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ABSTRACT

The present paper is devoted to an analytical investigation of a two species amensalism model with a partial cover
for the first species to protect it from the second species. The series solution of the non-linear system was
approximated by the Homotopy analysis method (HAM) and the sol utions are supported by numerical examples.
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INTRODUCTION

Symbioses are a broad class of interactions amaggnizsms --amensalism involves one orgamism affgcti
another negatively without any positive or negabtreaefit for itself.

A. V. N. Acharyulu and Pattabhi Ramacharyulu [1,2] 3tudied the stability of enemy amensal spepags with
limited resources and B. Shiva Prakash and T. Karitini studied the interaction between schizosaorhgces
pombe and saccharomyces cerevisiae to predicestleirating conditions in a chemostat [5]..

About HAM: In 1992 Liao employee the basic ideahafmotopy in topology to propose a powerful anajltic
method for nonlinear problems namely Homotopy AsalWethod [6,7,8,9,10]. Later on M. Ayub, A. RasteT.
Hayat, Fadi & Awawdeh [11,12,13] successfully apglithis technique to solve different types of nioiedr
problems. The HAM itself provides us with a coniesh way to control adjust the convergence regio @ate of
approximation series. In this paper we propose Héwkthod to investigate the series solutions of @ $pecies
amensalism model with a cover for the first spetogsrotect it from the attacks of the second sgci

Examples: Aavian botulism and “red tides” (causgdiimo flagellates) are often extremely toxic fordls, marine

mammals, humans; etc. Amensalism may lead to theemptive colonization of a habitat. Once an orgrani
establishes itself within a habitat it may prevettter populations from surviving in that habitaheTproduction of
lactic acid or similar low-molecular-weight fattgids is inhibitory to many bacterial populationgpRlations able
to produce and tolerate high concentrations ofidaatids, for example, are able to modify the hatb#fo as to
preclude the growth of other bacterial populatidaoli is unable to grow in the rumen, probablgdiese of the
presence of volatile fatty acids produced thereabgerobic heterotrophic microbial populations. yattids
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produced by microorganisms on skin surfaces arievs to prevent the colonization of these habitother
microorganisms. Populations of yeasts on skin saedfeaare maintained in low numbers by microbial fpetpns
producing fatty acids. Acids produced by microlpalpulations in the vaginal tract are probably resjde for
preventing infection by pathogens such as Candhdeazans.

In the present investigation a two species amesmainodel with limited resources for both the speeied a partial
cover for the first species to protect it from #itéacks of the second species was taken up fdytemstudy. The
model is represented by coupled non-linear ordirthfferential equations. The series solution of tian-linear
system is approximated by Homotopy Analysis Methosupported by numerical examples.

The governing equations of the system are as fsllow

% = ax(t) - a,pC(t) - a,,L- KXY ()

g (1.1)
Ey = a,y(t) —@,,yA(1)

With the notation
X(t) ,y(t) are respectively the populations otsjgsl and species2, and k is a cover providedhforspeciesl
O<k<1

2. Basicideasof HAM:
In this paper, we apply the homotopy analysis méttmothe discussed problem. To show the basic ildtays
consider the following differential equation

N(u,t) =0, (2.1)
Where N is a nonlinear operator, t denote independariable, u (t) is an unknown function, respesdiy. For

simplicity, we ignore all boundary or initial comidins, which can be treated in the similar way. lBgans of
generalizing the traditional homotopy method, Léamistructs the so-called zero-order deformatioratgu

(1= p)LIeAL; P) —Up(t)] = PhH (Y N[t P, 2.2)

Where pD[O,l] is the embedding parametdi_l is a nonzero auxiliary, parameter H is an auxiligrgrameter

H is an auxiliary function L is an auxiliary lineaperator, p(t) is an initial guess of u(t)(t,p) is a unknown
function, respectively. It is important that oneslggeat freedom to choose auxiliary things in HADMbviously,

When
P=0 and p=1, it holdg (t, 0) = w (t), ¢ (t, 1) =u(t) (2.3)

Respectively. Thus as p increases from 0 to 1sohgione (t; p) varies from the initial guessesy(ty to  the
solution u(t). Expanding(t; p) in Taylor series with respect to p,one has

@t; p) = U (1) + DU, (D)p™ (2.4)
m=1
Where
um(t) :i%tn:p) (2.5)
mt o op” |

If the initial guess (2.3),the auxiliary linear pareter L,the non-zero auxiliary parameteramd the auxiliary
function H are properly choosen,so that the power serie} ¢@rdverges at p=1.
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Then we have under these assumptions the soligitess

+00
U(t) =Ug(t) + D_u,,(t) .
m=1
Which must be one of solution s of original norelin equation, as proved by Liao [15]/As-1 and H(t)=1,Eq
(2.2) becomes

(1= p)LLeAt; p) — Uy ()] + pPN[ £t p)] =0, (2.7)

which is used mostly in the homotopy perturbatiosthnd, whereas the solution obtained directly, aithusing

Taylor series which is explained by H. Jafari, Mbihi and M. Saidy [14] and J. H. He [15,16] andl SLiao [17]

compare the HAM and HPM. According to the definitidhe governing equation can be deduced from ¢hne-z
order deformation equation (2.7) . Define the vecto

—

G ={Uo Uy ... Uy }

Differentiating Eq. (2.7) ,m times with respectambedding parameter p and then setting p=0 antyfidiziding
them by m! , we have the so-called mth-order defdion equation

L[U, (D) = XU (D] =RH(Y R (T ), 2.8)
Where |

Coy-_ 1 0"™N[¢t; p)]
Rn(um-l) - (m—l)' apm_l |p:0,
and

_|0,m<1,
Ao _{1,m>1. 29
3. Application:

Considerthe nonlinear differential equation(1.1) with ialticonditions .we assume the solution of the sygtelh
X(1),y(t) can be expressed by following set ofédbmctions in the form

X(t) =Y at", yt)=> bt" (3.1)
m=1 m=1

Where a,by, are coefficients to be determined. This provideghe so called rule of solution expression ilee, t
solution of (1.1) must be expressed in the samm fie (3.1) and the other expressions must be aloktzording
to (1.1) and (3.1) we chose the linear operator.

