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ABSTRACT

The problem of slow steady motion of a second order thermo-viscous incompressible fluid through a porous slab
bounded by two non-permeable parallel plates is examined in this paper. The two plates are kept at two different
temperatures and the flow is generated by a constant pressure gradient. Explicit calculations have been made to
obtain the velocity and temperature distributions with appropriate boundary conditions. The flow in the absence of
pressure gradient and porosity of the medium has been deduced as the special cases. The flow rate, Shear stress,
heat transfer coefficient and the transverse force perpendicular to the flow direction are calculated.
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INTRODUCTION

Koh and Eringin [5] introduced the concept of thermiscous fluids which reflect the interaction betm thermal
and mechanical responses in fluids in motion duexternal influences. For such a class of fluitis, dtress-tensor

‘1’ and heat flux bivector h’ are postulated as polynomial functions of theekimatic tensor,viz.the rate of
deformation tensord "

d; =(u,+u;;)/2

and thermal gradient bivectob®

by =L Gk

where; is thei® component of velocity ané is the temperature field.

A second order theory of thermo-viscous fluids mracterized by the pair of thermo-mechanical ctnste
relations:

t=a,l +a,d+ad’*+ab’+a,(db-bd) and
h= b+ S;(bd +db)
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with the constitutive parametere; , ,[3’, being polynomials in the invariants al and b in which the coefficients
depend on densityp ) and temperaturé]) only. The fluid is Stokesian when the stress¢emepends only on the
rate of deformation tensor and Fourier-heat-coridgathen the heat flux bivector depends only ontémeperature
gradient-vector, the constitutive coefficien@§ and @'; may be identified as the fluid pressure and coieffit of

viscosity respectively andr; as that of cross-viscosity.

Fluid flows through porous media have been a stiliEboth experimental and theoretical researchofa@r one
and half centuries. Darcy, based on the findings tdrge number of flows through porous media, psep the

*

empirical law known as Darcy’s la®Q = —— A[IP, where Q is the total discharge of the fluld, is the

permeability of the medium, A is the cross-secti@maa to flow the fluid,i4 is the cross-viscosity of the fluid and
[IP is the pressure gradient in the direction of thafflow. Dividing both sides of the equation tyetarea then

*

the above equation becomes= ——[IP , where q is known as Darcy’s fluid flux and weolnthat the fluid
7]
Y7

velocity(u) is proportional to the fluid flux(q) bthe porosityd(*) , then P =— % U . The negative sign

indicates that fluids flows from the region of higtessure to low pressure.
The flow of incompressible thermo-viscous fluidises the usual conservation equations.

Equation of Continuity

v..=0
i,1

Equation of Momentum

ov, - H
10|:E+Vkvi,k:| = Pk, iy, _Fvi

and the Energy equation

pCQ:tijdij —Q;tov- If v’

where

Fk = k™ Component of external force per unit mass,
C = Specific heat,

V =Thermal energy source per unit mass and

g =i" Component of heat flux bivector&;, h,, /2

MATHEMATICAL FORMATION AND SOLUTION OF THE PROBLEM
Consider the slow steady flow of a second ordemtbeviscous fluid through a porous medium boundetiveen
two non-permeable parallel plates. The flow is getesl by a constant pressure gradient in a diregtizallel to the

plates and the motion of the upper plate, movinth i given velocityii; relative to the lower plate along the
direction of the pressure gradient.
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With reference to a coordinate system O(XYZ) withlgim on the fixed plate, the x-axis in the directiof the plate
movement, y-axis perpendicular to plates, théeplare represented by y =0 and y = h . Furtieetwo plates are
maintained at constant temperatuﬁ-@ and 15'1_ respectively.

Yy

U=y =0,

B
»

_..
Pressure gradient Temperature ()
- h — Fluid velocity u(v)

—l >

'|_'|_:|:| E:EE X

Let the steady flow between the two plates is attar&ed by the velocity field [u(y), 0, 0] andriperature field
B(y). This choice of the velocity evidently satisfihe continuity equation.

