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ABSTRACT

The present paper deals with the common fixed point theorem for a pair of occasionally weakly compatible
mappings by using the (CLRg) property in fuzzy metric space. We also cited an example in support of our result.
Our result improves the result of Alamgir, M., and Sumitra[3].

INTRODUCTION

The concept of fuzzy sets was introduced by Zad@gh, in 1965, as a new way to represent the vagseire
everyday life. In mathematical programming problears expressed as optimizing some goal functioargoertain
constraints, and there are real life problems toatsider multiple objectives. Generally it is velijficult to get a
feasible solution that brings us to the optimumabfobjective functions. A possible method of regign that is
quite useful is the one using fuzzy sets. It wagetiped extensively by many authors and Used iouarfields to
use this concept in topology and analysis. AbbsHalasubramaniam[4], Chauhan S. and Kumar SG&huhan
S.[4], Kumar S., Fisher B.[13],Sharma S.[17] hawfirted fuzzy metric space in various ways. Georgd a
Veeramani[9] modified the concept of fuzzy metp@se introduced by Kramosil and Michalek[12] in@rdb get
the Hausdorff topology. Jungck[11] introduced tration of compatible maps for a pair of self mappifite
importance of CLRg property ensures that one doesaguire the closeness of range subspaces.

In 2008 Altun I. [2] proved common fixed point themn on fuzzy metric space with an implicit relation
Sintunavarat [20] introduced a new concept of prigp€CLRg). Chauhan et al [6] utilize the notion @dmmon
limit range property to prove unified fixed poitteibrems for weakly compatible mapping in fuzzy meetpaces.
Implicit relation and (CLRg) property are used a®al for finding common fixed point of contractionaps. The
intent of this paper is to establish the concepE@&. property and (CLRg) property for coupled miagg and an
affirmative answer of question raised by Rhoad&§. [The importance of (CLRg) property ensures that does
not Require the closeness of range subspaced,, Wwérgive some definitions.

MATERIALSAND METHODS

2. Preliminaries:-
Definitions 2.1. [10] A binary operationx: [0, 1] x [0, 1]-[0, 1] is called a t —norm if ([0, 1)) is an abelian
topological monoid with unit 1 such that

a*b<cx*dwhenever & c and bx<d for a,b, c, & [0, 1].

Examples of t-norms arexeb = ab and a b = min {a, b}
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Definition 2.2.[10] The 3-tuple (X, M) is said to be a fuzzy metric space, if X is arteaty sety is a continuous
t-norm and M is a fuzzy set K? x [0, «0) satisfying the following conditions:

forall x,y, ze Xand s, t> 0.

(FM-1) M(x, y, 0) = 0,

(FM-2) M(x, y,t) =1 for all t > 0 if and dpif x =y,
(FM_B) M(X! Y, t) = M(y! X, t),

(FM-4) M(X, Y, t)* M(y, z, S)< M(X, z,t + S),
(FM-5) M(X, y, -): [Op0) — [0, 1] is left continuous,
(FM-6)  lim,_, M(X, Yy, t) =1.

Note that M(x, y, t) can be considered as the degfenearness between x and y with respect to idemtify x=y
with M(x, y, t)=1 for all t>0.The following exampkhows that every metric space induces a Fuzzyicrsgtace.

Example 2.3 [15] Let (X, d) be a metric space. Define & =min {a, b} and M(x, y, t) = : ; forall x, ye X

t+d(xy
and all t > 0.Then (X, Mx) is a fuzzy metric space. It is called the fuzzynwespace induced by the metric d.

Lemma 2.4[5] Let (X, M, %) be a fuzzy metric space. If there exist KO, 1) such that M(x, y, k& M(x,y,t) for
all x,ye Xandt>0thenx=y.

Definition 2.5 [5] A sequence {)§ in X is said to be a Cauchy sequence if and dihfgr eache > 0,t > 0, there
exists g€ N such that M(Xxm, t) >1€ for all n, m> n,,.

A sequence {} is said to be a converge to a point x in X if asnly if for eache > 0,t > 0 there exists fie N
such that Mx,,, x,t) > 1-¢ for all
n = no.

A Fuzzy metric space (X, M,*) is said to be comeldtevery Cauchy sequence in it converges to at jioit.

