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ABSTRACT

Let p be an odd prime number. In this paper annapteis made to discuss transitivity and
primitivity of all the p-subgroups of dihedral gnsiof degree at most that have wide range of
practical applications especially in engineeringpygics and chemistry.The method adopted uses
the concepts of p-groups such as Sylow theorem®ted Group theoretic concepts including
the groups, algorithms and programmin@AP) to obtain our results.

INTRODUCTION

Groups are very important to describe the symnudtobjects, be they geometrical or algebraic.
In short, given a geometric figure in the planegiimmmetry group of the figure consists of all
isometries that transform points on the figuredmfs on the figure. In particular, chemists use
the symmetry groups to describe the symmetry ddtaty.

Throughout this papef) is a finite set with n elements and G is a pertragroup orQQ. Then
G < Sym(@Q) — the symmetric group dn.

PRELIMINARIES

The following preliminary results will be requireithe first one can be verified quite readily.
Theorem 2.1 (Audu M.S, 2000)
Let H< G be groups withlG: HO = n. Then there exists& G such that
1. 00G: KO divides n! ; and
2. K<H
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Theorem 2.2
Let H< G be groups. If p is the smallest prime dividis@g and0G: HO = p.
Then KK G.

Pr oof

By Theorem 2.1[1K<] G such thaflG:K[ divides p! and K< H. But UG:KO
= UG:HO OH:KO = pH:K[. It follows that[H: KO divides (p — 1)! and sbH:K[ is divisible
by a prime smaller than p. This contradicts theuagdion on p unless H = K. Accordingly, H =
KJG.

Theorem 2.3
Let G be a transitive abelian group. Then G is lagu
Proof
Fix adQ. If BOQ OgdG witha? = . Now,
Gs=Gu® =(Gu)?= 9" (Gu)g = Gu
(since G is abelian). As,3 are arbitrary, we get thatyG 1. Since G is transitive, it is regular.

Theorem 2.4

Let G be a transitive permutation group of prinegrée orQQ. Then G is primitive.
Pr oof

Now since G is transitive, it permutes the setsngdrimitivity bodily and all the sets
have the same size. Bat [ [, Q; being the sets of imprimitivity. ASQ[Is prime we have
that either eachQ;[= 1 orQ is the only set of imprimitivity. So, G is primrg.

Theorem 2.5

Let G be a non-trivial transitive permutation graupQ. Then G is primitive if and only if &
adQ is a maximal subgroup of G or equivalently G igrmitive if and only if there is a
subgroup H of G properly lying betweer(@Q) and G.

Pr oof
Suppose G is imprimitive anl a non-trivial subset of imprimitivity of G.
Let H = {gOGOY° =y}

Clearly H is a subgroup of G and a proper subgaiup because [1 Q and G is transitive.
Now choose Y. If gOG thena® =a, showing thatOy n Y9 and sap = Y.

Hence Gz H.

Hence GsH<G

Since[YO# 1, choosg3Y such that # a. By transitivity of G, there exists somél@ with
a" =B so that AIG,. NowBOW n ", sop = ¢" and HIH - Gy. Thus Hz Gq.
Hence G is not a maximal subgroup.

Conversely, suppose that & H < G for some subgroup H.
Lety =a". SinceH> G, OpOz 1
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Now if ¢ = Q, then H is transitive o2 and hencélQ[ = [0G: G,[0= OH: G, showing
that H = G, a contradiction.
Hencey # Q.
Now we shall show thap is a subset of imprimitivity of G.
Let gJG andBOY n 9 thenf =a" = a" 9 for some h,foH.
Hencea™" =g . So Hgh*OG, < H.
This shows that[gH.
Thusy =y Hencey is a non-trivial subset of imprimitivity.
So G is imprimitive.

