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ABSTRACT

The purpose of this paper is to generalize weak compatible mappings with sharing the property (E. A.) and derive
some fixed point theorems in the framework of Menger spaces, which demonstrate the utility of strict contractive
condition. This work extends the results contained in available research work over Menger spaces as well as metric
spaces.
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INTRODDUCTION

One important generalization of metric space thgtrbbabilistic metric space was introduces by Merg] and
expanded by Schweizer and Sklar [6]. This has foradal and paramount importance in Probabilisticcfional
analysis, where contraction is one of the maingtdol prove existence and uniqueness of fixed pdintion of
compatible mappings in metric spaces is introdunedungck [3], who give specific direction to mamgearchers.
However, non-compatible mappings are also equatigrésted and initiated by Pant [8, 9].The studgahmon

fixed points of weak-compatible mapping be an ieséing aspect for further investigation and extsntvell known
obtained results of [1, 7].

It is possible to prove fixed point theorem beyaminpact metric spaces, on strict contraction of-campatible
mappings. Sometimes the strict conditions are oepldoy some stronger conditions as [3, 8] becausiei setting
of metric space, the strict contractive conditian bt ensure the existence of common fixed poihts Tinique
concept was generally used to promote existingrémes. Research along this direction has beentitiby many
mathematicians.

Aamri and Mountawakil [10] give a property (E.A)high is generalization of compatible and non-coritybeat
mappings. Several researchers extended this imusarspaces. It has been noticed by Imdad and AliHdt
property (E.A.) can be realized without followingyapattern of containment of range of one map thtorange of
other. In view of their observations two fixed poiheorems are slightly formed and we prove themaittern of 2-
menger spaces.
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MATERIALSAND METHODS

We begin with some known definitions.

Definition 2.1[1]: A Probabilistic metric space (PM space) is a p&jrF), where X is a non empty set and F is a
mapping from X x X intaA* (set of all distribution functions). For (u, €X x X, the distribution function F(u, v) is
denoted by F. The function F(u, v) assumed to satisfy the feifwy conditions:

(PM1) R, (0) =0 fordu,v € X,
(PM2) R, (x)=1fordax >0 <u=y,
(PM3) R, (X)) =R, (x) forau,veX,
(PM4) If R, (x) =1 and F w(y) = 1.
Then | WX +y) =1fordu,v,w € X

Definition 2.2[1]: A menger space is a triple (X, F, t) where (Xj& PM space and t is T-norm with the following
condition:

(PM5) R, w(x+y) > t(Fy (X), R, w(y)) for 3u, v,w € X and x, ye R

Definition 2.3[14]: Let x be any nonempty set and the set of all left continuous distribution furgsis. A triplet
(X, F, t) is said to be a 2-menger space if F isapping from X into A* satisfying the following conditions where
the value of F at, v, w € X is denoted by F, ,or F(u, v, w) for3u, v,w € X such that

(2MS1) K\, w(0) =0,

(2MS2) R,y W(X) = 1 for3 x > 0 < at least two ofi, v,w € X are equal,
(2MS3) Ry, v, w(X) = Ry w, fX) = Ry, v, u(X) for 3 x > 0 andu, v,w € X,
(2MS4) Ry v, u(X) = t(Fy, v, 4X), Fu, s, WY), Fs, v, w(2))-

Where x,y, z > Oy, v, w,s € X and t is the 8 order t norm.

Definition 2.4[1]: Let (X3, F, t) be a 2-menger space such that the T-nasmdntinuous and S, T be mapping from
X into itself. Then S and T are said to be compatiblim,,_,., F(STx,, TSx,(x)) = 1 for all x > 0, whenever
{x,}is a sequence in X such tHat,,_, ., Sx,, =lim,,_,,, Tx, = z for some & X.

Definition 2.5[4]: A pair (S,T) of self mappings of a 2-menger sp@te F, t) is said to be non-compatible if there
exists at least one sequenog¥in X such thatlim,,_,,, F(STx,, TSx,(x)) = either less than 1 or nonexistent, for
some x > 0.

Definition 2.6[1]: Two self mappings S and T are said to be weaktypatible f they commute at their coincidence
points, i. e. if Tu = Su for someauX, then TSu = STu.

Note: Every pair of weakly compatible mappings neetlbe compatible.

