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ABSTRACT

In the present paper we prove some common fixed theorems for four self mappings in complete 2- metric spaces.
This theorem is a version of many fixed point theorems in complete metric spaces, given by many authors announced
in the literature.
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INTRODUCTION

The concept of 2-metric space is a natural generalization of the metric space. Initially, it has been investigated by
Gabhler [3] and has been developed broadly by Gahler [4, 5] and more. After this number of fixed point theorems
have been proved for 2-metric spaces by introducing compatible mappings, which are more general than commuting
and weakly commuting mappings. Jungck and Rhoades defined the concepts of d-compatible and weakly
compatible mappings as extensions of the concept of compatible mapping for single-valued mappings on metric
spaces. Several authors used these concepts to prove some common fixed point theorems. Iseki [8, 9] is well-known
in this literature which also include Cho et. al., [1,2], Imdad et.al.[10], Murthy et.al.[12], Naidu and Prasad [13],
Pathak et.al. [14]. Vishal Gupta et. al. [6] also prove some common fixed point theorems for a class of A-contraction
on 2- metric space. Various authors [15, 16, 17] used the concepts of weakly commuting mappings, compatible
mappings of type (A) and (P) and weakly compatible mappings of type (A) to prove fixed point theorems in 2-
metric space. Commutability of two mappings was weakened by Sessa [15] with weakly commuting mappings.
Jungck extended the class of non-commuting mappings by compatible mappings.

In this paper, we establish common fixed point theorems for four self mapping in complete 2- metric spaces.

Definition 2.1: A sequence {x,,} said to be a Cauchy sequence in 2-metric space X, if for each a € X,

lim d(x,x,a)=0
(mn—o0)

Definition 2.2: A sequence {x,,} in 2-metric space X is convergent to an element x € X if for each a € X,
(lim) d(x,,x,a) =0
n—oo
Definition 2.3: A complete 2-metric space is one in which every Cauchy sequence in X converges to an element of
X.
Definition 2.4: Let A and S be mappings from a metric space (X, d) in to itself, A and S are said to be weakly
compatible if they commute at their coincidence point.
i.e.,Ax = Sx for some x € X, then ASx = SAx.
Definition 2.5: Two self maps f and g of a metric space (X, d) are called compatible if
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lim d(fgx,, gfx,) =0
(n—>c0)

Whenever {x,,} is asequence in X such that

li =l =t
(nlﬂ}o)f *n (nll?o)g *n

for some t in X.
Definition 2.6: Two self maps f and g of a metric space (X, d) are called non compatible if there exists at least one
sequence {x,} such that

(rlli—@)f n = (ﬁil?o)g Xn =t
for some ¢t in X but

Jim d(fgxn, 9fxn)

is either non zero or nonexistent.
Definition2.7: Maps f and g are said to be commuting if fgx = gfxforall x € X
Definition2.8: Let f and g be two self mapson aset X, if fx = gx for some x in X then x is called coincidence
point of f and g.
Throughout this paper X is stand for complete 2-metric space.

RESULTS

Theorem 2.1: Let S, T be any two self mappings of a 2- metric space X satisfying the condition
d?(u,Sw,a) + d?*(u, v, a) ]

IT 4 S
d(Su,Tv,a) < a; 1+ d(w, Sw,a) + d(w,v,a)

dz(v,Tt,a)+d2(Sw,Tt,a)]

+a [
2 1+d(v,Tt,a)+d(Sw,Tt,a)

+a3\/d(v, Sw,a).d(u,Tt,a)
+a,[d(u,v,a)] ey

for allu,v,w,t € X wherea,, a,, as, a, are non negative reals such that 2a, + 2a, + a3 + a, <1, then S,T
have a unique common fixed point.

Proof: Letx, be an arbitrary element of X and we construct a sequence {x,} defined as follows
Sxp-1 = Xn, TXny = Xpy1, SXny1 = Xnao, TXnio = Xnags

and TSxy—1 = Xn41, STXy = Xpi2, TSXn41 = Xpyz STXpi2 = Xnya

where n =1,2,3, ...

