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ABSTRACT

Semi circled energy factor (SCEF) is the very inguarimage quality criterion of point spread fureti(PSF) of an
asymmetrically apodized optical system. Semi dareleergy functions of rotationally asymmetric, abton free
optical systems apodized with complex pupil filtemge been obtained. We have understood semidieclergy of
the asymmetric PSF as point-image quality assesspsgameter. The optimum values of asymmetric aaobicin
at which the semi circled energy is maximum hase been computed. The asymmetry in the total efergpeen
found to increase with the degree of asymmetriciegation (b).

Key words: Diffraction, Asymmetric apodization, Resolutid®gomplex pupils, Point Spread Function

INTRODUCTION

The most important corollary of the Point Spreaddion (PSF) is the “Encircled Energy Factor” oe tfEncircled
Power”. It measures the fraction of the total egengthe PSF, which lies within a specified radiéisin the plane
of observation or detection. It is one of the digant parameters which serve as an index of thopeance of
symmetrically apodized optical system. The radiatribution of energy within the image, called thaecircled
power, is a classical measure of the quality ofdpical system producing that particular image. Wiédesignate
this important parameter by the symbol EB): EEF §), obviously vanishes whehis zero and approaches unity
whend becomes infinity. Lord Rayleigh [1], was the fitetpoint out the importance of the encircled epdagtor

to find the illuminations in the various rings difet diffraction pattern and presented a formulacculating the
same.

Encircled energy is measured by slightly modifyihg apparatus developed by Shanon and Newman fasurieg
the transfer function [2]. The Luneberg’s third dization problem of finding the optimum pupil fuiwet, by which
one can concentrate as much energy as possible git@en area, at receiving plane, in the imadd figas received
lot of attention. In effect, the problem is to fitlte optimum pupil function such that the encircietbrgy is made
maximum [3]. Encircled energy, for annular apersuteave been calculated by Goldberg and McCulloath an
Tschunko [4], studied the excluded energy or disiparfactor which is the complementary quantitytef encircled
energy, for annular apertures [5]. Encircled andweed energies for straubel apodisation filtengehlaeen studied
by Rao, Mondal and Seshagiri Rao [6].

Wetherell gave description on quality imaging anscdssed some of the important corollaries role apiality
criterion [7]. Lansraux and Boivin investigated encircled energy to obtain its maximum factor [8].all these
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studies encircled energy was discussed and presexdea sensible image quality evaluation paramefer
rotationally symmetric optical systems apodizeds/agious pupil functions.

Current studies are dealing with semi circled epdagtor and its complimentary quantities of asyrtninally

apodized optical systems with complex pupil filtdrs 1991 Cheng and Siu [9] employed asymmetricdagadion
and succeeded in obtaining the so-called good wittevery low side-lobes and sharp central peaks the so-
called bad side with enhanced side-lobes and broeelgtral peaks. It is obvious that the good sids heen
obtained at the cost of the bad side. In furthettiooation of their work [10] they obtained impravside-lobe
suppression. This is the basis for our investigatie were further motivated by the work of Cheng &iu [9],
who introduced the concept of asymmetric apodinatis improving the performance of optical imagisgstems.
Thus, the study of asymmetric apodization has fawady applications in diverse potential fields sashconfocal
microscopy, spectroscopy, astronomy, communicafon.instance, the setup of an asymmetric apodizatiate at
the telescope aperture to obtain the PSF goodaidalternately the right and left of the strong daeilitate to
detect the presence of fading point object fromclbee proximity of bright point object.