Definition 2.7[1]: Let (S,T) be a pair of self mappings of a 2-mergmace (X, F, t). we say that S and T satisfy
property (E. A)) iff there exists a sequenag¥in X such that

lim,,_, o, Sx;,, =lim,_, Tx, =z for some £ X
Clearly, a pair of compatible as well as non-confgb@tmappings satisfies property (E. A.).

Remark: By taking the reference of Sharma and Dmsg [12], Sharma and Choubey [13] and Jungckt [iS]
clear that the pair of self mappings (S, T) of 2ager space (X F, t), is non compatible if there exists any s=me
{x,} € X such that

lim,,_, o Sx, =lim,_, Tx, = z for some £ X
But lim,,_,, F(STx,,, TSx,) is either non-existent or not equal to 1. In thisy every pair of non compatible self
mappings of 2-menger spaces satisfy the propertj.)E

67
Pelagia Research Library



G. P. S. Rathoreet al Adv. Appl. Sci. Res,, 2015, 6(1):66-71

Definition 2.8[11]: A self mapping S of a 2-menger spacé, (R, t) is said to be strict contraction on X, dfr f
u+v #w € X, F(u, v, w) >F(Su, Sv, w).

Definition 2.9: Let X be a set, S and T be self maps of X. A pwria X is called coincidence point of S and T iff
Sx = Tx. We shall call w = Sx = Tx a point of caitence of S and T.

Lemma[5]: Let S and T be weakly compatible self mappingsaddet X. If S and T have a unique point of
coincidence, that is, w = Sx = Tx, then w is theque common fixed point of S and T.

RESULTSAND DISCUSSION

In this section we utilize results of [1] and [4] derive corresponding common fixed point theorenariea of 2-
menger space.

Theorem 3.1: Let (X3, F, t) be a 2-menger space with two weakly combfmtnappings S and T of X into itself
satisfying the following inequality

() T(X) < S(X),
(i) S and T satisfy the property (E.A.),
(i) S(X) or T(X) be a closed subset of X,

(iV) F(an, YZn+l(kX)v y2n+2(kx)) < F(an, an+1(X), an+z(X))
(v) F(Tu, Tv(kx), Tw(ky))> min{F(Su, Sv(x), Sw(y)), F(Su, Tu(x), Tw(y)), F(SWVv(x), Tw(y)), F(Sv, Tu(x),
Tw(y)), F(Su, Tv(x), Tw(y))}

whereu, v,w € X and ke (0, 1).
Then S and T have a unique common fixed point.

Proof: As S and T satisfies property (E. A.), so thatérexists a sequence,{} in X such that
lim,,_, o Sx, =lim,,_, Tx, = z for some £ X

Because S(X) is closed, then we héwe,_, ., Sx, = Sa and alsdim,,_,,, Tx, = Sa for & X.
To show that Sa = Ta, we starts from#Sba.
Now By (v) we have

F(Tx,,, Ta(kx), Ta(ky))> min{F(Sx,, Sa(x), Sa(y)), F(8,, Tx,(X), Ta(y)), F(Sa, Ta(x), Ta(y)), F(Sax]J(x),

Ta(y)), F(Sen, Ta(x), Ta(y))}
Lettingn — oo, yield

F(Sa, Ta(kx), Ta(ky)» min{F(Sa, Sa(x), Sa(y)), F(Sa, Sa(x), Ta(y)), F(Sa, Tapa\y)), F(Sa, Sa(x), Ta(y)), F(Sa,
;a(g, Ta(y))}
y (i

> min{F(Sa, Ta(x), Ta(y)), F(Sa, Ta(x), Ta(y)), F(Sa, TaEx(y)), F(Sa, Ta(x), Ta(y)), F(Sa, Ta(x), Ta(y))}
> F(Sa, Ta(x), Ta(y))

Which is contradiction, so that Sa = Ta.

As S and T are weakly compatible mappings i. e. ¥&da and therefore TSa = STa = SSa = TTa. Tesept Ta
is a common fixed point of S and T, we initiatetwlta# TTa. By (v)

F(Ta, TTa(kx), TTa(ky)r min{F(Sa, STa(x), STa(y)), F(Sa, Ta(x), TTa(y){SFa, TTa(x), TTa(y)), F(STa, Ta(x),
TTa(y)), F(Sa, TTa(x), TTa(y))}

> min{F(Ta, TTa(x), TTa(y)), F(Ta, Ta(x), TTa(y))(FTa, TTa(x), TTa(y)), F(TTa, Ta(x), TTa(y)), F(TaTa(x),
TTa(y))}
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>F(Ta, TTa(x), TTa(y))

Which is contradiction, so that Ta = TTa and thits= TTa = STa.