Now putting wu =Ty, v = Sx,w = x andt = y in (1) then we have

d?(Ty,Sx,a)+d?(Ty,Sx,a)
1+d(Ty,Sx,a)+d(Ty,Sx,a)

d(STy,TSx,a) < a; [

[dz (Sx,Ty,a)+d?(Sx,Ty,a)
2 1+d(Sx,Ty,a)+d(Sx,Ty,a)

+a3\/d(Sx, Sx,a).d(Ty, Ty, a)
+a,[d(Ty,Sx, a)]
d(STy,TSx,a) < 2a,d(Sx,Ty,a)
+2a,d(Sx, Ty, a)
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+a,d(Sx, Ty, a). (2)
Now putting x = x,_, and y = x,, in (2)then we have
d(STx,, TSx,_1,a) < 2a,d(Sx,_1, Txp, @)
+2a,d(Sxp_1, Txp, @)
+a,d(Sx,_1, Txy,, a)
A(Xn42) Xns1, @) < 201d (X, Xpiq, @)
+2a,d(xn, Xny1, @)
+a,d (X, Xpy1, @) (3)
from (3)we conclude that d(x,_,, x,, a) decreases with n.
e, d(x,_q1,xp,a) = d(xg,x,,a) whenn - o
Ifpossible let d(xy,x,,a) > 0 and taking limit n - o on (3) then we have
d(xg,%x1,a) < 2a,d(xg, %1, @) + 2a,d(xy, X1, @) + @sd(xg, x4, Q)
= Qa; +2a, + a,)d(xg, x1, @)
< d(xg,x,a)
Since 2a, + 2a, + a3 + a, < 1. Which is not possible hence
d(xg,x,a) =0.
Next we shall show that {x,} is Cauchy sequence.
Now
d(xm, X, @) < A Xme1, @) + A(Xmy1, Xne1, @) + d(Xpp1, Xy, @)
A, Xp, @) < d(Xp, X1, @)
+d (%, Xpe1, @) + d(Sxy,, Txp, @) (€))

On putting u = X,V = X, W = Xp_q,t = X1 in (1) then we have

d? (xp,Sxm—1,0)+d? (xp,xm,a)
d(an,Txm,a)Sal[ oot — ]
1+d (X0, Sxm—1,0) +d (X, Xm,a)

A% (X, Txn—1,0)+d?(SXm—1,TXn_1,Q)
1+d(xm, Txn—1,a)+d(Sxpm—1,TXn—1,0)

+a, [

+a; \/d(xm, Sxm-1,a). d(xy, Txp_q,a)

+ ay[d(xn, Xm, a)]

_ I:dz(xn‘xm'a)*'dz(xn'xm‘a):l
- 1+d (%, %m,a) +d (xp,xm,a)

+a, [

d (e, Xn, @) +d (Xm,Xn,a) ]
1+d 2 (xm,Xn,a) +d? (Xm,xn,a)
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+as \/d(xm, X, @). d (X, X, @) + au[d (X, X, )]
= 2a,d(xy, X, @) + 20,d(Xp, Xy, @) + a4 d (X, Xy, @)
d(Sx,, Txy, a) < Qay + 2a, + a,)d(xy,, Xy, ) (5
from (4) and (5)we have
A, Xp, @) < d(X, Xma1, @) + d(Xp, Xy, @)

+Q2a; + 2a, + ay)d(x,, X, @)
Lettingm,n — o thend(x,, Xy, a) = 0,as 2a, + 2a, + a, <1
Hence{x,} is a Cauchy sequence.
Now we prove z is a common fixed point of S, T.

On putting u =2z,v = x,_;,w =z and t = x,_, in (1) we have

d?(z,5z,a)+d?(z,xp—1,a)
1+d(z,Sz,a)+d(z,xp—1,0)

d(8z,Txp_1,a) < a4 [

n [dz(xn_l,Txn_z,a)+d2(Sz,Txn_2,a)]
% l1+d(en—1,T2n—2,0) +d(52,Txp_2,0)

+as \/d(xn_l, Sz,a).d(z,Tx,_,,a)

+ayld(z,x,_41,a)]

d?(z,5z,a)+d?(z,xp—1,a)
1+d(z,Sz,a)+d(z,xp—1,a)

d(8z,x,,a) < ay [

d? (xn-1%n—1,0)+d*(Sz,xn—1,0) ]
1+d(xn-1,Xn-1,0)+d(52,xn—1,)

+a, [

+a; \/d(xn_l, Sz,a).d(z,x,_1,a) +a,ld(z,x,_1, )]

Letting n — oo then we have

d?(z,5z,a)+d?(z,z,a) ]
1+d(z,Sz,a)+d(z,z,a)

d(Sz,z,a) < a; [

+a [dz(zza)+d2(SZza)]
1+d(z,z,a)+d(Sz,z,a)

+as \/d(z, Sz,a).d(z,z,a) + a,[d(z,z,a)]
= d(Sz,z,a) < (a; + @,)d(Sz, z, a).
= d(S5z,2z,a) < d(Sz,z,a) Since2a; + 2a, + a; + a, < 1.
Which gives d(Sz,z,a) = 0 = Sz = z. Thus z is a fixed point of S.
Similarly we can show that z is a fixed point of T. Hence z is a common fixed point of S, T.
We are taking one another point q which is not equal to z such thatSq = q = Tq.
On putting u = z,v = q,w = q,t = z in (1) then we have
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dz(z,Sq,a)+d2(z,q,a)]
< £ zoq)Tae 2dd)
d(SZ' Tq' a) ! [1+d(z,5q,a)+d(z,q,a)

