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ABSTRACT

In this paper, we study the unsteady Hele-Shaw flow of a visco-elastic Rivlin-Ericksen
conducting fluid between two parallel walls z=+h past a fixed circular cylinder x* + y* =a?,
—h< z<h under the time dependent pressure gradient through porous medium in the presence
of a uniform transverse magnetic field. We have discussed the cases when the pressure gradient
is (i) proportional to €™ (ii) O for t <0 and equal to a constant for t >0 and (iii) proportional
toe ™. The expressions for the velocity component u and v of the fluid in x and y-directions are
derived by using Laplace transform technique. The effects of magnetic parameter, visco-elastic
parameter, porosity parameter, time, Reynolds number and suction parameter are discussed on
the vel ocity components in different cases.

Keywords: Rivlin — Ericksen Fluid, Reynolds number, Suctioargmeter, Porosity, Visco-
elastic parameter.

INTRODUCTION

In most of the investigations of elastico-viscolsdss, the flow has been considered slow and
parameters characterizing the elastic propertigbeofluid have been assumed small. In fact the
increase emergence of non-Newtonian fluids suchihasmolten plastics, pulps, emulsions,
aqueous solutions of polyacrylamid and polyisolartgl etc., as important raw materials and
chemical products in a large variety of industqmabcesses has stimulated a considerable
attention in recent years to the study of non-Neweto fluids and their related transport
processes. General stress-strain relations areessqud by highly complicated non-linear
differential equations, to work out solutions faich a class of fluids even for slow flows is not
an easy task. The stress-strain velocity relatandassical hydrodynamics and the Rheological
behaviour of the non-Newtonian liquids has beedistliby Rivlin [12].
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In the field of classical theory of fluid mechanite problem of Hele-Shaw flow has been
considered by a good number of investigators. lteeFung [9], Buckmaster [3], Lamb [8] and
Thompson [15] have discussed the steady Hele-Sloave fof viscous incompressible fluids by
assuming the pressure gradient to be constant. [BdHrave discussed the unsteady Hele-Shaw
flow of viscous and visco-elastic Rivlin-Ericksencompressible fluid respectively under the
time dependent pressure gradient. Gupta et ahgdd¢ studied the unsteady Hele-Shaw flow of a
Newtonian fluid and a visco-elastic fluid througbrpus media. Recently Singh and Sharma [13]
have investigated the unsteady Hele-Shaw flow wiseous fluid between two parallel porous
walls in the presence of magnetic field appliedopedicular to the fluid flow. Kumar and Singh
[7] have studied the MHD Hele-Shaw flow of a Maxf&lid between two parallel walls past a
fixed circular cylinder under time depending pressgradient through porous media. Bikash
Chandra Ghosh and P.R.Sengupta [2] have studidddlgeShaw flow of visco-elastic Walter’s
B-type fluid through porous media between two paralalls past a fixed circular cylinder
under time dependent pressure gradient. Recentlgwyrauthors [1, 4, 10, 11] have studied the
Hele-Shaw flows.

In this paper, we consider the unsteady Hele-Shaw 6f an elastico viscous Rivlin-Ericksen
conducting fluid between two parallel walls=+h, past a fixed circular cylindex® + y* = a?,

—-h< z<h, under the time dependent pressure gradient thrpogous medium in the presence
of a uniform transverse magnetic field. We haveulsed the cases when the pressure gradient

is (i) proportional toe™ (ii) O for t <0 and equal to a constant for 0 and (iii) proportional to

e ™. The expressions for the velocity component u awd the fluid in x and y-directions are
derived in section 3. The effects of magnetic pat@m visco-elastic parameter, porosity
parameter, time, Reynolds number and suction pdesme the above said physical quantities
are discussed in section 4.

2.RHEOLOGICAL EQUATIONS OF STATE

The constitutive equation for a Rivlin-Ericksenidlus

T =-Pl +@d + @b+ @d?

where T =[T,|, T, is the stress tensor
| =||g;|. 8, is the Kroneckar delta
d =[q
d; = (1/2) (vvi'j +Wj'i): deformation rate tensor

b= qu H , by =4 +a,; +2w,;w, ;= viscoelastic parameter
, —_ 0w ,
with g :E-I_\NHWJ = acceleration vector

The ¢, @, @ are coefficients of viscosity, visco-elasticitydaoross-viscosity respectively and

these are in general functions of temperature, miaheroperties and invariants of d, if. &or
many liquids acqueous solutions of polyacrylamid golybutyleneg, @, ¢ may be taken as
constant.
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3. FORMULATION AND SOLUTION OF THE PROBLEM