Above calculation shows that Ta is common fixechpof S and T. Uniqueness can be follows easily.

Theorem 3.2: Let (X3, F, t) be a 2-menger space with three weakly cditpamappings A, B and S of X into itself
satisfying the following inequality

(i) A(X) < S(X), B(X) < S(X),

(i) (A, S) and (B, S) satisfy the property (E.A.),

(iii) One of A(X), B(X) or S(X) is a closed subsett X,

(Iv) F(Yan, Yan+1(KX), YansAKX)) < F(Yan, Yan+1(X), Yon+o(X))

(V) F(Au, Bv(kx), Sw(ky))> min{F(Su, Sv(x), Sw(y)), F(Su, Bv(x), Aw(y)), F(SBV(X), Av(Y)), F(Au, Su(x),
Bu(y)), F(Au, Sv(x), Bw(y))}

whereu, v,w € X and ke (0, 1).

Then A, B and S have a unique fixed point.

Proof: As (A, S) and (B, S) satisfies property (E. Ag,tbat there exists a sequenegXin X such that

lim,,_,,, Ax, =lim,_ Bx, =lim,_,, Sx, = z for some £ X
By (i), there exist a sequencg,} in X such thatdx,,= Bx,= Sy,.

Hencelim,,_,,, Sy, = z.

Let us show thaim,,_,., Ay, =lim,_ ., By, =2
In view of (v)

F(Ayn, Brp(KX), Sxp(ky)) = min{F(Syn, Stn(X), Stn(¥)), F(Sm, Brn(X), Axn(y)), F(Stn, Bxy(X), Axy(Y)), F(Ayn,
Syn (%), Byn(¥)), F(Ayn, Stn(X), Bxy(y))}

= min{F(Ayy, Bxn(X), Stn(y)), F(Ayn, Bxn(X), Sxu(y)), F(AXn, Bxn(X), Sxn(y)), F(AYn, Bxn(X), Syn(y)), F(Ayn,
Buxy(X), Stn(¥))}

2 mMin{F(Ayy,, Bx,(X), Sx,(Y)), F(Ay, Bxy(X), Sxn(¥)), F(S, Bxn(X), Sxn(y)), F(AYn, Bxn(X), Axy(Y)), F(Ayn,
Buxy.(X), St (¥))}

2 min{F(Ayy, Bx,(X), Sx,(Y)), F(Ayn, Bxy(X), Sxi(Y)), F(Ay, By (X), St (), F(AYR, Bxn(X), Sxn(¥)), F(AY,,
Bxn(X), Sxn(Y))}

F(Ayn, Bxy(kx), St,(ky)) = F(Ayy, Bx,(X), Sta(y)
Which is contradiction, therefore we deduce that,_,, Ay, =lim,,_,., By, = Z.
As S(X) is a closed subset of X, then for same X we have Su = z. Also

lim, o, Ay, =lim,_, Bx, =lim,_,, Sy, =lim,_, Sx, = Su.
In view of (v)

F(Au, B, (kx), Sxn(ky)) = min{F(Su, St,(x), Sta(y)), F(SU, Beu(X), Axn(y)), F(Stn, Brn(x), Axa(y)), F(Au,
Su(x), Bu(y)), F(Au, $,(x), Bxy(y))}

F(Au, Su(kx), Su(ky)r min{F(Au, Su(x), Su(y)), F(Au, Su(x),’5()), F(Au, Su(x), S,(y)), F(Au, Su(x), Su(y)),
F(Au, Su(x), Su(y))}
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> min{F(Au, Su(x), Su(y)), F(Au, Su(x), Su(y)), F(ABu(x), Su(y)), F(Au, Su(x), Su(y)), F(Au, Su($u(y))}
F(Au, Su(kx), Su(ky)® F(Au, Su(x), Su(y))

Which is contradiction, so that Au = Su.

By the property of weak compatibility of A and S wen say that
ASu = SAu and therefore AAu = SSu = ASu = SAu.

Similarly, because A(XE S(X) then for ve X we have Au = Sv. Now we claim for Bv = Sv.