[dz (q,Tz,a)+d?(Sq,Tz,a)
2 1+d(q,Tz,a)+d(5q,Tz,a)

+as \/d(q,Sq, a).d(z, Tz, a)

+(Z4 [d(Z, qv a)]

d*(z,q,0)+d?(z,4,9)

< 4zq4)ra 2q9.4)
d(z,q.0) < [1+d(z,q,a)+d(z,q,a)

[dz(q.z.a)+d2(q,z.a)
2 l1+a@za)+d(a.za

+as \/d(q, q,a).d(z,z,a) + a,[d(z,q,a)]
d(z,q,a) < Qay + 2a, + a,)d(z,q,a)
d(z,q,a) <d(z,q,a)
Since 2a, + 2a, + a; + a, < 1. Which gives d(z,q,a) = 0=z =q.
Hence z is unique. This completes the proof of the theorem.

Theorem 2.2: Let S,T,R be any three self mappings of a 2- metric space X satisfying the condition

2 2 2
d(SRu, TRv, a) < a [d (uw,SRw,a)+d“(u,TRt,a)+d (u,SRw,a)]

1+d(u,SRw,a)+d(u,TRt,a)+d(u,SRw,a)

d?(v,SRw,a)+d?(u,TRt,a)+d?(v,TRt,a)
1+d(v,SRw,a)+d (u,TRt,a)+d(v,TRt,a)

+a, [

+as \/d(v, SRw,a)d(u,TRt,a)
+a,[d(SRw,TRt, a)] + as[d(u,v,a)]. (6)

for u,v,w,t € X wherea,,a,, a3, a,, as are non negative reals such that a, + a, + a3 +a, + a5 <1 then
SR, TR have a unique common fixed point.

Proof: Letx, be an arbitrary element of X and we construct a sequence {x,} defined as follows
SRxp_1 = Xn, TRXpn = Xp11, SRXp41 = Xnio TRX 12 = X3

and TRSRx,_1 = Xp41, SRTRX,, = Xp15, TRSRXy 1 = Xpy3 SRTRXp 45 = Xpyg.

where n =1,2,3, ...

Now putting u = TRy,v = SRx,w =x and t = y in (6) then we have

d(SRTRy, TRSRx, @) < a, [

d?(TRy,SRx,a)+d?(TRy,TRy,a)+d? (TRy,SRx,a)]
1+d(TRy,SRx,a)+d(TRy,TRy,a)+d(TRy,SRx,a)

d?(SRx,SRx,a)+d?(TRy,TRy,a)+d?(SRx,TRy,a)
1+d(SRx,SRx,a)+d(TRy,TRy,a)+d(SRx,TRy,a)

+a, [

+as /d(SRx,SRx,a).d(TRy, TRy, a)

+a,[d(SRx, TRy, a)] + as[d(TRy, SRx, a)]
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= a,;d(SRx, TRy, a) + a,d(SRx, TRy, a)
+a,d(SRx, TRy, a) + asd(SRx, TRy, a)
d(SRTRy,TRSRx,a) < (a; + a, + a, + a5)d(SRx, TRy, a).
Now puttingx = x,_; and y = x, in(7) then we have
d(SRTRx,, TRSRx,_1,a) < (a; + a, + a4 + a5)d(SRx,,_,,TRx,, a)
d(Xpi2 Xnt1, @) < (g + @y + ay + as)d (X, Xpi1, @).
from (8) we conclude that d(x,_4,x,) decreases with n
ie, d(Xp_1, X, a) = d(xg,x,,a) when n — oo,
Ifpossible let d(xy,x,) > 0 and Taking limit n — o on (8) then we have
d(xg,x1,a) < (a; + a, + a, + as)d(xy, x4, a)
d(xg, x1,a) < d(xg, %1, a).
Since ay +a, + a5+ a, +as <1.=d(xg,x,a) =0.
Next we shall show that {x,} is Cauchy sequence.
Now
d (X, Xn, @) < A (X Xipa1, @) + dXmg1, Xni1, @) + d(Xpp, X5, @)
A, Xn, @) < d(X, Xma1, @) + A (X, Xpy1, @) + d(SRx,, TRX,, @)

On putting u = X,V = Xy, W = Xp_q,t = X1 in (6) then we have

d?(xp,SRXm—1,a)+d? (Xp,TRXp_1,a)+d? (xn,SRxm_l,a)]
1+d(xpn,SRXm—1,0)+d (X, TRXp—1,a)+d(Xn,SRXm—1,2)

d(Sx,, Txpm, a) < ay [

d? (X, SRXm—1,0) +d? (xp, TRXp—_1,a)+d? (X, TRXp_1,@)
1+d(xm,SRXm—1,a)+d(xp, TRXp—1,a) +d (X, TRXp—1,a)