THE MAIN RESULTS
The main results obtain here are as follows:

Theorem 3.1
Let G be a dihedral group of degree p, p, a pefhd_et N be a Sylow p-subgroup of G. Then
1. G is transitive and primitive,
2. N is transitive, primitive, regular and normalGn
Pr oof
0GO=2x3 orIGU=2p, p > 3.
ThenOG: NO = 2, so by Theorem.2N<] G. Also N is of prime order so N is transitive asd
cyclic hence abelian. Thus N is regular by TheoPeBn
We have that N is transitive of prime degree anacheN is primitive by Theorer@.4, proving
2).
Also any dihedral group is transitive for givan a; as any two vertices of the regular polygon
with i < j, we readily see thatifa, ... a, ... aj ... ay)" is the rotation about the centre of the

polygon through angle ¥/n, where n is the number of edges of the polygdow G is
transitive of prime degree. Thus G is primitiveTdyeorem2.4, proving (1).

> Fig3.01
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Theorem 3.2

Let G be a dihedral group of degrée pa prime=3. Let N be a Sylow p-subgroup of G. Then
1. G is transitive and imprimitive,

2. N is transitive, imprimitive, regular and a nornsabgroup of G.

Pr oof
OGO = 2¢, INO = ¢
By Theorem2.2, N<] G. Again by a well-known result N is either cgctir elementary abelian
of rank 2. In any event, N is abelian.

If N is not cyclic, then N = gx C,, acting regularly. In either case, N is transitawe regular.

By virtue of the orbit formulaINO = ON,0oN0, we get that il = 1 for all verticesa of the
polygon. Certainly, there are subgroups of N priypging between Iy and N (take for example
any other proper subgroup of N). By Theor2, N must be imprimitive, proving (2).

As has been shown in Theoréhi, G must be transitive. Next name the vertices @&fs@, 2,3,
..., P% and lett be the line of symmetry joining the vertex 1 ahe middle of the vertices

p?+1 p°+3 1743) - .
- andT sothata= (2 PB F-1)4 F-2) ..{F’z*pz’fJ is the reflection irl.Then
2 2

G, = {(1), a} is the stabilizer of the point 1. We diy see that G is a non-identity proper

subgroup of G which has H = {(1), (P)p(3 F—-1) (4 p-2) ... (p2+1p2+3J a} as a subgroup
2 2

properly lying between Gand G. Thus by virtue of Theore2rb, G is imprimitive, proving (1).

We now validate the results obtained in Sectiony3rimning the groups, algorithms and
programming GAP) on some Groups as shown below.

Validation of result
4.1 Transitive and Primitive Dihedral Groups a¢ddee p (p=3, 5, 7, 11).

(The G oups, A gorithnms and Programm ng- 4.4 Version).
1. gap> # THE DI HEDRAL CGROUP OF SYMVETRY, D,

gap>D;: =G oupW t hGenerators([(1,2,3),(2,3)]);

Goup([ (1,2,3), (2,3) 1)

gap> for i in D; do

> Print(i," ");

> od;

(1) (1,3,2) (1,2,3) (2,3) (1,3) (1,2) gap>

gap> IsTransitive(Ds);

true

gap> IsPrimtive(Ds);

true

gap> gl: =Syl owSubgr oup( D, 2) ;

Goup([ (2,3) 1)
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gap> for i in gl do

> Print(i," ");

> od;

(1) (2,3) gap>

gap> IsTransitive(gl);

true

gap> IsPrimtive(gl);

true

gap> | sReqgul ar(gl);

true

gap> | sNormal (Ds, gl);

fal se

gap> g2: =Syl owSubgr oup( Dz, 3) ;

Goup([ (1,2,3) ])

gap> for i in g2 do

> Print(i," ");

> od;

(1) (1,3,2) (1,2,3) gap>

gap> IsTransitive(g2);

true

gap> IsPrimtive(g2);

true

gap> | sReqgul ar (g2);

true

gap> | sNormal (Ds, g2);

true

2. gap> # THE DI HEDRAL CROUP OF SYMVETRY, D..
gap> Ds: =GroupWt hCenerators([(1,2,3,4,5),(2,5)(3,4)]);
Goup([ (1,2,3,4,5), (2,5(3,4) 1)

gap> for i in Ds do

> Print(i," ");