Complex
Pupil Function

Fourier
Transform
2
I(z,9)=|Az.9)|
A(z,8) » APSF
Asymmetric Point Spread Function
Semicircled* RFDR Strehl Resolution
energy ratio (HVWHM*,FWHM)
*on good and bad sides of diffraction head

RFDR-Radius of first dark ring

Figure.1l.Relationship between Complex pupil function, APSF

The relationship between the complex pupil functitve APSF along with widely used and newly devetbjmage
quality criteria associated with APSF has depidiedig.1. The Point spread function in symmetricuna is
evaluated by well-defined quality criteria suchEaircled energy, Strehl ratio and FWHM. But inremt work, we
have investigated the performance of asymmetricaliydized optical imaging system with complex pupil
functions. The impulse response of this systemntamsity distribution in the diffraction field whids asymmetric

in nature is viewed as the output response to atmurce input. In this context, we have invesédanewly
introduced image quality assessment parameter cested energy on both sides of PSF. They are tsedaluate
response of asymmetrically apodized optical imagaygtems. Complex imaging systems considered ig thi
investigation are assumed to be shift variantraition limited and asymmetric. The relation betw@emplex
pupil function and the Semi circled energy of oim¢ai PSF by asymmetric apodization is established
mathematically. The complex pupil function is baf#lic phase and amplitude pupil functions. This &er
transmission functions of degree of asymmetric gadidn (b).

THEORY

With in the frame work of scalar diffraction theoliynpulse response of two-dimensional optical imggsystem
can be evaluated by knowing the explicit expresgibrthe complex pupil functioffi(r) and then taking square
modulus of it which can be written as
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A@Qu) = Zj'f (r)J, (ur)rdr 1)

The term semi circled energy refers to a measumwtentration of energy over one side of the PGElculation
of the semi circled energy on both the sides ofRBE gives the total distribution of energy in eaméd PSF. Semi
circled energy on the good side is calculated kst fletermining the total energy of the PSF overhblf image
plane, then determining the centroid of the PSFcl€3 of increasing radius are then created atdiwattroid and the
PSF energy within each circle is calculated anddéi by the energy of half of the PSF. Thus, thaisgrcled
energy on good side:

[
»

-in/2

-ize

i= e‘"lz Central circular region

with amplitude
transmiitance (1)

Figure.l: Thestructure of two-dimensional asymmetric aperture function f(r)

|AQ,u)|* udu dg
SCEN9)ood sice =

¥
|AQ,u)|* ududg
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Where @ is the azimuth angleA(0, u) is the amplitude in the image plane at point tmits away from the
diffraction head due to the aperture functfofr) shown fig.1 Since, the integration ovep introduces just same
constant in both the numerator and the denomintiterabove equation reduced to

|A(O,u)|2 udu

SCENO)good sice = )

|A(O,u)|2 udu

Ot—— 8 |O ==y,

The denominator in the above equation (3) represtm total flux in the entire image plane. Thigplies an
impossible task of evaluating the denominator ggrating the PSBver the image plane, i.e., for the limitswifh
the range & u < «. However, in actual practicé (0, u) is rapidly convergent and drops to zero valua &hite
distance fromu> 0 tou < 15.0. This happens due to the fact thabntains Bessel functions of the first kind, which
oscillate from positive to negative values veryidgpand become zero at a finite distance from dhetre of the
diffraction image ¢ = 0). Thus
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f l:[bt(r) Jo(ur)r drju du—ij Texp(iurcos@—¢))rdrd¢
SCENO)ooasive = . l_b_g @)

j £ (r)[°r dr

0

Since the obtained PSF is an asymmetric one witlwrered side lobes on one side and suppressedbiee dn the
other, the energies differ on both the sides. Sitle with suppressed side lobes is considered @d gide and the
other is referred as bad side. Due to suppressigride lobes on good side the energy pertainetthab side is
shifted to the so called bad side resulting initlegiuality of energies on both the sides.

3

T{Tt(r).]o(ur)r dr}u du+i_|1. Jz.exp(iurcos@—¢))rdrd¢
SCEHR09) gagsice = 1 : IET ®)
[ 1f@[rdr

0

f(r) is the complex pupil filter (fig.1); it consistd two semi circular edge rings of certain width hdacentral
circular region of radius (1-b) are the three ragiof a circular aperture have been considered trBimsmittances
of the three zones are unity and the corresporglages aré -i and 0.t(r) is the transmittance of central circular
zone of the aperture. ‘U’ is the reduced dimentgéss diffraction coordinate.