The Basic equations characterizing the flow :
in the X-direction :

2
O:—@+,ug—a 6969 + pF Ky (1)

ox = oy’ X ay? K

in the Y-direction :

2
0 ( du
o 2 (2] +ar, o
in the Z- direction :
0 (0680u
=q,—| ——— |+ 3

and the energy equation

U T oy ) Yo ayay tB 5 tpy-u )

06 ou 2_ 06 0udb 629 06’6 u 7
ox ® ox dy dy ay ox dy? k'

together with the boundary conditions : u=&,=8; at y=0 and
u=u,,8 =6, at y=h (5)

The following non-dimensional quantities are intiodd
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2
y:hY,u:(A)U,UO:(A)UO’T_M 69 9 9 ap_,u C Sh
A pPh 6,-6, ox h > ax ph K
pr_ﬂC b3_ IB
k phc

whereC; and C, are non- dimensional pressure and temperaturdiegita respectively

and S is the porosity parameter.

The motion is assumed to be slow, the non-lineangen the above equations could be neglectecering of the
above non-dimensional and in the absence of extésrzes and internal energy source , the equatjdthsind (4)
can be written as

d?U d°T
0=- C1+W - a6C2 W -SU (6)
2 2
ucﬂ_bscdu 1de -
dy? p, dY
and the boundary conditions : U(0) =0, U(1)7 U (8)
TO0)=0,T(1)=1 9)

From the equations (6) and (7) and using the bayndanditions in (8) the velocity distribution ibw@ined as

1 , , .
ucy) = m{mlcl[smhm(l—Y) - smhm] + [mlC1 +m°U O]smhmY} (10)

Using the equation(10) in (7) with the boundaryditions in (9) the temperature distribution is obéal as
T(Y)=Y + P2 pf 2{y(@-Y)mC, + 21+ m?b, Jyu, ~u )]} (11)
TheflowrateQis:

IU (Y)dy = {meC +(2mC, + m*U )tanh—}

The Shear Stressis:

au _ G

& msint m{(mlC +m’U )coshmY -mC, coshm(l—Y)]}

The Shear Stresson the Lower plateis:

z—U/(Y 0) = ;:1 tanh—+mU coseshm
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The Shear Stress On the upper plateis:

C
d_U/(Y =1) =1 ™ + mU , cothm
dy m 2

The heat transfer coefficient characterized by the Nussult number is given by:

ar _ prC2(1+ b3m2)
dy m? sinhm

4 Pl Crznrglcl [L-2v]

{mlcl coshm(l-Y) - (mlc1 +m’U O)coshmY +mU, sinhm}

The heat transfer coefficient characterized by the Nussult number on thelower plateis:

Ty =0) = p.C {1+ bym’)

dy m? sinhm

pr CZmlcl
2m?

{mlcl sedwg +mU,(1- mcosechm)} +

The heat transfer coefficient characterized by the Nussult number on the upper plateis:

ar

2
Wy 1Y =1) :prCZ(i:ﬁm) {muo(l— mcosechm) - (mlC1 + mzuo)tanhr;} _hCmC

2m?
The cross-viscous stress generated in the Y-direction perpendicular to theflow is

2
oF, = H.H

= e msin? hm {(mlc1 +mU, )’ sinh2my - m°C,2 sinh2m(- Y) + 2m,C, (m,C, + mZUo)sinhm}
ph*msin? hm

From this we observed that the viscous stress gartedepends on Riner-Rivilin cross viscosity doift (i.e.
He )

The cross-viscous stress gener ated on the lower platein the Y-direction is

24, 4*mC,

pF 1Y =0)= L B

{mZU , cosechm-m,C, tanhm}
2

The cross-viscous stress gener ated on the upper plateintheY-directionis

2u p*

h°m

PF, Y =1= {mZU , cothm+m,C, cothg}

The cross-viscous stress gener ated in the Z-direction per pendicular to theflow is