> od;

(1) (1,5,4,3,2) (1,4,2,5,3) (1,3,5,2,4) (1,2,3,4,5) (2,5)(3,4)
(1,5)(2,4) (1,4)(2,3) (1,3)(4,5) (1,2)(3,5) gap>

gap> IsTransitive(Ds);
true

gap> IsPrimtive(Ds);
true

gap> k1: =Syl owSubgr oup(Ds, 2);
Goup([ (2,5)(3,4) 1)
gap> for i in k1 do

> Print(i," ");

> od;

(1) (2,5)(3,4) gap>
gap> IsTransitive(kl);
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fal se

gap> IsPrimtive(kl);

fal se

gap> | sReqgul ar (k1);

fal se

gap> | sNormal (Ds, k1) ;

fal se

gap> k2: =Syl owSubgr oup(Ds, 5) ;

Goup([ (1,2,3,4,5) ])

gap> for i in k2 do

> Print(i," ");

> od;

(1) (1,5,4,3,2) (1,4,2,5,3) (1,3,5,2,4) (1,2,3,4,5) gap>
gap> IsTransitive(k2);

true

gap> IsPrimtive(k2);

true

gap> | sReqgul ar (k2);

true

gap> | sNormal (Ds, k2) ;

true

3. gap> # THE DI HEDRAL GROUP OF SYMVETRY, D,.

gap> D;: =G oupWt hGenerators([(1,2,3,4,5,6,7),(2,7)(3,6)(4,5)]);
Goup([ (1,2,3,4,5,6,7), (2,7)(3,6)(4,5) 1)

gap> for i in D;do

> Print(i," ");

> od;

(1) (1,7,6,5,4,3,2) (1,6,4,2,7,5,3) (1,5,2,6,3,7,4)
(1,4,7,3,6,2,5)

(1,3,5,7,2,4,6) (1,2,3,4,5,6,7) (2,7)(3,6)(4,5) (1,7)(2,6)(3,5)
(1,6)(2,5)

(3,4) (1,5)(2,4)(6,7) (1,4)(2,3)(5,7) (1,3)(4,7)(5,6)
(1,2)(3,7)(4,6) gap>

gap> IsTransitive(D;);

true

gap> IsPrimtive(Dy);

true

gap> mil: =Syl owSubgr oup( Dy, 2) ;

Goup([ (2,7)(3,6)(4,5) 1)

gap> for i in nml do

> Print(i," ");

> od;

(1) (2,7)(3,6)(4,5) gap>

gap> IsTransitive(ml);

fal se

gap> IsPrimtive(mtl);

fal se
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gap> | sRegul ar (ntl);

fal se

gap> | sNormal (D7, mL) ;

fal se

gap> n2: =Syl owSubgr oup( Dy, 7);

Goup([ (1,2,3,4,5,6,7) 1)

gap> for i in n2 do

> Print(i," ");

> od;

(1) (1,7,6,5,4,3,2) (1,6,4,2,7,5,3) (1,5,2,6,3,7,4)
(1,4,7,3,6,2,5)

(1,3,5,7,2,4,6) (1,2,3,4,5,6,7) gap>
gap> IsTransitive(nR);

true

gap> IsPrimtive(nR);

true

gap> | sReqgul ar (nR);

true

gap> | sNormal (D, n2) ;

