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ABSTRACT
In the present paper we prove two common fixed theorems for four mappings in complete 2-metric spaces. This
theorem is a version of many fixed point theorems in complete metric spaces, given by many authors announced in
the literature.
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INTRODUCTION

The concept of 2-metric space is a natural gerzatadin of the metric space. Initially, it has beewestigated by
Gabhler [3] and has been developed broadly by G4#les] and more. After this number of fixed potheorems
have been proved for 2-metric spaces by introducongpatible mappings, which are more general tloamcuting
and weakly commuting mappings. Jungck and Rhoaddmed the concepts of d-compatible and weakly
compatible mappings as extensions of the concepbwipatible mapping for single-valued mappingsnuetric
spaces. Several authors used these concepts t® gome common fixed point theorems. Iseki [7,8}édl-known

in this literature which also include cho et.aP[1Imdad et.al.[9], Murthy et.al.[11], Naidu aRdasad [12], Pathak
et.al. [13]. Vishal Gupta et al [6] also prove soooenmon fixed point theorems for a class of A-caction on 2-
metric space. Various authors [14, 15, 16] usecctmeepts of weakly commuting mappings, compatidgpings
of type (A) and (P) and weakly compatible mappingfstype(A) to prove fixed point theorems in 2-nmetspace.
Commutability of two mappings was weakened by S¢35h with weakly commuting mappings. Jungck [16]
extended the class of non-commuting mappings bypatilsle mappings.

1.Preliminaries
Definition 2.1 A sequence X,} said to be a Cauchy sequence in 2-metric spacdf Xor eachaDX,

lim d(x x,a) =0
m,n - o
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Definition 2.2 A sequence ){n} in 2-metric space X is convergent to an elemext] X if for each all X

lim d{xﬁxa}:O

n-oo

Definition 2.3.A complete 2-metric space is onenihich every Cauchy sequence in X converges to emesht of
X.

Definition 2.4 let A and S be mappings from a nepace (X,d) in to itself , A and S are said towssakly
compatible if they commute at their coincidenoenp

ie. Ax=Sx forsome XX = ASX = SAX

Definition 2.5. Two self maps f and g of a metrigpase (X, d) are called compatible if

nll_F)Yloo d( ngn, ngn) —Owhenever{Xr} is a sequence in X such thﬁl;l;lo an = LI[T;IO o =t for sometin
X.

Definition 2.6. Two self maps f and g of a mesface (X, d) are called non compatibléa iat least one sequence
{X suchthatlimfx =limgx =t for some tin X but n|imoo d( ngn, ngn) is either non zero or non —
Nn-oo n-oo —

existent.

Definition-2.7. maps f and g are said to be comnuuif fgx = gfx for all X1 X

Definition-2.8 let f and g be two self maps osed X, if fx = gx for some xin X then % icalled coincidence
point of f and g.

Definition-2.9 let0: R"™xR*—R" be a binary operation satisfying the following ditions:
I. ¢ is associative and commutative
II. ¢ is continuous.

Definition-2.10 the binary operatianis said to be satisfy-property if there exist a positive real numhesuch that
ab <a max{a,b} for all a,b O R."

2.Main result
Theorem 3.1: Let (X,d) be a 2-metric space such th@t satisfy a-property witha =0 .Let A,B,S,T be self

mappings of x into itself satisfy followingmdition -:
DAX)OT(X),B(X)OS(X) and T(X) and S(X)are closed subset of X

2)The pair (A,S) and (B,T) are weakly compatible.
3)d (Ax,By,u)< K, [d (Sx,Ty,u)od (Ax,Sx,u)]+ K, [d (S, Ty,u)od By, Ty u)]

1
+K[d(SC Ty, u)0—{d(Sk By, u) +d(Ax Ty, U]
for x, y in X ,Where Kl’ K2, K3> 0 and O<K,+K,+K,;<1Then AB,S,T have unique common fixed
point in X.
Proof. let X, bean arbitrary point in X.
By (A) we can find deductively a sequenc\ﬁq{} in X such that

Yoo =A, =Ty, . A Y, =B, =5 Forn=0,1,2... (3.1)

Xon+1

We claim that{Y} is a Cauchy sequence
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Using (3), we get d(an,Y2n+1,u) = d(A(Zn B u)

T T Xon !