+a, [

+as \/d(xm, SRxp,_1,a).d(xp, TRXp_1, @)

+a,[d(SRx;—1, TRX,_ 1, a)]

_ [dz(Xn.xm,a)+d2(xn:xn:¢1)+d2(xn:xm:a)
1 1+d(xp,xm,a) +d (xn,xn,a) +d (Xn,Xm,a)

d? (. xm,a) +d? (X, xn,a) +d* (xm'xn'a):l
1+d(xmxm,a)+d(xpn,xn,a) +d (xm,xn,a)

+a, [

+az /A, X, @). d (X, X, @)
Fa,[d (X, Xn, @)] + as[d(ey, X, a)]
= a,d(Xy, X, @) + A3d (X, X, @)
+a,d(Xpy, Xy, @) + asd(x,, Xy, @)

> d(Sxp, Txy, a) < (a1 + ay + ay + as)d(x,, X, @)

Pelagia Research Library
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from (9) and (10) we have
A, X, @) < d(Xp, X1, @) + d (X, Xpy1, @)
+(a, + ay + ay + as)d(xp, x,, @)
Letting m,n — oo thend(x,, Xy, a) > 0asa, +a, + o, + a5 < 1.
Hence{x,} is a Cauchy sequence.
Now we prove z is a common fixed point of SR, TR.
On putting u=z,v = x,_,W =z and t = x,,_, in (6) we have

d?(z,SRz,a)+d?(z,TRXp_3,a)+d?(z,SRz,a)
1+d(z,SRz,a)+d(z,TRxn—7,a)+d(z,SRz,a)

d(SRz, TRx,_,,a) < a, [

d?(xn—1,SRz,a)+d?(z,TRXp_o,a)+d? (xn_l,TRxn_z,a)]

+a, |
2 1+d(xp—1,SRz,a)+d(2,TRXp—2,a)+d(xn—1,TRXp—2,a)

+as \/d(xn_l,SRz, a).d(z, TRx,_,,a)
+a,[d(SRz, TRx,_,, )] + as[d(z, x,_1, a)].
Letting n — oo then we have

d?(z,SRz,a)+d?(z,z,a)+d?(z,SRz,a)
1+d(z,SRz,a)+d(z,z,a)+d(z,SRz,a)

d(SRz,z,a) < a, [

d2(z,SRz,a)+d?(z,z,a)+d%(z,z,a)
1+d(z,SRz,a)+d(z,z,a)+d(z,z,a)

+a, [

+a; \/d(z, SRz,a).d(z,z,a)
+a,[d(SRz,z,a)] + as[d(z,z, a)]
d(SRz,z,a) < (a; + a5 + a,)d(SRz,z,a)
d(SRz,z,a) < d(SRz,z,a)
Sincea; +a, +az +ay +a; < 1.
Which gives d(SRz,z,a) = 0 = SRz = z. Thus z is a fixed point of SR.
Similarly we can show thatz is a fixed point of TR.
Hence z is a common fixed point of SR, TR.
Now we are taking one another point q which is not equal to z such that
SRq = q=TRq

On putting u = z,v = q,w = q,t = z in (6) then we have

d? (z,SRq,a)+d2(z,TRz,a)+d2(z,SRq,a)]

d(SRZ' TRq, a) s @ [1+d(z,SRq,a)+d(z,TRz,a)+d(z,SRq,a)

[dz(q.Sq.a)+d2(q,TZ.a)+d2(Sq.TZ.a)
2 1+d(q,5q,a)+d(q,Tz,a)+d(Sq,Tza)
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+as \/d(q, SRq,a).d(z,TRz,a)

+a,[d(SRq, TRz, a)] + as[d(z,q,a)]

dZ(Z.q,a)+d2(z,Z.a)+d2(Z.q.a)]
1+d(z,q,a)+d(z,z,a)+d(z,q,a)

d(z,q,a) < a, [

[dz (q.9.0)+d?(z,z,a)+d?(q,z,a)
2l 1+d(gqa)+d(zza)+d(q.2,0)

+as \/d(q, q,a).d(z,z,a)
+ayld(q,z,@)] + as[d(z,q,2)]
d(z,q,a) < (a; + a, + a, + as)d(z,q,a)
d(z,q,a) <d(z,q,a)
Sincea; + a, + as + a, + as < 1. Which givesd(z,q,a) = 0=z =q.
Hence z is unique.

This completes the proof of theorem.

CONCLUSION

In this present article we prove some common fixed point theorem satisfying new rational contractive conditions in
2- metric spaces. In fact our main result is more general then other previous known results.
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