true

4. gap> # THE DI HEDRAL GROUP CF SYMVETRY, D,;.
gap>
Di1: =G oupW thCGenerators([(1,2,3,4,5,6,7,8,9,10, 11),(2,11)(3, 10)(
4,9)(5,8) (6,7)]);
Goup([ (1,2,3,4,5,6,7,8,9,10,11), (2,11)(3,10)(4,9)(5,8)(6,7)
1)
gap> for i in Dy; do
> Print(i," ");
> od;
(1) ( 1,11,10, 9, 8, 7, 6, 5, 4, 3, 2) ( 1,10, 8, 6, 4, 2,11, 9,
5, 3)
1, 9, 6, 3,11, 8, 5, 2,10, 7, 4) ( 1, 8, 4,11, 7, 3,10, 6, 2,
, 5)
1, 7, 2, 8, 3, 9, 4,10, 5,11, 6) ( 1, 6,11, 5,10, 4, 9, 3, 8§,
;1)
1, 5, 9, 2, 6,10, 3, 7,11, 4, 8) ( 1, 4, 7,10, 2, 5, 8,11, 3,
9)
1, 3, 5, 7, 9,11, 2, 4, 6, 8,10) ( 1, 2, 3, 4, 5 6, 7, 8,
, 10, 11) ( 2,11)( 3,10)0( 4, 9( 5 8( 6, 7) ( 1,11)( 2,10)(
9(4 8(C5 70 (1,100(2 9(3 8(4 7(5 6) (1,
Y( 2, 8)( 3, 7)( 4, 6)(10,11) (1, 82 7( 3 6)(4 5(
,11) (1, 7)( 2, 6)( 3, 5( 8,11)( 9,10) (1, 6)( 2, 5( 3,
y( 7,11)( 8,10) ( 1, 5)( 2, 4)( 6,11)( 7,10)( 8, 9) (1, 4
3)( 5,11)( 6,10)0( 7, 9 ( 1, 3)( 4,11)( 5,100( 6, 9( 7, 8)
2)( 3,11)( 4,10)0( 5, 9)( 6, 8) gap>
I sTransitive(Dyy);

1,
ap>
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true

gap> IsPrimtive(Dy);

true

gap> ul: =Syl owSubgr oup( D1, 2);

Goup([ (2,11)(3,10)(4,9)(5,8)(6,7) 1)
gap> for i in ul do

> Print(i," ");

> od;

(1) ( 2,11)( 3,10)( 4, 9)( 5, 8)( 6, 7) gap>
gap> IsTransitive(ul);

fal se

gap> IsPrimtive(ul);

fal se

gap> | sReqgul ar (ul);

fal se

gap> I sNormal (D, ul);

fal se

gap> u2: =Syl owSubgr oup( Dy4, 11);

Goup([ (2,2,3,4,5,6,7,8,9,10,11) ])

gap> for i in u2 do

> Print(i," ");

> od;

(1) ( 1,11,10, 9, 8, 7, 6, 5, 4, 3, 2) ( 1,10, 8, 6, 4, 2,11, 9,
7, 5, 3)

(1, 9 6, 3,11, 8, 5, 2,10, 7, 4) ( 1, 8, 4,11, 7, 3,10, 6, 2,
9, 5)

(121 7, 2, 8 3, 9, 4,10, 5,11, 6) ( 1, 6,11, 5,10, 4, 9, 3, 8§,
2, 7)

(1, 5 9, 2, 6,10, 3, 7,11, 4, 8) ( 1, 4, 7,10, 2, 5, 8,11, 3,
6, 9)

(1, 3 5 7, 9,11, 2, 4, 6, 8,10) ( 1, 2, 3, 4, 5 6, 7, 8,
9,10, 11) gap>

gap> IsTransitive(u2);

true

gap> IsPrimtive(u2);

true

gap> | sReqgul ar (u2);

true

gap> | sNor mal ( Dy, U2) ;

true

4.2 Transitive and Primitive Dihedral Groups of Degpé€p=9, 25, 49).

gap> # 1. THE DI HEDRAL GROUP OF SYMVETRY, D,.
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gap>

Dy: =G oupW t hGenerators([(1,2,3,4,5,6,7,8,9),(2,9)(3,8)(4,7)(5, 6)
1);

Goup([ (21,2,3,4,5,6,7,8,9), (2,9(3,8)(4,7)(5,6) ])
gap> I sTransitive(D,);

true

gap> IsPrimtive(D,);

fal se

gap> al: =Syl owSubgr oup(D,, 2);