< K [d(SX,,, TX,,, 1, U)Od (AX,, X S+ K Jd(SX,, TX ,, ,u)0d(BX 5, ,TX 4, W)}
1

+K,[d( Xy T 10 u)oz{d( Xy, BX oy U) HA(AX ,, TX 5, U

= K [d(Yy 1 Y, U)0A(Yy,, Yo, U) + K JA(Y 5, Y 5,u)0d (Y4, ,Y 5,U)]

1
LY Yo 0V Yo 1)+ (Y 5, Y g0 U} o
Set d,=d(Y,_,,Y,,u) then from above inequality, we get (3.3)

1
d2n+1S Kl[d2n<>d21] + KldmOd 21+1 + KEd EOEC(YE—’erZHlL)

1
d2n+1S Klath + Kzamax[dm’dm]]"' K gmaxh 2 E{d 2 +d a+ }]
Let if possible thad,,,,, > d,, and
o1 <K@ one 1t K g 3y P K gd 5y
d2n+1 < O’(K1+ K2+ K?)d h+1 = d2n+l < d2n+1
Which is a contradictions> d,,,, <d,,, Hence d,, <d,,_,
Therefore d, <d._,, forn=1,2,3 ...
d,<a(K +K,+K;)d,_,=d <Kd, _,, where a(K,+K,+K,)=K<1
<k’d,_,<K%, _d <Kd,_ <K%, ,<K%d, ,..K"d,

By iteration n times, we getl, < Kd, _, <k“d_, < 1S o2 S

Taking lim as p»o, we get
Lim n—w d(Y,_,,Yn,u)=0 (3.4)
Let m>n such asm=2n+1

We prove{Y,} isa Cauchy sequengg the method of contradiction.
Let if possible suppose that n is the least intégeewhich

d(y,,Y,,u)=0 But d(Y,_.,Y,,,u) <O
Now < d(Yn’Ym’u) <d (Yn ’Ym ,U)+ d (Yn 1Yn—1 u )+ d (Yn—l ’Ym u )

3.9

(3.6)

Now taking the termd(Yn,Ym,Yn_l) from above inequality and using inequality (c)
We get,

d(¥,, Yo, Yoa) = d (AX, BX, Y, )
< K[d(S%, T, Yo 1) 0d (A%, 96, Y, )]+ K d(S6, T, Y- )0d (B, T, Y )]

+K3[d(3<n,TXm'Yn_1)<>%{ d( S, By Y- +d(AX, T, YN
= Kl[d(Yn—li Ym—l’ Yn—])<>d(Yn’Ym—l’Yn— ])] + K E[d(Yn— 1Ym— 1Yn— )Od(Ym’Ym— 1Yn— )]

K [A(Y o Yo Yn_l)O%{d(Yn_l Yoo Yoo 9 0A(YL, Y0 YL DN
= d(Yn ’Ym ’Yn—l) < Kzad (Yn—l’Ym ’Ym—1)+ K gzd (Yn— 1’Ym ’Yn )

2809
Pelagia Research Library



Vishal Guptaet al Adv. Appl. Sci. Res., 2012, 3(5): 2807-2814

Using (3.1) and (3.2) and takirﬂjﬂo we getd(YmYm,Yn_l) =0 3.7)

So using (3.4), (3.5) and (3.7) in (3.6), we @&t €, which is a contradiction. Hen({gr} is a Cauchy sequence,
Since X is a complete 2- metric space

Therefore limY, =YOX

n-e (3.8)
Hence LI[T;Yn :Inlrg AX,, :Ir![nm BX,.1 =Ir|1rpw S<m+2=ILrmexm+1:Y @
Now since T(x) is a closed subset of X then rafrexist VL] X such thatTv=y

if Bv# y then by using (3)
d(AXx,,, Bv,u) < K [d(&,,, Tv,u)0d (AX,,, X, ,u)]+ K [d (SX,,, Tv,u)0d (Bv,Tv,u)]