We consider the unsteady Hele-Shaw flow of an ielastiscous Rivlin-Ericksen conducting
fluid between two parallel wallsz = +h, past a fixed circular cylindex® + y* =a®, —h<z<h,
under the time dependent pressure gradient thrpagbus medium in the presence of a uniform
transverse magnetic field. We assume that the fiiiof small electrical conductivity with the
magnetic Reynolds number much less than unity ab tthe induced magnetic field can be
neglected in comparison with the applied magneétid {{Sparrow and Cess [14]). In the absence
of any input electric field, the equations govegithe motion of the conducting Rivlin-Ericksen
fluid in the Hele-Shaw cell under the influenceaainiform transverse magnetic field are

2 2 2
@:—1%+(V+ﬂij_u_lu_0ﬂe HO (3'1)
ot  pox ot) 0z K 0

2 2 2
@:—1@+(V+ﬂijg—lv—aﬂe HO (32)
ot  poay ot ) 0z K 0

where u and v are the components of the fluid vsloo the x and y directions respectively, t
the time, p the constant fluid density, p the fluid pressuwethe coefficient of kinematic

viscosity, K permeability of the porous mediun®, the kinematic viscoelasticityg the
electrical conductivity of the fluidy, the magnetic permeability artd, is the intensity of the
magnetic field introduced in the z-direction.

The equation of continuity is

ou ov_, (3.3)

ox oy

If B - 0 the above equations reduce to the case of incasipte viscous conducting fluid.
The boundary conditions are

u=0, v=0 at z=zh (3.4)

We introduce the following non-dimensional quapsti

* u * V * Z *_ p
u :_l \ :_’ YA :_’ p - 21
U U h oJ
* X * y * tV
x =2, =Y, =2 3.5
h y h h? (3:3)

where u is the characteristic velocity. In viewtbé& equation (3.5), the equations (3.1) to (3.3)
reduce to (after dropping superscripts *)

2
%:—&%+(1+sija—u—alu—Mu (3.6)
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2
ov = —Re@+(1+sijﬂ—alv—|\/|v

ot dy ot )0z
@ +ﬂ =0
ox oay
Uh
whereR, = — Reynolds number
%
s:ﬁ2 Viscoelastic parameter
h
h2
a,;= N Porosity parameter
2 2.2
M :M Magnetic parameter

U
The non-dimensional boundary conditions are
u=0, v=0 at z=%1

Using the equation (3.8), the equations (3.6) &d) ive
0°p_ 0°p _

+—=0
x> oy’

Hence p is a function of x, y, z and t.
Let u=f (t,z)a—¢) and v=f (t,z)a—w
0x ay

where @ is any function of x and y
Substituting the equation (3.11) in (3.8), we get
2 2
0_¢+a_¢ =0
x> oy’

from (3.6), (3.7) and (3.11) we obtain

R=(a/R)[fatsf—fi-(a+M)f]
P=(g/R)[fo+sf—f (3 +M)f]
2 3
where f, :g, f, -0 f2 , f _of
0z otoz ot
op _op 0p
:_l - d = —
px AX py ay an (DX I

Integrating (3.13) and (3.14) we obtain
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(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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P=(p/R)(f,+sf— fi—(a+M) f +y(t)) (3.15)
where (t) is an arbitrary function of time

Case (i) : Periodic motion
Let the pressure gradient be proportionag¢'to

Let f ,+sf,—f —(a,+M)f=-AR " (3.16)
where A is a given constant

Let f (t,z)=e"F(2) (3.17)
Then F satisfies the equation
d’F _(in+a+M)__ -AR

i (@ris) | (i) (3.18)

Now the boundary conditions are
F=0 at Z=%1
Solving equation (3.18) using (3.19) we obtain

'[cosh(c coB) cofc siB)+i siffe c8 $n -

AR {cosh(cz coB) cokz siB)+i sifoz cBy ¢z i}
F—(in+al+M) cosh(c coB) co siB)+i sife cB} ¢m & (3.20)

2

(a,+M) +n
() s o (1 m)of |
n[1-(a +M)s]

where C =

Tan 2B = (a0 r5n) (3.21)

The function(p(x, y) can be calculated by solving (3.12) subject tocthradition
ucosp+ vsinp= Oonr =a