Goup([ (2,9)(3,8)(4,7)(5,6) ])

gap> IsTransitive(al);

fal se

gap> IsPrimtive(al);

fal se

gap> I sReqgul ar(al);

fal se

gap> | sNormal (Dy, al);

fal se

gap> a2: =Syl owSubgr oup( Dy, 3);

Goup([ (21,2,3,4,5,6,7,8,9), (1,4,7)(2,5,8)(3,6,9) 1)
gap> IsTransitive(a2);

true

gap> IsPrimtive(a2);

fal se

gap> | sReqgul ar (a2);

true

gap> | sNor mal (D,, a2);

true

2. gap> # THE DI HEDRAL CGROUP OF SYMVETRY, D.,.

gap>D,.: =GroupW t hCenerators([ (1,2, 3,4,5,6,7,8,9,10, 11, 12,13, 14,1
5,16, 17, 18, 19, 20, 21, 22, 23, 24, 25), (2, 25) (3, 24) (4, 23) (5, 22) (6, 21) (
7,20)(8,19)(9,18) (10,17)(11,16)(12,15)(13,14)]);
Goup([(1,2,3,4,5,6,7,8,9,10,11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22
,23,24,25),(2,25)(3,24)(4,23)(5,22)(6,21)(7,20)(8,19)(9,18)(10,1
7)(11,16) (12,15)(13,14) 1)

gap> IsTransitive(D,);

true

gap> IsPrimtive(Dy);

fal se

gap> K1: =Syl owSubgr oup(D,, 2);
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Goup([(2,25)(3,24)(4,23)(5,22)(6,21)(7,20)(8,19)(9,18)(10,17)(1
1,16) (12,15)(13,14) ])

gap> IsTransitive(Kl);

fal se

gap> IsPrimtive(Kl);

fal se

gap> | sReqgul ar (K1) ;

fal se

gap> | sNormal (D,, K1);

fal se

gap> K2: =Syl owSubgr oup(D,, 5);
Goup([(1,2,3,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22
,23,24,25),(1,6,11, 16,21)(2,7,12,17,22) (3, 8,13, 18, 23) (4,9, 14, 19,
24) (5,10, 15, 20, 25) 1)

gap> IsTransitive(K2);

true

gap> IsPrimtive(K2);

fal se

gap> | sReqgul ar (K2);

true

gap> | sNormal (D, K2);

true

3 . gap> # THE DI HEDRAL CROUP OF SYMVETRY, D,,.

D,: =G oupWthGenerators([(1,2,3,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16
, 17,18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37,
38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49), (2,49) (3, 48) (4, 47) (5, 46) (6,
45) (7,44)(8,43)(9,42) (10, 41)
(11,40)(12,39)(13,38)(14,37)(15,36)(16,35)(17,34)(18,33)(19,32)(
20, 31) (21,30)(22,29)(23,28)(24,27)(25,26)]);

<permutation group with 2 generators>

gap> I sTransitive(D,);

true

gap> IsPrimtive(D,);

fal se

gap> ul: =Syl owSubgr oup(D,y, 2);
Goup([(2,49)(3,48)(4,47)(5,46)(6,45)(7,44)(8,43)(9,42)(10,41)(1
1, 40)
(12,39)(13,38)(14,37)(15,36)(16,35)(17,34)(18,33)(19, 32) (20, 31)(
21, 30) (22, 29) (23, 28) (24, 27) (25, 26) 1)

gap> IsTransitive(ul);

fal se

gap> IsPrimtive(ul);

fal se

gap> I sReqgul ar (ul);

fal se
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gap> IsNormal (D,y, ul);

fal se

gap> u2: =Syl owSubgr oup(D,,, 7) ;
<permutation group with 2 generators>
gap> IsTransitive(u2);

true

gap> IsPrimtive(u2);

fal se

gap> | sReqgul ar (u2);

true

gap> | sNormal (D,q, u2);

true

gap> quit;
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