21+ meb, f(mC, + mU, J2mcC, sinhm( - 2Y)] - mC, sinh2m(1- )}

(m,C, + mU O)sinhmY}
+m,C, sinhm(l-Y)
-2mcC, s;inhm{(mlc1 +m°U,)coshmY - mC, coshm(l—Y)}

pF, =" THO=CIPC, |, sinhm{m,C, @ 2v) + 20, @+ mPh,)
2ph’m” sin® hm
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From this we observed that the viscous stress gertedepends on thermo-stress coefficientdy9..
The cross-viscous stress generated on the lower platein the Z-direction is

. m
—au(6-6,)p,.C,mC, 2(1+ 2m2b3){m2U » —2m,C, sin’ h?}

F,/I(Y=0)=
PRIV =0) 2ph*m?sin? hm

+ msinhm{mlC1 + 2U0(1+ m2b3)}
The cross-viscous stress generated on the upper platein the Z-direction is
2coshm[mlCl + 2(1+ m’b, )]

— _—O'S,U(H—HO)prCZ 2~ 2 2 o _ 2
PF,I(Y=1)= IR 2m°C,~ +\mC, + m°U L —sinhmmmC, —2U |1+ m°b,
2ph’m’sin“ hm )

_4m1C1(1+ m bs)

here

_ 1
™ 1+bsag prC22

RESULTSAND DISCUSSION

The influences of various parameters like thertness coefficient(d,thermal conductivity coefficientfp and
porosity of the medium(S) on velocity and tempemtdistributions and also the effect of Reiner-Rivl

coefficient(£/,) and thermo-stress viscosity coefficiefit{) on the transverse force perpendicular to the flow
direction have been illustrated graphically by ||:f¢jj<Cl:1,C2 =1, p, =1.The effect of all these parameters on the

flow field by comparing the plates in relative nwt{i.e U , =1 ) with the plates fixed(i.eU , = 0) are discussed
with the help of the graphs.

The velocity profiles for different values of thesrmiiscous parameters{&b) and porosity parameter(S) when the
plates are fixed are shown in figs.(1,2&3) and wtienplates are in relative motion are shown is.{f45&6).

It is observed from the figs.(1,2&3) that(i.e. whitie plates are fixed), the velocity profiles asggbolic type and
these are increases as the values of the theressstoefficient(g,thermal conductivity coefficientgpand porosity
parameter(S) increases. But from the figs.(4,5&@) plates are in relative motion), it is notidbdt, the bending
of the velocity profiles decreases as the poropityameter(S) increases ,this effect is due to thesiy

parameter(S) causing friction to the flow. It is@found from the figs.(4,5&6) that ,the velocitsofiles increases

slowly as the values of thermo-viscous paramedgré(bs) increases.

The temperature distributions for different valugsthermo-viscous parameterg{bs) and porosity parameter(S)
when the plates are fixed and when the platesnam@ative motion are shown in figs.(7,8&9).

From the figs.(7,8&9), it is observed that ,the pemature of the fluid when the plates are in reéatmotion
increases at faster rate when compared to thesptate fixed and as the values of the porosity mater(S)
increases the temperature of the fluid decreasess|
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Fig.(1):Variations of the velocity profiles U(Y) vs porosity parameter(S)
and thermo-viscous parameters (b3,a6)
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Fig.(2):Variations of the velocity profiles U(Y) vs porosity parameter(S)
and thermo-viscous parameters (b3,a6)

2872
Pelagia Research Library



N. Pothannaet al Adv. Appl. Sci. Res., 2012, 3(5): 2866-2883

UO=0,b3=l,a6=l
1 \

0.9

0.8+ S=2 .
S=1
0.7+ .
0.6 .
> 0.5 _
0.4+ .

0.3+ .