To solve the system of Egs.(1.1),Homotopy analysithod is employed. We consider the following aiti
approximations

%M =xt=0)=%  YO)=yt=0)=Yy, (3.2)
The linear and non-linear operators are denotddllasvs.
LD P = SRy = P @3
N X )] = dx“t P) —ax(t p) + a6 P) +ay1-k)X(E P Y(E P) B4
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dy(t;
N,[Y(t, p)] = % —a,Y(t ) +a,Y*(t p) (3:5)
Using above definition the zero order deformatignation can be constructed as
(1= P)LIX(E ) =X (1)] = PANTX Y1, L= P)LINE P —y{O] = phNEx ) (3.6)

When p=0 and p=1 ,from the zero-deformation equatiame has,

X(t0)=x% ) xG;D=xt) .yt;0)=y, €) y&;)=y¢)

3.7)

And expanding x(t;p) and y(t;p) in Taylors serieith respect to embedding parameter p, one obtains

Xt P) = %) + D X, (0P, YEP)=Yot)+ D Vu(t)P” (3.8)

m=1 m=1
Where Xm(t) = iw A (t) = im (3.9)
mtodp™ | m-dp™ |,
P =% (1) = %0 + 2%, (1), V(D) = Yolt) + 2 V(D) (3.10)
m=1 m=1

Define the vector

X = [ (0, %), - X0 O, Vi = [Yo(t), Yo ), ¥ €)] (3.11)
And apply the procedure stated before. The follgwit-order deformation Eq will be achieved.

LX) = X XoraO] = H O R 1 (X Vi, 612

LZ[ ym(t) _/mem—l(t)] = ﬁ2H Z(t) R Zn(xm—li ym—)’

Let us consider H,(t) =H,(t) =1 and the initial conditions

%) =x({t=0)=%x, Y,{t)=y{t=0)=y,in above equations

3 1 dm—l :E _ m _ m-1
Rin s Yoos) = 1= gt NI T =% (0 alxm_1+an§xn(t)xm_n_l(t)+alz(1 k)gxn(t)ym_n_i(t)
R V) = o O NIy, P Yo=Y 123 (0 Yo 1) @13
m ~17 Jm-1. (m—l)!dpm_l ' dt m-1 m-1 22n=l n m-n—

The following will be obtained successively
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L1 (X:L(t) _Xlxo(t)) = h1|:% Xo(t) - alx({t) ta 12(2((0 ta 1§1_ k)X &t)y gt)}
Xn(t)=0,m<Oand 1m> 0

L (%(1) = hy| —ax (t) + @, x5t +a L-K)x )y )]

x(t) = hl[_a1xo+ 0’11)(20+ a f1-K)xy Jt

Ll(yl(t) _leo(t)) = hz[% yo(t) - azyo(t) + azzyé(t)}

L (V2(1)) = h,[ —a,yo(t) + @0 ]

y,(t) =h, [_azyo + azzyzo]t

L (%0 = xx,0) =h ‘{ X ft)- aM‘WHZOX (%, (O+a ,g=K) zox V) ir,(t)}
n

X, () = (h1+h2)Mt+ [ afM, +20, X BM +a  S1-K)y M +hag gk )X ;L

whereM, = _81X0+a1f(0+alél_ K)x Jo

L (¥,0 - x,y,0) = h{% OO+ 55 2 V(Y }n(t)}

=

Y, (1) =(h,+ h%)[—azyonr zélcht + hzzyo [(azz—ga g .y g2 22&2);|t2

L (%(0) = xaxo(t)) = h{i X -ax ) +a . X Ox5 O +a LK X 0y 4 (t)}

%O =@ R)OHEME QM +ha,y (h #hOM #a b sh*icay sa w35

t
+[—231th2+2"|ﬂ1M 2Xo+a’1hiM12+2hla'12hz2x0y02(a22_33‘g2y &+ 2§y §)+hl?hq M Eay +a y za_l_ ha, M) y2:|§
M, =[ -ahi(L-kM,+ 2ha, XM +a 1=Ky M #ha g % (kY ha g% ¢k)

L (vs) = xayt) = hz{d yt)—ay{t)+a 22 Y, (t)yl_n(t)}
y:(0) = (1+h2)k4+[(1+h ) P api(s"'mkgzy]’ -{(_abg Fhg Xy ¥ (g:ih::;ﬂ

Where
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k =[-ax,+ @3+, Xy )
k, :I‘HTXO[Q(_%"'allxo"'alzyJ(_al"' 20 xsta y )thg lé_a ¥ga MZ)J
ks = (h,+h2)[ —ay,+a 2]

2
k=12 (a2 -3yt 2%y
The three terms approximation to the solution b&@lconsidered as
X(t) = %, + % (1) + X,(t) + x4(t)
Y(t) = Yo + Ya(t) + Y, (1) + yat)
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