Definition 2.6[14] Two maps A and B from a fuzzy metric space (X,#ljnto itself are said to be compatible if
lim,_,,M (ABXx,, BAX,,t)=1 for all t > 0, whenever {} is a sequence such that

lim,_,, AX,=lim,_,.BXx,= X for some x€ X.

Definition 2.7[14] Two maps A and B from a fuzzy metric space (X, M, into itself are said to be weak -
compatible if they commute at their coincidencengmii.e., Ax = Bx implies ABx = BAX.

Definition 2.8[14] Self mappings A and S of a fuzzy metric space (Xs)Mwre said to be occasionally weakly
compatible (owc) if and only if thare is a pointirk X which is coincidence point of A and S at whighand S
commute.

Definition 2.9[14] A pair of self mappings A and S of a fuzzy nespace
(X,M ,*) is said to satisfy the (CLRg) property if there exastsequence £k in X such that

lim,_, ., AX,=lim,_,.Bx,= Bu.for some eX.
Proposition 3. [16] In a fuzzy metric space (X, &), limit of a sequence is unique.

Proposition 3.1[16] Let S and T be compatible self maps of a fumsstric space (X, My)and let {%} be a
sequence in X such that,Skx,— ufor some u in X. Then STy Tu provided T is continuous.

Proposition 3.2[16] Let S and T be compatible self maps of a furmtric space (X, M, and Su=Tu for some u in
X then
STu=TSu=SSu=TTu.
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Lemma 3.3[8] Let (X, M, x)be a fuzzy metric space. Then for all g, , M(x,y,") is a non-decreasing function.

Lemma 3.4[2] Let (X, M, %) be a fuzzy metric space. If there exits kO, 1) such that for all x,¢ X

M(x,y,kt) = M(x,y,t) V t > 0 then x=y.
Lemma 3.5[19] Let {x,} be a sequence in a fuzzy metric space(XxMIf there exists a numberek(0,1) such that
M (Xps2s Xne1, Kt) = M(Xp+1,%n,t) V £ > 0 and ne N.

Then {x,} is a Cauchy sequence in X.

Lemma 3.6[12] The only t-normx satisfying ¥ r > r for all r € [0,1] iS the minimum t-norm, that isx& =
min{a, b} for all a, be [0,1].

3. Main Result

Theorem 3.7. Let (X, M, *) be a Fuzzy Metric Space, * being tiomous

t-norm with &b >ab,0a,b €[0,]]. Let P, Q: X x XX and R, S: X x X— X be four mappings satisfying
following conditions:

1) The pairs (P, R) and (Q, S) satisfy CLRg propert
2) M (P(x,y),Q(u,v) kg
B{M(Rx,Su,t) x M(P(x,y),Rx,t) xM(Q(u,v),Su,t)}

0x,y, u, ve X, k € (0,1) andp: [0,1] -[0,]]

Such tha®(t) >t for 0<t <1.Then (P, R) and (Q, S) have point of coincideereover if the pairs (P, R) and (Q,
S) are occasionally weakly compatible, then theiste unique x in X.

Such that P(x, x) = S(X) = Q(X, X) = R(X) = x.
Proof: - Since the pairs (P, R) and (Q, S) satisfy CLRg eriyp

there exist sequencesfx{y n} {x,'}and {y,'} in X such that
limp,_, o P(xp, yn) = lim_,, R (%) =Ra,

lim, o, P(yp, x,) = lim,,R(y,) = Rband lim,_,,Q(x,",y,") = lim,,,S(x,") =
Sa’, limn—»ooQ(Yn" Xn’) = hmn—woS(Yn’) :Sb 1

for some a, l/,b’ in X.

Step 1: We now show that the pairs (P, R) and (Q, S) lmmremon coupled coincidence point. We first show tha
Ra=%'.Using (3.2), we have,

M (P(xpn, ¥n), Q(Xn, ), kt) 2

B{M(Rxp, Sxp, )% M (P(Xy, ¥n), Rxy, 1) X M (Q &n, yn), Sxn, D)}

Taking > o, we get

M (Ra, &', kt)= @{M(Ra, Sa’, kt)* 1 * 1}
> @{M(Ra, Sa’, t)

= {M(Ra,Sa’, t)

i.e M(Ra,a' kt)> M(Ra, Sa’,t)
=>Ra=%'.

