moreover, some modes may be silent in one
or another experiment. We calculated the normal modes based
on the structure given in%. However, after re-optimization the
vibrational frequencies were found in the region between 19.21
and 246.21cm™ (see Table 1).

The VDOS shown in Figure 7 displays the calculated vibrational
frequencies, plotted as Gaussian functions with a full width at
half-maximum (FWHM) of 3 cm™. So we assume that the ground
state of Au, must have either C, or C_geometry by considering
the various possible ways that we can arrange the three atoms
in Au,, as the Jahn-Teller distortion will drive it away from the
equilateral D,, configuration®*. If it is C, then there will be three
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