RESULTSAND DISCUSSION

The results of investigations on semi circled epef@ctor of optical imaging systems with two-dimimsl
complex pupil functions have been obtained from(€ag& (5) as a function of diffraction coordinate’ ‘varying
from -12 to +12 by employing twelve point Gaussdyaéure numerical method of integration. Gaussizedgature
[11] possesses most important desirable propedigsh as positivity of the weights, rapid converggnc
mathematical elegance, etc. It is extremely effici@nd accurate. Hence, we have chosen this methedaluate
integrals.

Table 1. Semi circled Energy factor on good side for variousvalues of b

dvalues | b=0 | b=002 | b=0.04 | b=0.06 | b=0.08 | b=0.1
0.2 0.005z | 0.004: 0.003: 0.002¢ 0.001¢ | 0.001t
04 0.020% | 0.016: 0.012¢ 0.009¢ 0.0077 | 0.006:
0.6 0.0449| 0.0359 0.0283 0.022 0.0177  0.0143
0.8 0.0771| 0.0624 0.0497 0.039 0.0319  0.0260
1.0 0.1153| 0.0943 0.076( 0.061 0.0498  0.0411
2.0 0.3222| 0.2773 0.2347 0.198 0.1696  0.1466
3.C 0.4267 | 0.377: 0.328¢ 0.286¢ 0.251f | 0.223:
4.C 0.437: | 0.388: 0.339¢ 0.297¢ 0.262€ | 0.234¢
5.0 0.4496| 0.4042 0.3576 0.316 0.2814  0.2534
6.0 0.4703| 0.4325 0.3921 0.355 0.3244  0.2990
7.0 0.4751| 0.4395 0.4015 0.367 0.3390  0.3166
8.0 0.4780| 0.4450 0.4087 0.375 0.3469  0.3238
9.C 0.486¢ | 0.462: 0.434: 0.407: 0.384: | 0.364(
10.0 0.4895| 0.4693 0.446¢ 0.426 0.4091  0.3952
11.0 0.4904| 0.4717 0.449¢ 0.429 0.4123  0.3986
12.0 0.4948| 0.4849 0.471¢ 0.457 0.4481  0.4293
13.0 0.4972| 0.4947 0.4921 0.489 0.4853  0.4800
14.0 0.4975| 0.4956 0.4947 0.495 0.4963  0.4975
15.C 0.500( | 0.500( 0.5000 0.500( 0.500C | 0.500(

O[O

W[+~

PN [G[oT[w
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An iterative method has been developed and appliefihd the semi circled energy factor on eithatesdf the
diffraction center. However, we reported the resdtir good and bad sides which are the completeepaf/
diffracted PSF. We focused only on the semi cit@eergy factor on good and bad side of the diffpacpattern
since it is the very important imaging criterionjirdging the resolution of asymmetrically apodingdical imaging
systems. It may be presented here that we obtdivese: values for different values ®farying from 0 to 15 in
steps 0.2. These values have been evaluated feratit values of semi circular edge ring width {hich is an
asymmetric apodization controlling parameter (lmgrag from 0 to 0.1 in steps of 0.02. Here b=0 esponds to

Airy case.

Table 2. Semi circled Ener gy factor on bad side for variousvaluesof b

dvalues | b=0 | b=002 | b=0.04 | b=0.06 | b=0.08 | b=0.1
0.z 0.005z | 0.005¢ 0.006: 0.005" 0.004¢ | 0.003¢
0.4 0.0205| 0.0230 0.0237 0.021p 0.0174 0.0130
0.6 0.0449| 0.0500 0.0511 0.045P 0.0366  0.0269
0.8 0.0771] 0.0852 0.086( 0.076p 0.0603  0.0437
1.0 0.1153| 0.1262 0.1264 0.1118 0.0867  0.0620
2.C 0.322: | 0.343¢ 0.333" 0.2831 0.211¢ | 0.144(
3.C 0.4267 | 0.456¢ 0.443: 0.375¢ 0.278: | 0.187:
4.0 0.4374| 0.4722 0.46471 0.401p 0.3041  0.2108
5.0 0.4496| 0.4768 0.4656 0.4044 0.3149  0.2299
6.0 0.4703| 0.4896 0.4701 0.404B 0.3176  0.2396
7.0 0.4751| 0.4954 0.4761 0.409)7 0.3208  0.2418
8.C 0.478( | 0.495¢ 0.480: 0.422¢ 0.343( | 0.269:
9.0 0.4864| 0.4972 0.4811 0.434)7 0.3729 0.3172
10.0 0.4895| 0.4990 0.482( 0.4365 0.3804 0.3841
11.0 0.4904| 0.4997 0.4864 0.4467 0.3981  0.3458
12.0 0.4948| 0.4997 0.495( 0.4752 0.4446  0.4]123
13.0 0.4972| 0.4998 0.4981 0.4939 0.48Y0  0.4795
14.C 0.497¢ | 0.499¢ 0.499C 0.495¢ 0.492¢ | 0.492¢
15.0 0.5000] 0.5000 0.500( 0.5000 0.5000  0.5p00