FK (S, TV, u)O%{d( S, By, 1) +d( Ax,, TV, U)}

Taking lim both sides, we get

d(y, B:/?S)s Ky [d(y, y,u)od(y,y,u)]+ K, [d(y, y,u)od (Bv,y,u)]

+K[(y, U0y Buw) +l(y, )}

d(y,Bv,u) < K,a[max(0,0)} K,a [max(0d Bv y u )} K,a [max(@ ¥ Bvuy
=d(y,Bv,u)< K,ad(Bv,y,u)+ K,ad (y,Bv,u)

=a(K, +K;)d(y,Bv,u)
=d(y,Bv,u)<d(y,Bv,u)

This is a contradiction. HenceBv=y=Tv.
Since B, T are weakly compatible

= BTv=TBv= By =Ty (3.10)

Now if y # By then using (3)
d(AX,,, By,u) < K [d(SXy,, Ty, u)0d (AX,, , X5, ,U)]+ K [d(SX,, Ty,u)od (By, Ty,u)]

+Ko[d(SK,, Ty, U)O%{ d( S, By, U) +d( Axy, Ty, U)}

Taking lim both sides, we get

n-oo

d(y, By,u)= K, [d(y, Ty,u)0d(y,y,u)]+ K,[d(y,Ty,u)od (By,Ty,u)]+ K3[d(y,Ty,u)<>%{d( ¥, By, u)

+d(y, Ty,u)]

<K,ad(y,Ty,u)+K,amaxd (y Tyu rKad § Ty u)
d(y,By,u)sa(K, +K,+K,)d(y,By,u)
d(y,By,u)<d(y,By,u), This is a contradiction.

= y=By=Ty

Since B(X) O S(X) there existw[] X suchthat Sv=y

(3.11)
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[ By=yl
Now if Aw =Yy then by (3)
d(Aw, By,u) < K, [d(Sw, Ty,u)0d (Aw, Sw,u)]+ K,[d(Sw, Ty,u)0d (By, Ty u)]

+K,[d(Sw, Ty, u)O%{ d(Sw, By, u) +d(Aw, Ty, u)}]
= d(Aw, y,u) < K, [d(Sw, y,u)od (Aw, Sw,u)]+ K, [d(Sw, y,u)od (y, y,u)]

+K[d(Sw, y, u)<>§{d(sw you) +d( A, y, )]

< Ky[d(y, y,u)od(y, y,u)] + K;[d(y, v, U)O%{d( Y, Y, u) +d(Aw, y, u)}]
d(Aw,y,u) < Kad(Aw,y,u)+ K,ad (Aw,y u)

<a(K, +K,)d(Aw,y,u)
=  d(Aw,y,u)<d(Aw,y,u), This is a contradiction.

Hence AW=Yy = Sw=y=Aw

Since S and A are weakly compatible

ASN = SAw =S =Ay

Now if Ay # y then by (c), we get

d(Ay,y,u)=d(Ay,By,u)

< Ky[d(Sy, Ty, u)od(Ay, Sy, u)l+ K, [d(Sy, Ty, u)od(By, Ty, u)

+K (S Ty, w0 {d(Sy By, U) +d( A Ty, )
= Ky[d(Ay,y,u)0d(Ay, Ay,u)]+ K Ay, %, 1)od(y, y,u)]

+Kld(Ay, y, u)<>%{ d( Ay, y, u) +d( Ay, y, u)}]

d(Ay,y,u)= Kad(Ay,y,u)+K,ad (Ay,y,u)+Kad (Ay,y u)
ie. d(Ay,y,u)<a(K,+K,+K;)d(Ay,y,u)
d(Ay,y,u)<d(Ay,y,u)
This is a contradiction. Hence Ay =y
Using Ay=y=3 Ay=9y=y
And using, we get
Ay=By=9=Ty=y
i.e. y isacommon fixed point for A,B,S, T
Uniqueness: Let A, B, S, T have another fixed psayt (x) thend (X, y,u) =d (Ax,Bx,u)
< Ky[d(Sx Ty, u)0d(Ax, Sx, u)] +K, [d (S, Ty u Yod By Ty u )1+

Kold(S Ty, u)<>§{d( S By, U) +d( AX Ty, U)}]
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< Ky[d(x y, u)od(x, x,u)]+ Ko[d(x, y, u)od(y, y,u)]

1
+K,[d(x , U)Oz{d(x y, u) +d(x y, u)}]
<K,ad(x,y,u)+K,ad(x,y,u)+K,ad(x,y,u)
dix,y,u)sa(K, +K,+K,)d(x,y,u)
= d(x y,u)<d(x,y,u)
Which is again a contradiction and this contraditiimplies that

A, B, S and T have a unique common fixed point.