0.2

0.1+ -

0 1 1 1 1 1
-0.06 -0.05 -0.04 -0.03 -0.02 -0.01 0
Fig.(3):Variations of the wvelocity profiles U(Y) vs porosity parameter(S)
and thermo-viscous parameters (b3,a6)
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Fig.(4):Variations of the wvelocity profiles U(Y) vs porosity parameter(S)
and thermo-viscous parameters (b3,a6)
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Fig.(5):Variations of the wvelocity profiles U(Y) vs porosity parameter(S)
and thermo-viscous parameters (b3,a6)
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Fig.(7):Variations of the temperature distributions T(Y) vs porosity parameter(S)
and thermo-viscous parameters (b3,a6)
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Fig.(8):Variations of the temperature distributions T(Y) vs porosity parameter(S)
and thermo-viscous parameters (b3,a6)
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Fig.(9):Variations of the temperature distributions T(Y) vs porosity parameter(S)
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Fig.(10)-Force in Y-direction vs Riener Riin coeficient,porosity parameter(S)

and thermo-viscous parameters(bs,a6)
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Fig.(11)-Force in Y-direction vs Riener RiMin coeficient, porosity parameter(S)

and thermo-viscous parameters(bs,aG)
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Fig.(12)-Force in Y-direction vs Riener RiMin coeficient,porosity parameter(S)

and thermo-viscous parameters(bs,aG)
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Fig.(13)-Force in Z-direction vs thermo-stress coeficient, porosity parameter(S)
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Fig.(15)-Force in Z-direction vs thermo-stress coeficient, porosity parameter(S)
and thermo-viscous parameters(b3,a6)

The figs.(10,11&12) indicates that, the forcesragion a fluid in Y-direction when the plates areé is less when
compared to the plates are in relative motion sThidue to the effect of Reiner-Rivlin coefficiept.) .But reverse

effect is observed in figs.(13,14&15), i.e. therckes acting on a fluid in Z-direction when thetetaare fixed is
more when compared to the plates are in relativéiomo.This effect is due to the thermo-stress \ggiyo

coefficient(@y). The force acting on a fluid in Y-direction whéﬂio =0 (i.e. when the plates are fixed) is slowly
decreases near the cooler plate then it is ineseas(/. increases from (1-3).When the plates are in radatiotion
the force acting on a fluid in Y-direction is ineses ast/, increases from (1-3). The force acting on a finid-
direction whenU0 =0 (i.e. when the plates are fixed) is increases mtiearcenter of the channel then it is
decreases a#, increases from (1-3).When the plates are in relathotion the force acting on a fluid in Z-

direction is decreases @; increases from (1-3).

4.SPECIAL CASES

SPECIAL CASE-I: If themedium isnot porous(i.e. S=0)
In this case, the velocity distribution is obtairee

1

— {mlcl[sinhm2 (A-Y) -sinhm, |+ [mlc1 + mzzuo]sinhmzY}
m,” sinhm,

and the temperature distribution is obtained as

u(y) =
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T(Y)= Y+§C fa-vyme, + du+m2, v, ~u )]
Theflowratteé

Q= IU(Y)dY- 1 {Zm mC, + 2mC, + m, Uo)tanh7}

2

The Shear Stressis:

du C,

dy m{(mlcl + m22U 0 )coshmzY -m,C, coshm, (1 - Y)]}

The Shear Stresson the Lower plateis:

d—U/(Y 0) = me, tanh"2 + m,U , coseshm,
dy m, 2

The Shear Stress On the upper plateis:

d—U/(Y 1)_mC1 tanhﬂ+mu cothm,
dy m,

The heat transfer coefficient characterized by the Nussult number is given by:

d_T _ prC2(1+b3m22)
dy m,’ sinhm,

{mlcl coshm, 1-Y) - (mlc1 +m,’U O)coshmzY +muU, sinhmz}

2m,
The heat transfer coefficient characterized by the Nussult number on thelower plateis:

p,C.,mC,

2

d_$/(Y =0) = prC2(1+ b3m22)

= {mlC sech ™2 +m U, (1-m, cosechmz)}+
d m,” sinhm, 2

2m,

The heat transfer coefficient characterized by the Nussult number on the upper plateis:

+ 2
d—T/(Y =1 = P.C, (1 3b3m2 ){mZU ,(1-m, cosechm, ) - (mlC1 +m,°U O)tanhﬂ} —Lmzlcl
dy X 2 2m,
The cross-viscous stress generated in the Y-direction perpendicular totheflow is
2 ( 2 )2 . 22
oF = M mC, +m,"U, ) sinh2am,Y -m,"C,” sinh2m, 1Y)
y .
h°m, sin” hm, +2mlC1(mlCl + rT122UO)sinhrr12
2880
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The cross-viscous stress generated on the lower platein theY-direction is