SCEF 6) cood side

Figure. 2: Semi circled energy factor on good side
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Figure.3: Semi circled ener gy factor on bad side

In our investigation it has been observed thatdfioy case, semi circled energy factor on good sidecases as
circle of radiusd in the Gaussian focus plane of observation ine®dssted values in Table.1& 2 are evidence for
the redistribution of energy in PSF with asymmetipodization. For b = 0, semi circled energy orhtsitles of PSF
increases rapidly for first few values ®flater on decreases. In this case there is a dunarkase in semi circled
energy as value reaches 3.2. Similar trend has been foundggmmetric apodization case wihvalues for b =
0.02, 0.04, 0.06, 0.08 and 0.1 are around 0.38435Q@, 0.2925, 0.2576, 0.2297 on good side similar1643,
0.4521, 0.3843, 0.2856, 0.1927 on bad side ofadifion center.

For all values 06, SCEF §) cood sicedeCreases as degree of apodization increasesntatlers (< 1), as b increases
from 0 to 0.04 SCER] gaq sige iNcreases and then decreases with further risiedmnee of asymmetric apodization
(b). for largerd (>1), as b increases 0 to 0.02, SCBFgly sige iNCreases and then decreases with degree of
asymmetric apodization. SCE®) ©on both sides of diffraction center is increaswith ¢ irrespective of degree of
apodization. This can be seen in more detail flreendomputed values in Table.1 & Table.2. In ordendve sharp
central disc on good side, the optimum value of B.04. For this case of b = 0.04, the opticat $idbes on good
side of diffracted PSF have been completely sugptthere by rendering the enhancement in theviegahature

of the optical system of the very faint objecthie tvicinity of bright object.

Fig.1. and Fig.2 depicts that as asymmetry in thage of point object increases the semi circledggnfactor on
good side of diffracted image decreases at theafastreasing semi circled energy factor on bae si

CONCLUSION

Finally we can conclude that total flux in the inreagf point object of an optical system with asynmiseapodization
has been led to the new merit function in the foffSCEF on either side of the central maximum. Asgsymmetry
in the diffraction field increases, the good sides kdecreased semi circled energy where as badsiges increased
semi circled energy. By performing asymmetric apation we obtained sharp central disc on good baléng
reduced energy in first bright ring and the energlgigher order bright rings are completely vanahEhis has been
observed for two-dimensional complex pupil filteithwtransparent central region. Here we understbad semi
circled energy is a very important primary corolldao evaluate the resolving power of asymmetricalhpdized
optical systems.
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In observational astronomy, in experimental deteatidon of image of far distannt point objects, thiem and shape
of the PSF of the fading star is determined invilcenity of brighter one. The theoretical model Wwave proposed
would make the system, a solution for cases in fwtdcvery high contrast or resolution is desired.sprace
telescopes with complex pupil functions, the tei@ES can be introduced from configuration of thisngpdex pupil
function. A complete description of the SCEF wiainclude diffusion of light in the image plane.

Further investigations are being carried out os $hibject by introducing various amplitude apodizerthe central
circular region of the pupil function to controlyasmetry in the total flux enclosed in the diffragttgoint image.
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