Corollary 3.1: Let (X, d) be a complete 2- metric space. let 8Bnd T be self mappings of X in to itself
satisfying following condition
A(x) € T(x), B(x) =S(x) and T(x) or S(x) are closed subset of X.
II. The pair (A, S) and (B, T) are weakly compatible.
. For all x,yIX

d(Ax, By) d(Ax,By,z)< Kl[d(Sx,Ty,z)+d(AX,Sx ,Z)]+ K2[d(SX,Ty,z)+d(By ,Ty,z)]
d(Sy,By,2)+d (AT, 2)

, :
where K, K,,, K50 and 0K, + K, + K3<% .

K (S, T, ) +

Then A, B, S and T have a unique common fixed pioiix.
Proof: Define ®#b=a+b for each a,B R+. Then foro>2, we have & < a.max {a, b}. Puttinga=2. we get
O<oy K1+ K2+ K3) <1, and hence all conditions of above theorbwld. Therefore A,B,S, and T have a

unique common fixed point in X.

We consider a clasg of all functiony: [0,00)6 — R with following properties:
1.y (u,v,v,u,u+v,0¥0 ory (u ,v,u,v,0,u+vy0 for every v>0 implies that u<v and v=0 implteat u=0
2.y is non-increasing in variabl% and t6

3.y (u,u,0,0,u,ux 0 implies that u = 0
4.y is continuous in each coordinate variable.

Theorem 3.2; Let (X, d) be a 2- metric space akd G, S and T :X—X be mapping such that
. F(X)OT(X) andG(x) 0 S(X) and E =d(F(X),S(x),z)] wherezOX and

dXX XXX — R ,Eisa closed subset of df),
II. The pair (F, S) and (G, T) are weakly compatible.

n. y[d(Fx,Gy,z),d(SX, Ty, z),d(SX, Fx,z),d(Gy, Ty, z),d(SX, Gy, z),d(Ty, Fx, 2)]
For all x,y, zeX and ¢ L1

Then F, G, S, T have a uniqgue common fixed poif{.in
Proof: Since E is non empty and a lower boundédetuof [0,:0)

Puttinga = inf E, @ O E = E, this impliesa 0 E
Therefore there existU [ X such that=d (Fu,Su,2)
SinceFUOFxO TxavldX st Fu=Tv

= a=d(Fu,u,z) = d(Tv,u,2)

We prove thati=0, on lettinga>0, from above inequality, we get
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[d(Fu,Gv,2),d(u,Tv,z),d(u, Fu,z),d(Gv,Tv,z),d(Su,Gv, ), d(Tv, Fu, ) 1<0
v [d(Fu,Gv,2), d(Su,Fu,z),d(Su, Fu,z),d(Gv, Fu, z),d(Su,Gv, ), d(Fu, Fu, 2)]
We may assumez[] X such thatGv = z so above inequality will be reduce to

[0, a, 0,0, 0]= a=0i.e.d(Su, Fu,z) =0 which impliesSu = Fu=Tv

Now if Gv#TvV then

v [d(Fu,Gv,z) d(u,Tv,z),d(Su, Fu,z),d(Gv, Tv, z),d(u,Gv, 2) ,d(Tv, Fu, 2)]
[d(Tv,Gv, 2), 0,0d(Gv,Tv,z), d(Tv,Gv,z), 0]< 0 it follows that Gv =Tv .