Or 6_¢1:0 on r=a (3.22)

or
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where x=rcosg, y=rsing anda—qoal, 9 o as x|, |y - o
0x ay

Henceg(x,y) = [r +(a2 /r)] cosf (3.23)

from (3.11), (3.17), (3.20) and (3.23), we obtain

AF%_{(ai+M)cosnt+n simt} &, +b, -aa,~ | ]
L _b2b3)—{(a1+M)sinnt—ncomt}(azbs—a3b2)_ _az(xz—yz)} (3.24)
S (e 1o N 2
ARE_{(a1+M)cosnt+n simt} &’ +b, -a,a,~ | ]
v = _bzbs)—{(a1+M)sinnt—ncoswt}(azbg—asbz)_  2ay (3.25)
- {(a+m) +n} (ag +bs) L (e+y)

wherea, =cosh( & co8) cdsz si), b, =sinh(cz coB) sificz siB)
a, =cosh(ccoB)co §c siB), b, =sinh(ccoB) sifc siB)

andu,.,, Vv, denote the real parts of u, v respectively.

when n = 0, we obtain

U= AR{(aﬁM)(a322+b32—a2ag—bp3ﬂ 1- az(xz_yz) (3.26)
(a+M)*(a +b’) (x+y?)

ol s saconl] [ o
(a+M)*(a’+b7) (¢ +y?)

which is the solution for steady flow in the Helka8y cell
If M =0, a=0, s =0 we obtaitc =n">and B=77/4.

In this case we obtain the velocity components d anfor unsteady flow of viscous
incompressible fluid.

u=

ARe[(asz +b-a,a,-bp)sinnt +(ap,-ab) Cosnt} 1- (v (3.28)
n(a32+b32) (X2+y2)2 .
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V=

AF{E[(ag2 N —a2a3—b,p3)sinnt +(ap,~ab) cosnt} LAy
n(a’+by) (¢ ey

Case (ii) : Impulsive motion:
The motion starts from a state of rest. In the 8qnd3.15) we assume that

] (3.29)

f,+sf,—f—(a,+M)f=-ARH(t) (3.30)
whereH (t) =Owhent <0 (3.31a)
=0whert=0 (3.31b)

We define the Laplace transforfn= I: fe Pdt (3.32)

with the inversionf = % rr_+i:°7e'°tdp (3.33)

Using the equation (3.32), the equation (3.30)asdformed to

d’f _(P+a+M)
2

T=__AR (3.34)
dz

(1+p) p(1+sp)

The transformed boundary conditions are

f(P,£1)=0 (3.35)

Solving the equation (3.34) by using (3.35) we obta

cosh MZ

T(p2)=e R |y N 1t (3.36)
P(P+a,+M) cosh [PHa+M

1+9sp

Inverting (3.36) using the inversion formula (3.33) obtain

f(t2)= AR _|q-CoSVatMz < 16(-) (a +M)e™ codz | ;o7
T (atM) | coshfa M a(an+d) 2 (n+ 1 + 42, +M)]

whereK, =(7/2) (2n+1])
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7 (2n+2)° + 4(a + M)
4+n2(2n+])25

a, = , n=0 or any integer

Using (3.11), (3.23) and (3.37) we obtain

_ AR, |, coshfa, +Mz & 16(-1)"(a+M)e™ cok z [1_ aZ(XZ—yz)]
(& +M)|" cosh/a +M n:17T(2n+1)|:n2(21+])2+ 4(31+M)J (Xzﬂlz)2
(3.38)
_ AR, |, coshmz_i 16(-1)"(a + M )e™ cok,z {_ 2a’xy
(a,+M) cosh/a +M = n(2n+1)[n2(2n+1)2+ 4(a1+M)J (x2+y2)2

(3.39)

The time after which the motion starting from reetomes steady may be obtained by requiring
that the exponential interms of (3.38) and (3.3 }¥bfficiently small. Thus setting

(772t/452) 010, the exponent of e ig™° =0.00004:.