In view of (v)

F(Au, Bv(kx), Sw(ky))> min{F(Su, Sv(x), Sw(y)), F(Su, Bv(x), Aw(y)), F(SBv(x), Av(y)), F(Au, Su(x), Bu(y)),
F(Au, Sv(x), Bw(y))}

> min{F(Au, Bv(x), Sw(y)), F(Au, Bv(x), Sw(y)), F(AuBv(X), Sw(Y)), F(Au, Au(x), Su(y)), F(Au, Bv(xBw(y))}
> min{F(Au, Bv(x), Sw(y)), F(Au, Bv(x), Sw(y)), F(AuBv(X), Sw(y)), F(Au, Sv(x), Au(y)), F(Au, Bv(xSw(y))}

> min{F(Au, Bv(x), Sw(y)), F(Au, Bv(x), Sw(y)), F(AUBV(x), Sw(y)), F(Au, Bv(x), Sv(y)), F(Au, Bv(xSw(y))}

> min{F(Au, Bv(x), Sw(y)), F(Au, Bv(x), Sw(y)), F(AuUBV(X), Sw(Y)), F(Au, Bv(x), Av(y)), F(Au, Bv(x)Sw(y))}
> min{F(Au, Bv(x), Sw(y)), F(Au, Bv(x), Sw(y)), F(AuBv(x), Sw(y)), F(Au, Bv(x), Sw(y)), F(Au, Bv(xXSw(y))}
F(Au, Bv(kx), Sw(ky))> F(Au, Bv(x), Sw(y))

Which is contradiction, therefore we have Au = Bv.
Thus it is confirm that Au = Bv = Sv = Su.

Same as by the property of weak compatibility cfrigl S -
BSv = SBv and therefore BBv = SSv = BSv = SBv.

Now we show that Au is a common fixed point of AaBd S.

In view of (v)

F(AAu, Bv(kx), Sw(ky))> min{F(SAu, Sv(x), Sw(y)), F(SAu, Bv(x), Aw(y)), B, Bv(x), Av(y)), F(AAu, SAu
(x), BAu(y)), F(AAuU, Sv(x), Bw(y))}

F(AAu, Au(kx), Sw(ky))> min{F(AAu, Au(x), Sw(y)), F(AAu, Au(x), Sw(y)), Fu, Au(x), Sw(y)), F(AAu, AAu
(x), Bu(y)), F(AAu, Au(x), Sw(y))}

> min{F(AAu, Au(x), Sw(y)), F(AAu, Au(x), Sw(y)), F&u, Au(x), Sw(y)), F(AAu, AAu (x), Au(y)), F(AAu,
Au(x), Sw(y))}

> min{F(AAu, Au(x), Sw(y)), F(AAu, Au(x), Sw(y)), Flu, Au(x), Sw(y)), F(AAu, AAu (x), Sw(y)), F(AAu,
Au(x), Sw(y))}

F(AAu, Au(kx), Sw(ky))> F(AAu, Au(x), Sw(y))

Which is contradiction, therefore AAu = SAu = Au.

It means Au is a common fixed point of A and Ssimilar manner we can prove that Bv is a commoadipoint
of B and S. As Au = Bv already proved, thus itéscude that Au is a common fixed point of A, B &d

At last to show uniqueness, leftv and Au=Bu=Su=uand Av=Bv=Sv=Vv.

In view of (v)

F(Au, Bv(kx), Sw(ky))= min{F(Su, Sv(x), Sw(y)), F(Su, Bv(x), Aw(y)), F(SBV(X), Av(y)), F(Au, Su(x), Bu(y)),
F(Au, Sv(x), Bw(y))}

F(u, v(kx), Sw(ky))=> min{F(u, v(x), Sw(y)), F(u, v(x), Sw(y)), F(Bv, %, Sw(y)), F(u, Au(x), Su(y)), F(u, v(x),
Sw(y))}

= min{F(u, v(x), Sw(y)), F(u, v(x), Sw(y)), F(Au, X, Sw(y)), F(u, Bv(x), Au(y)), F(u, v(x), Sw(y))}
> min{F(u, v(x), Sw(y)), F(u, v(x), Sw(y)), F(u, VIxSw(y)), F(u, v(x), Sw(y)), F(u, v(x), Sw(y))}
F(u, v(kx), Sw(ky)> F(u, v(x), Sw(y))
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Which is contradiction, thus u = v means commoedipoint is unique.
This completes the proof.

CONCLUSION

In the present paper we have proved the existemteimiqueness of fixed point through the propeiy() defined
over 2-menger space.
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