Hence Tv=Gv=Fu=u=p

By weak compatibility of the pai(G,T) and (F,S) we have

Gp =Tp and Fp = S now we prove thatFp = p

Let if possible thatp Z Fp then

<y [(d(Fp,Gv,2),d(,Tv,z),d(Sp, Fp,z),d(Gv, Tv, z),d(P,Gv, z),d(Tv, Fp, 2)]
=[d(Fp, p,2).d(Fp, p,2).0.0d(Fp, p.2).d(p, Fp,2)]<0

This implies thatp = Fp = § and now we prove thdbp = p

Let if possibleGp # p then

<y [d(Fp,Gp,2),d(S,Tp, 2),d(S, Fp, ), d(Gp,Tp, 2), d(, Gp, 2), d(Tp, Fp, 2)]
=[d(p,Gp,2),d(p,Gp,z).0,0d (p.Gp.z)d P Gp z] <0

This implies that p=Gp =Tp sowe haveFp=Fo=CGp=Tp=p

Therefore p is common fixed point of,G,S andT .

Now we prove uniqueness.
Let  be another fixed point oF ,G,SandT then

v [d(Fp,Gp, z),d($, Tq,2),d(Sp, Fp, 2),d(Gp, Tp, ), d(Sp, Ga, 2), d(Ta, Fp, 2)]
=y [d(p,9,2),d(p.q.2),0,0d paz)d pgz]

=>d(p,q,2)=0 = p=q this proves the uniqueness.

Hence p is a unique common fixed point of~,G,S and T

REFERENCES

[1].Cho Y.J, Fixed points for compatible mappindsype (A), Math. Japonica, 1993, 38(3), 497-508.

[2].Cho Y.J, Khan M.S. and Singh S.L., Common fixgaints of weakly commutating Mappingsniv. Novom
Sadu, Sh.Rd. Prirod-mat. Fak.Ser.Mat., 1988, 18(1), 129-142.

[3].Gahler S, 2-metrische Raume und iher topoldgsstructurMath.Nachr, 1963, 26, 115-148.

[4].Gahler S, Uber die uniforisierbarket 2-metrissiRaumeMath.Nachr, 1965, 28, 235-244.

[5].Gahler S, Zur geometric 2-metrischer Raume,uReRoumaine\ath. Pures, 1966, Appl.11, 665-667.
[6].Gupta Vishal, Kour Ramandeep, Some fixed pdirgorem for a class of A-contractions on 2-metpace
International Journal of pure and applied mathematics, 2012, 79(1)

[7].1seki K, Fixed point theorem in 2-metric spadesith. Sem. Notes, Kobeuni, 1975, 3(1) 133-136.

[8].Iseki K, Sharma P.L., Sharma B.K., Contractigpe mapping on 2-metric Spadéath. Japonica, 1976, 21, 67-
70.

[9].Imdad M, Kumar M.S. and Khan M.D., A Commondik point theorem in 2-Metric spaceédath., Japonica,
1991, 36(5), 907-914.

[10].Jungck G., Fixed points for non continuous setf maps on non metric spacBsay East. J. Math. Sci., 1996,
4(2), 199-215.

[11].Muthuy P.P, Chang S.S, Cho Y.J. and Sharma.,BJdé¢mpatible mappings of Type (A) and common fixed
point theorems Kyungpook Math, J.,1992, 32(2), 203-216.

2813
Pelagia Research Library



Vishal Guptaet al Adv. Appl. Sci. Res., 2012, 3(5): 2807-2814

[12].Naidu S.V.R. and Prasad J.R., Fixed point tee in 2-metric spaceldian J. Pure Appli.Math. 1986, 17(8),
974-993.

[13].Pathak H.K., Kang S.M. and Back J.H., Weak patible mappings of Type (A) and common fixed pgjnt
Kyungbook Math.J.,1995,35, 345- 359.

[14].Sessa S., on a weak commutability conditiofixad point consideration$ubl. Inst. Math. (Beograd), 1982,
32(46), 146-153.

[15].Tan D., Liu Z. and Kim J. K., Fixed points foompatible mappings of Type (P) in 2-metric spableslinear
Funct. Anal. Appl., 2003, 8(2), 215-232.

[16].Wang W.Z., Common fixed points for compatilbl@ppings of type (A) in 2-Metric spacd$pnam Math. J.,
2000, 22, 91-97.

2814
Pelagia Research Library