Case (iii) : Pressure gradient is proportional toe™
Let f,+sf,—f—(a,+M)f=-ARe™ (3.40)

where n is a positive integer and A is a given tamts
Supposef (t,z) =e™F (2) (3.41)

Now the equation (3.40) reduces to

or [n-(am)] AR
" w)  @w) (.42

The boundary conditions are
F=0Oatz=+1 (3.43)

Solving the equation (3.42) by using (3.43), we get

n-(a+M)
F(z)= AR i O O (3.44)
[n-(a+Mm)]} . [n-(a+M)
1-sn
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using (3.11), (3.23), (3.41) and (3.44) we obtain

cosn @M, [
AR COSh\/?Z_l FM} (3.45)

(@M L [n-(a+M X2 +y?)
_cos £a—13n) | ( y)
) o]
v AR 1—COS V 11” ‘|| -2t (3.46)
[n_(ai"'M):I COSh\/n_(al+M) (x2+y2)2
1_

sn

Subcase (i) :M =0, & #0, s#0, n#0
The velocity components in the case of unsteadg43&law flow of viscoelastic fluid are

A cosh |22, az(xz_yz)
u= _F% e_nt 1_Sn _1 1_ﬁ (347)
(n-a) cosh [~ & (X +y)
-
-9
cos z )
v= A_ e 1- 1-sn [— fa XZ . (3.48)
(n-a) cosh |~ & (X +y)
1-sn

Subcase (i) :M #0, & =0, s#0, n#0
The velocity components in the case of unsteadg{3élaw flow of viscoelastic fluid under the
influence of a uniform transverse magnetic field ar

cos z 22 (52— v
u= A_Ff;l e l1-sn 4 ll—M] (3.49)
(n-M) cosh /"=M (X ty )
-
cosh [~z )
v:A_—F;e}Ie-m 1- 1-n [ faxz 2] (3.50)
(n-M) cos n:g: (X ty )
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Subcase (i) :M #0, & #0, s=0, nZ0
The velocity components in the case of steady ISélaw flow of viscous fluid incompressible
fluid under the influence of a uniform transversagmetic field are

[n‘(aﬁl\/l):l _COSh\/n—(a1+M) 1}{1 (X2+y2)2} (3.51)
“Lem_l—cosmz} 2atxy (3.52)
[n-(a,+M)] I cosh/n—(a,+M) (X2+y2)2

Subcase (iv) :M #0, 8 #0, s#0, n=0
The velocity components in the case of steady ISélaw flow of viscoelastic fluid under the
influence of a uniform transverse magnetic field ar

R {1— CosvalJ’Mz}{l—a =y )] (3.53)

M) cosfarm (@ +y?)

2a°xy

. (3.54)
(' +y7)

AR, cos/a, +Mz
V= -1
(2,+M)| cosJa +M

Subcase (v) .M =0, s=0, 8 #0, nZ0
The velocity components in the case of unsteadye{3@law flow of viscous incompressible
fluid through porous media are

u=

R e-“t{c"s"\’”_alz—l} [1——a <=y )] (3.55)

(n-a) coshyn-a, (x2+y2)2
_ 2
V= A ot 1_cosh\/n az 2axy2 (3.56)
(-2)° [ eostyi=a || (¢ +y)

Subcase (vi) :M =0, n=0, a 20, s#Z0
The velocity components in the case of steady S&law flow of viscoelastic fluid are
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u=2R {1— COS\EZ}P— (- yz)] (3.57)

= al COS\/E (X2+y2)2
_AR cos\/az_l} 2a2xy 258
\' a |:COS\/a (X2+y2)2] ( . )

Subcase (vii) :M =0, 8 =0, s#0, nZ0
The velocity components in the case of steady Bélaw flow of viscous incompressible

conducting fluid are

n
cosn|———z7 2(2 2
_ a | x -
u=2R g 1-sn 4 !1—#] (3.59)
cosh |1 (X ty )
V1-sn

n
cosh,/—z )
_ A& — Nt 1_ 1_31 ! 2a‘ Xy 2] (3.60)
n

Subcase (viii) :M #0, 3 =0, s=0, nZ0
The velocity components in the case of unsteadye{3&law flow of viscous incompressible

conducting fluid are

2(v2 _ 2
u=_"R e-“{cos"“”_'v'z—l} Il | [x yz) (3.61)
(n-M) cosh/n-M (x*+y?)
_ 2
V= Al e_n{l_cos n Mz} :axy2 (3.62)
(n-M) coshVn=M || (x?+y?)

