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ABSTRACT

When Fractional integral operators are connectethweal-valued scalar functions of matrix argumerg can get
various results, those results are useful in vasipuoblems of mathematics, statistics and natwarsee. Recently
Mathai connected some fractional calculus operatsith functions of matrix argument, by using thossults we
are investigating some new results for the Laguérretion of matrix arguments. When these are asahodel for
problems in the natural sciences, then these caercihe ideal situations, neighbourhoods, in betwstages and
paths leading to optimal situations.
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INTRODUCTION

Time to time many authors discussed the theorypetial function of matrix argument such as Congtaenfl4],
James [15], [16], [17] Mathai and Saxena [6], Pooremd Sethi [18]. Recently Mathai [1], Nair [2], Mai [13]
also introduced some fractional integral operatatls matrix argument case.

1.1 ZONAL POLYNOMIAL
Zonal polynomial associated with a mat¥ its description and the development of the thesrgvailable from
Mathai, Provost and Hayakawn [3]. Considepa< p real positive definite matriX . Let Vi be the vector space of

homogenous polynomiat)(X) of degreek in the p(p +1)/2 different elements ofo X p symmetric matrix
X . It can be shown tha¥, decomposes inta direct sum of irreducible subspacé, corresponding to each
partition K = (k;, K,........ k) K=k zk, >...... k, =2 0) into not more thanp parts. Each subspace

contains a unique one dimensional subspace invanizter the orthogonal group of linear transforowadi These
subspaces are generated by the zonal polynotdialéX ) which when normalised in a certain fashion giveoaat

polynomialC, (X) . Explicit forms of these polynomials are availafile small value of k. For large value of k it

will be extremely difficult to compute this polynamh For handling elementary special functions o&trix
argument, we need a few properties of these zavghpmials. These properties will be sufficientestablish the

result. One basic result which is an immediate equence of the definition itself is that whef is 1X1matrix,
namely a scalar quantity x,

C (X)=x" (1.1.1)
157

Pelagia Research Library



Lajpat Singh Panwar and P. K. Mishra Adv. Appl. Sci. Res,, 2015, 6(2): 157-163

Hence one can look up& (X) as a generalization ot The exponential function has the following expans

o k o
g =y [r O _ » Cy ('X) (1.1.2)
k=0 k k=0 K k

The binomial expansion is the following fér— X >0that is, X = X'> 0 and all the Eigen values oK are
between 0 and 1.

[I-x]“ = izw (1.1.3)

k=0 K

‘ C.(X)C, (T
[Cu(H'XHT)dU = S (X)C(T)
uU>0 CK (I )
Where | is the identity matrix, the integral is over thehmgonal group ofp X p matrices anddH is the invariant
measure.

(1.1.4)

1.2. HYPER GEOMETRIC FUNCTION:
Generalised Hypergeometric function of matrix arguiris given by:

S > e az

None of the denominator factors is equal to zero.

Where (@), = I_pll [a—i%l} (1.2.2)
(a) FICLY | 1.2.3

K —W (1.2.3)
r,(@aK)= ;Tm(m‘l)"‘ﬁl r{a+ k. —%(i —1)} (1.2.4)
r(a= ﬂ”‘(’"‘”"‘ﬁ F[a—%(i —1)} (1.2.5)

X is a real positive definite matrix of ordprx p, C, (X) are the zonal polynomials

2. RESULT REQUIRED

Let X :(xj) be apxr, r > p matrix of real distinct scalar variablegsc Let A be thepx p real positive
definite constant matrix, that = A >0, prime denoting the Transpose. LBt is the constant positive definite

1 1
r xr matrix, B > 0. Let A2and B?denotes the positive definite square root of mafixand B . Let X is of
full rank p. TherZ , = AY2XBX' A2 is symmetric positive matrix.

In this paper we will consider only real matrices.
The real matrix gamma will be denoted by [11].

m(m- i 1.
r,(a) =" WD r{a—5(|—1)} 2.1)

p-1

ForRe(a) >( J where Re(.) means that real part of (.). It canshown thatrp(a) is the integral

representation, [11]

l_p(a) — J‘ |qa—(P+1)/2e—tl’(S)dS, Re(a') >(p7_1j, (2.2)
S0
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Where|S| means the determinant ¢¥ X p positive definite matrix S and tr (S) denotes tiaee of S.
The type — 1 beta integral is given by [9]

r@r, (o) a-(p+1)/2 b-(p+1)/2
B (ab)y=-"P "= | - ds (2.3)
S rer N L

Where Re@) >(p-1)/2 ,Rep)>(p-1)/2, whereS is px p positive definite andd<S<I meanss>0

, 1=S>0.In generalj means the integral over X. By making suitable mattainsform above, one get [9], the
X

representation
By@ab)= [|§7"" |1+ ds, Ref@) > (p-1)/2 .Reb) >(p-1)/2 (2.4)
O<S<l

Above result is known as beta type — 2 integral.
Let Z, = AV’XBX'AY? | Z, = AV’YBY A"?

XandYarepxr, r=p matrices of real elements, and of rank p, conglaeevaluation of the integral
= [lz4* ] - Z, [ | -2,2,["dX, (2.5)
o<s<l
Where O<z, <| ,0<z <I.