24,1 m,C,
5

F, /(Y=0)=
pF, Y =0 ==

{mju , cosechm, - m,C, tanh%}

The cross-viscous stress generated on the upper platein theY-direction is

2 1*

h°m

pF,I(Y=1)=

m
{mju , cothm, + mC, coth?}
2
The cross-viscous stress generated in the Z-direction per pendicular totheflow is

2(1+ mzzbs){(mlc1 +m,’U OIZmlc1 sinhm, (L- 2Y)] - m,C, sinh2m, (1—Y)}
(m,C, + m,°U,) sinhm,Y
+m,C, sinhm, (1-Y)

-2m,C, sinhm, {(mlcl +m,’U,) coshmY — m,C, coshm, (1 - Y)}
The cross-viscous stress generated on the lower platein the Z-direction is

- agi(0-6,)p.C,
2ph°m,’ sin? hm,

oF, +m, sinhmz(mlcl(l—ZY) +2U,(1+ m22b3))JL

. m
—au(@-6,)p,C,mcC, 2(1+ 2m22b3){m22U0 - 2m,C, sin® hf}

F, I(Y=0)=
PR Y=0) 2ph®m,’ sin? hm,

+m, sinhmz{mlC1 + 2U0(1+ m22b3)}
The cross-viscous stress generated on the upper platein the Z-direction is

2coshm, [mlc1 + 2(1+ mzzbs)]
2m*C* + (mlc1 +m,’U, } - sinhm,|m,mC, - 2U0(1+ mzzbg)]

-4mC, (1+ m22b3)

—au(0-6,)p,C,

F,I(Y=1)=
P V=) 2ph*m,® sin? hm,

aG prC22 1

m=/ -
2 \1rbap,C; " 1+bagp,C,’

SPECIAL CASE-II: In the absence of pressuregradient(i.e. C,=0)
In this case, the velocity distribution is obtairee

sinhmY
sinkm

u(Y) =U,

and the temperature distribution is obtained as

2
Tey)=PCe (s m b, g {Y - sinhmv}
m
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Theflow rateQis:
1

Q= [uMaY = Yo tanp?
0 m 2

The Shear Stressis:
du _ coshmy

_= m 0 —_—
dy sink m
The Shear Stresson the Lower plateis:

d—U/(Y =0) =mU, cosechm
dy

The Shear Stress On the upper plateis:

OI—U/(Y =1) =mU, cothm
dy

The heat transfer coefficient characterized by the Nussult number is given by:

dr _ prCZ(1+b3m2)JO 1- mcoshmY
dy m? sinhm

The heat transfer coefficient characterized by the Nussult number on thelower plateis:

2
d—T/(Y =0 = P C, i+ ?Sm Mo {1- mcosechm}
dy m

The heat transfer coefficient characterized by the Nussult number on the upper plateis:

dT p,C,[1+b,m? ), {
mZ

— /(Y =]= 1-mcothm
5 /(=0 }

The cross-viscous stress generated in the Y-direction perpendicular to theflow is

_ p p*mU,? sinh2my
oh®sin” hm
The cross-viscous stress gener ated on the lower platein the Y-direction is

PR

pF,/(Y=0)=0

The cross-viscous stress gener ated on the upper platein theY-directionis

24, p*muU

pPF, I(Y=1)= s 9 cothm
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The cross-viscous stress gener ated in the Z-direction per pendicular to theflow is

_ —a,(8-6,)p,C.U, L+ m?b,)
2ph*msin® hm

PF, sinhmY[2coshmY +muU, sinhm]

The cross-viscous stress generated on the lower platein the Z-direction is
PF, I(Y=0)=0
The cross-viscous stress gener ated on the upper platein the Z-direction is

- a (8- 6,)p,C U, [1+m?h,)
ph’m

pF, (Y =1)=

[mU o +2coth m]
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