Subcase (ix) :M #0, 8 =0, n=0, s#0
The velocity components in the case of unsteadg{3élaw flow of viscoelstic conducting fluid

are
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_AR|. cosVMz _aZ(Xz—yz)
=i Co&/ﬁ}{l (Xz+y2)z] (263
_AR | cosyMz _ 2°xy

Ve M {COS\/M 1} (x2+y2)2] (3.64)

Subcase (x) .M #0, s=0, n=0, & #0
The velocity components in the case of steady Sélaw flow of viscous incompressible

conducting fluid are

u=AR {1—” a1+M1 1—a(x _yz) (3.65)
)| ot | (e vy

yo AR |coshja+Mz 2a2xy2 (3.66)
(e M) coshfa =M | (< +y)

Subcase (xi) :M #0, 8 =0, s=0, n=0
The velocity components in the case of steady Sélaw flow of viscous incompressible

conducting fluid are

_AR|._cosyMz _az(Xz—yz)

¥ {1 COW}P (X2+y2)2] (3.67)
_AR | cosyMz _ 22Xy

TN {cos\/ﬁ 1} (X2+y2)2] (3.68)

Subcase (xii) ;3 #0,M =0, s=0, n=0
The velocity components in the case of steady ISélaw flow of viscous incompressible fluid
through porous media are

u

AR cosh/a, z
a | cosh/a

1- @’ (x yz) (3.69)
(' +y7)
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v=PR [Cos"ﬁz—l} 2 (3.70)
a, | cosh/a ( X2 + y2)

Subcase (xiii) :s#0, M =0, 8 =0, n=0
The velocity components in the case of steady S&law flow of viscoelastic fluid are

U= AR.(1-2) 1- a*(x-y’) 3.71)
2 (¢ +y?)
v=AR (7 -1) (XZ—X;/Z)Z (3.72)

It is interesting to note that these are the vgjocomponents even in the case of steady Hele-
Shaw flow of viscous incompressible fluid case (xv)

Subcase (xiv) :nZ0, M =0, a4 =0, s=0
The velocity components in the case of unsteadye{3élaw flow of viscous incompressible
fluid are

_AR, . cos\/ﬁz_ _aZ(Xz‘yz)
u=—-=e {cos\/ﬁ 1} 1 —(x2+y2)2 (3.73)
_AR . _cos\/ﬁz 2°xy

TR e {1 cos\/ﬁ} (X2+y2)2 (3.74)

Subcase (xv) :M =0, a, =0, s=0, n=0
The velocity components in the case of steady ISélaw flow of viscous incompressible fluid
are

U= AR (1-2) 1- a*(x-y’) (3.75)
2 (x2+y2)2
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v=AR, (2 -1)

_axy
(¢+y)
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CONCLUSION

In figures (1) & (2) we have drawn the velocity qoonent u against z for different values of
magnetic parameter M respectively in cases (gng case (iii) discussed in section (3). We have
observed that u decreases with the increase in bases (i, ii), whereas u increases with the
increase in M in case (iii). Further it is noticéktht u decreases as z increases. In figures (3) &
(4), the velocity component v is drawn againstrzdifferent values of magnetic parameter M in
cases (i, i) and cases (iii) discussed in se@ioespectively. We have seen that v decreases with
the increase M in cases (i, ii) whereas it increagigh the increase in M in case (iii). In figures
(5) & (6) the velocity component u is drawn againgor different values of porosity parameter

a, respectively in cases (i, ii) and cases (iii) discussed in section 3. We have noticed that u
decreases with the increaseanin case (i, ii) whereas u increases with the iaseeina, in case
(ii1). In figures (7) & (8) we have drawn the veltyccomponent v against z for different values
of a respectively in cases (i, ii) and cases (iii). Wave observed that v decreases with the

increase ing, in cases (i, ii) whereas v increases with increasg in cases (iii). Further, it is

noticed that u, v decreases as z increases. Fi(Rir&s(10) are drawn the velocity component u
against z for different values of time t respedtivim cases (i, ii) and in case (iii) we have
observed that u decreases with the increase iralt ihe three cases. In figures (11) & (12) we
have drawn the velocity component v against z iffer@nt values of time t respectively in case
(i, i) and in case (iii) are discussed in sectinWe have noticed that v decreases with the
increase in t in cases (i, ii) whereas v increag#sthe increase in t in case (iii). In figuresSJL
(15), (14) & (16) we have drawn u, v against z ddferent values of viscoelastic parameter s
respectively in cases (i, ii) and in case (iii). Waeve seen that u, v decreases with the increase in
s in cases (i, ii) whereas u, v increases withirtbeease in s in case (iii). Figures (17), (188)(1
(20), (21), (22), (23) and (24) are drawn u, v agaz for different values of section parameter A
and Reynolds number Re respectively in cases @nid in case (iii). We have noticed that u, v
increases with the increase in A ot R all the three cases. Further it is noticed that
decreases with the increase in z in all the thasex
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