This integral corresponds to the Euler’s intedial the Gauss hypergeometric function .
Let U =A"’XB"’thendU =|A""|B|""“dX (2.6)

See Mathai [7] , then after integration over thiefS8t manifold,
»

r_Pp*l
2 2

2
Z, =UU'=V ThendU =" _N["% dv 2.7)
r(2)
Now the integral 1becomes
—r12) o|-P/2 2 c-a-PH 1 _1|™®
= AR |V B | -V 2 | =ZVvZ:| dV (2.8)
A" r<>OJ'<.' ] -2z

By using Zonal Polynomials as Mathai [03]
‘l _Zl\Z 21\2‘ _ZZ (b)K Cy(Z,V) (2.9

We can evaluate the mtegral

+L_L+1 — _L*—l
[V [ =V 2 c (z V)V =
o<l
By using above relationg becomes
p

a2z T2 M@t ) (c-a) & < (b), (a+2)K Cc(Z))
=4 () T (c+y) §§ (c+3) K

2.1. FRACTIONAL INTEGRAL OPERATORS
Let Zyand Z be as defined above. Let the generalised fractiotegral operator of matrix argument be defined as

r,(@+4Hr,(c-a)
r,(c+%,K)

C.(Z,) (2.10)

(2.11)

(D f)x = j Z,-2,["7 £(z,)dY
Zy>Zy>0
_zd jl ~z%z2,27" f(Z )dY
r (a) Zy>7Zy>0
(2.1.1)
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By the transfor) = AY?YB"?,V =UU', W = Z/A/Z,%. Then after integration over the Stiefel manifold,

we have
P

i 1z, " 772
D, f )X = |
(0 X ) rp( )|Nr/2| |p/2 rp(Lz) J.<|

See Mathai [13]

25 £ (ZANZE)dwW 2.1.2)

W W

Mathai [13] derived following result by takind (Z, ) =C, (Z ) in above equation

_p#l P
X e ? (L)

|,A4”2||3|p’2 (a@+5) (a+5),

Where Re(a + %) >( p2— 1}

oDXC (24 )= Cc(Zy) (2.1.3)

Easily we can obtain the result by takifg(Z, ) =|Z |'ECK (Zy)in(2.1.2),

D7 |z, [P Cu (2,)]= 2" T BB
e A BT, (5) Tola@ + B+ )@+ B+ 5)x

WhereRe(@ + S+ %) >( p2 1)

C(Zy) (2.1.4)

3. MAIN RESULT:
On the basis of above discussion, we can estatisfollowing theorems.

Theorem 1. If Lf)a)(Zx) is a Laguerre polynomials of matrix arguments then
r 1 P
Z, " [, (a+h)
r/2 p/2
ATIB @y 1,6

Where Re(a + ) >( p2_ 1)

2Fa(h5a pTﬂ’a-"Lz;zx) (3.1)

D7 |L®(z,)] =

Proof: Laguerre polynomial of matrix argument is given as

L (Z )‘l_I @ Fi(-ba+Zt7,) (3.2)

,@
Let

oD Fi(-ba+ 22 2,)]

ol (_b)K CK (Zx)
§ @;(M e K
(=b)« “

D,"Cy (Z
=33 e oD @)
Now by using equatlon (2.1.3), we get,

oD Fy(-ba+2t2,)]

0 bK Z rszﬂ rg Lz
:ZZ (-b) 124" n ()

% @)k A T @ D (e,
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P rp

Z"T e (B G
Z
= |Alr/2|B|p/2 r (O’+;)kZ:(;ZK:(a+ p+1)K Kl ( L) ( )
r_p+l P
|Z |a+77 2 r bl r
|Nr/2|B|p/2 rp(a+L2) 2F2( b,21a+ ,a+5 ZX)
_[],(a+b) |
Now by multiply ————— both sides we get,
,@
M@0

Fy(-bra+5 5z x)

M,®
2w [,
(AT T],@

ZFZ( b’r2’a+ = a+r ZX)

By the definition of Laguerre polynomial of mataxgument, above equation becomes

D |L®(z,)]

2w [,
AT ) [T,@

Where Re(@ + %) >( p2_ 1}

ZFZ( b’r2’a+ = a+r ZX)

Hence the proof is complete.

Theorem 2 If LE)a) (Zy) is a Laguerre polynomials of matrix arguments then

D¢ |z, 1z, )J

e ey [1L@+D)

"|A4”2|B|p’2rp(5)rp(a+'B+5) |_|P(a)
3.2)

Proof: LHS of above theorem is
LHS

=072, 10 2,)]
- o], p*D
0=X I X |—| (a)
+b
= OD;(” D(a—zz ( b)K K(ZX):I

Fy(-ba+5Z )}

X

I . S< @+ K
(a+b) & D oo
I_ll_l (a) iz oZK: a4(- pj) K ° Dx MZXV]CK (ZX)]
By (2.1.4),
LHS
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) arfrs-tt T +r
Sy e e 2
[1.@ &% @+ Kk |AZBPr,(5) T,(@+ B+ )@+ f+o),

_ [1.(a+b) |z, |a+ﬂ+2 51 nzr L(B+35) iZ (-b), (B+5)« 2.)
[1-@ IN”ZIBI”’ZF()F @+ 5 @5 K @+ fr),
o |z4 Py nzr (B+5) T1. (a+b)ZZ (=b), (B+5)« c.(2.)

L= (f)r (@+B+3) [].® I @)K (@+B+5)

] |Z |a+ﬁ+2 znzr (B+35) |_|P(a+b)
|Al”2|B|p/2rp(5)rP(a+ﬁ+%) |_|P(a)

= RHS
OR,

D¢ |z, 1z, )J

JFo-b B+sia+ Bl a+ f+5:27,)

a+p+Li-

_ 1z P rer (B+1) [].(a+b)
|Al”2|B|p/2rp(5)rP(a+ﬁ+%) |_|P(a)
WhereRe(@ + 8 + 1) >( pz_lJ

2F2(_b’/8+%;a+p7ﬂ’a+ﬁ+%;zx)

Hence the proof is complete.
CONCLUSION
Above results are very useful for various problehmathematics and statistics anchatural sciences.
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