Similarly we can have Rb#5.
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Also,

M (P §n,Xn), Q&n'.yn").kt)

> P{M(Ryy, Sxn', )M (P(yn, Xn), Ryn, )*M(Q(n', yn), Sxn”,1)}
i.e M(Rb,%’, kt) = M(Rb, Sa’, t)

=>Rb = Sa’'

Hence Rb=% = Ra = Sa’.Now, for all t > 0, using condition (3.2)
We have

M (P(xy, yn),Q(@’,b"),kt)

> O{M(Rx,, Sa’, t) xM(P(x,, ¥,), Rx,,)xM(Q(@’, b"), Sa’,t)}

i.e M(Ra,Qé’,b"),kt) = M(Ra,Q(a’,b"),t)

=>Ra = Q@’,b").

Similarly, we can get that Rb = @'(a")

In a similar fashion, we can hava’'$ P (a, b) and1d = P (b, a).
Thus, Q &,b') =Ra=3' =P(a, b) and @(,a’ )=Rb=%'= P(b, a).
Thus the pairs (P, R) and (Q, S) have Coincidenagts

LetRa=P (a, b) =Qa((b’) =" =xand Rb =P (b, a) = @'(a") =Sb’ =y. Since (P, R) and (Q, S) are
occasionally weakly compatible, so

Rx=RP (a,b P(Ra,RbF P(x, y)

and

Ry =RP (b,aF P(Rb,Ra)x P(y, x) .
Sx=SQ @', b)=Q (K, ') =Q(x, y)

and

Sy=SQ ', ") =Q(P’, &') = Q(Y, x).

Step 2: We next show that x =y. From (3.2),
M(x,y,kt)=M(P(a,b),Q4’, b"), kt)

> @{M(Ra, Sa’ ,t)xM(P(a,b),Sa,t)xM(Q(,b"),Sa’ ,t)}=1
Thus, x = .

Step 3: Now, we prove that Rx = Sx, using (3.2) again
M(RX,Sx,kt)=M(P(x,y),Q(Y,X),kt)

> B{M(Rx,Sy,t)xM(P(x,y),Rx,1)xM(Q(y,x),Sy,t)}

> O{M(Rx, Sx,t) * M(P(x,y), Rx, )y M(Q(y, x), Sy, t)}

i.e  M(Rx,Sx .kt M(Rx, Sy, t)

=> Rx = Sx = Sy.

Step 4: Lastly, we prove that Rx=x
M(RX,%,kt)=M(RX,y,kt)=M(P(x,y),Q(X,y),kt)
= P{M(Rx, Sx, t) * M(P(x,y), Rx, t) * M(Q(X,y), Sx, t)]

Hence x= Rx = Sx=P(x, X)= Q(X, X).

This shows that P, Q, R, S have a common fixedtfoid uniqueness of x follows easily from (3.2).
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Example3.8 Let X=[0,0) be the usual metric space. Define f, g X by fx=x+ 3 and gx=4x for all xeX.we
consider the sequence Jx{1+ %}.Since

limy_,fx, = lim,,gx, =4 =g(1) € X.
Therefore f and g satisfy the (CLRQ) property.

Example 3.9 The conclusion of Example 3.8 remains true if $bé mappings f and g is defined on X by f(xgz
and g(x) :-Z—X for all xe X. Let a sequence

X} = {%} in X.Since

limp, o fx, = lim,_,gx, = 0 = g(0) € X.

Therefore f and g satisfy the (CLRg) property.

Example 4.Let (X, M, *) be a fuzzy metric space, * being anttauous norm with X = [Op). Define M(x,y,t) =
L for all x, yin X and t > 0.Define mappings f: XX — X and g: X— X as follows.

t+|x-y|
x+y,x€[0,1),yeX 1+xx€][0,1)
} and g(x) = { }

f(x,y)={%’XE[1’W)’YEX E’Xe[l,oo)

We consider the sequenqe:x{%} and y, = {1+i}then,
F (Y= 1+ =142, (Yo X) =14, )=+

9 00=00) = 1+.80m) =8(1+1) = 7+

lim, o M(f(xy, yn), 8(xn), ) = 1 = g(0)

and limp_, o, M(f(yys, X5), 8(Yny,t)> 1 = g(0)

therefore, the maps f and g satisfy (CLRQ) propktilythe maps are not continuous.
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