Available online at www.pelagiaresearchlibrary.com

Pelagia Research Library

Advancesin Applied Science Resear ch, 2012, 3 (5):2733-2738

Library
I SSN: 0976-8610
CODEN (USA): AASRFC

Fixed Point Theoremsfor Pairsof Mappingson Three Metric Spaces
Vishal Gupta

Department of Mathematics, Maharishi Markandeshwar University, Mullana-133207, Ambala,
Haryana, India.

ABSTRACT

In this paper we obtain fixed points for three pairs of mappings, not all of which need to be continuous, on three
metric spaces.Thisresult is an extension of many results already proved for one, two or three metric spaces.
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INTRODUCTION

Related fixed point theorems on three compl ete metric spaces have been studied by B. Fisher et al [1], R.K. Jain et a
[3], S. Jainet a [5], N.P. Nung et a [2], R.K. Namdeo et al [4]. Recently, Vishal Gupta et al proved a Fixed point
theorem for two pair of mappings on two metric spaces. Here, a generalization is given for three pairs of mappings
on three complete metric space. Our theorem improves the result of Vishal Gupta et a [6] and of R.K. Jain et al [3].

2 Preliminaries
The following fixed point theorem was proved by R.K. Jain et a[3].

Theorem 2.1 Let (X,d), (Y,r) and Z,S) be complete metric spaces. If T is a continuous mapping of X

into Y, S isacontinuous mapping of Y into Z and R isamappingof Z into X .
d (RSTx, RSTX')< cmax {d(x,x),d(x,RSTx), d(xX,RSTX),r (Tx,Tx),s (STX,STX)}

r (TRSy, TRy )< cmax{r (y,y').r (Y, TRSy), r (Y., TRY).s (S,S/).d(RSy,RSy)}
s (STRz, STRZ)< cmax{s (z,Z),s (z STRz), s (Z,STRZ),d(Rz,Rz),r (TRz, TRZ)}

VX,XeX,y,yeY and z,Z € Z where 0<C <1 then RST hasa unique fixed point Ue€ X , TRS hasa
unique fixed point V€Y and STR has a unique fixed point We Z . Further TU=V, SYy=w and Rw=u.

3 Main Result
We now prove the following related fixed point theorem.
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Theorem 3.1 Let (X,d,), (Y,d,) and (Z,d,) be complete metric spaces. If AB: X ->Y,E,F:Y— Z
and U,V :Z > X satisfying inequalities.

d, (VEBX,UFAX)< cmax{d, (x x),d, (x,VEBx), d, (X,UFAX),d, (Bx, AX'),d; (EBx, FAX)}
(3.1)

d, (BVEy, AUFy')< cmax{d, (y,Y').d, (Y, BVEy), d, (Y, AUFy'),d,(Ey, Fy'), d, (VEy,UFy')}
(3.2)

d, (FAUz EBVZ)< cmax{d,(z Z),d,(z FAUz), d,(Z,EBVZ),d,(UzVZ), d,(AUz BVZ)|
(3.3)

Vx,XeX,yYyeY adzzZeZ whee 0<Cc<1.1f A, F and V are continuous, then VEB and UFA
a unique common fixed point & € X . BVE and AUF have a unique commn fixed point b € Y and FAU
and EBV have a unique common fixed point geZ. Futher Aa =Ba =b, Eb=Fb =g and
Ug=Vg=a.

Proof. Let X, bean arhitrary pointin X . Define sequence {Xn} in X, {yn} inY and {;1} inZ.
AXZn = y2n+l’ Ey2n—1 = ZQn—l’UZZn—l = X2n—l
BXon 1= Yonr F¥an = 20 V2, = Xoforn=1,2,...
Applying inequality (3.2), we have,
d2 ( y2n ’ y2n+1) = d2 ( BVEyZn—l' AU FyZn)
< emax{d, (Yo 1 Yan )+ G (Yo 1 BVEYsn 1): G (Vs AUFY,, ), Uy (Yo 13 FYsy ) 6 (VEY,, 1, UFY,, )}
=Ccmax {dz ( y2n—11 y2n ) ! d2 ( y2n—1’ y2n ) ’ d2 ( y2n’ y2n+1) ’ d3(z2n—1’ Zn ) ’ dl(XZn—l’ X2n )}
Thisimplies,
d2 (y2n' y2n+l) < Ccmax {dz ( y2n—17 y2n ) ' d3 ( ZZn—l’ ZZn ) ’ dl ( X2n—l’ X2n )} (3'4)
Using inequality (3.3), we have
0y (21 Zn1) = Ay (FAUZ,, 1, EBVzZ,, ) < eMax{dy(Z0 4, 2,0, 05 (2 1, FAUZ, ),
d3 ( ZZn’ EBVZZn ) ’ dl (UZZn—l’VZZn ) ! d2 (AUZZn—l’ BVZZn )}
=Ccmax {d3 ( ZZn—l’ ZZn ) 1 d3 ( ZZn—l’ ZZn ) ’ d3 ( ZZn’ Z2n+1) ’ dl(XZn—l’ X2n ) ’ d2 ( y2n’ y2n+1)}
Thisimplies,
d3 ( ZZn’ 22n+1) < Cmax {dS ( ZZn—l’ Z2n ) 1 dl ( X2n—11 X2n ) ’ d2 (y2n’ y2n+1)} (35)

By using (3.4), we have,
05 (Zoys Zona ) SCMAX{y (%110 ), B (Yo 1s Van ) Oy (Zon a1 20 )|

Using inequality (3.1), we have,
dl ( X2n ’ X2n+l) = dl (VEBXZn—l’U FAXZn )
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<emax {d, (%1% )28y (%n 1 %)+ 0 (Xons Xt )1 O (Vons Yomen ) O3 (Zons Zonn )}

Thisimplies,
dl(X2n1X2n+1)< Cmax{dl(XZn—l1X2n)’d2(y2n’ y2n+1)1 d3(22n’22n+1)}
A (Xanr Xona )< CMAX{, (X1 %0 )10 (Vanar Yan) G Zenas Z2n)} (36)

using inequalities (3.4) and (3.5).
It now follows easily by induction on using inequalties (3.4), (3.5) and (3.6),
dy (X X0 )< €™ max {d (%%, ), 0, (Y1, ¥5), 652 2,)}
A (Y Yona) < €7 MaX {0l (%%, ), 0, (Y4, Y2) U (2, 2,))
0y (Zons Zona ) < €7 MaX{d (X%, ), 0 (Wi, ¥2) 6a (2, 2,)

Since C <1, it follows that {Xn} {yn} and {;1} are Cauchy sequenceswithlimitsa € X, b eY andge Z

respectively. Since A, F and V are continuous, we have,
limY,n, = limAX%,, = Aa =Db,

n—oo nN—o0

limz,,_, = limFy,,, =Fb =g,

n—o0 n—oo

limXy, 4 = limVz,,, =Vg =a

n—oo n—oo

Using inequality (3.1), we have,

dl(Ug’XZn) = dl(XZn’Ug) = dl(VEBXZn—l’UFAa)
<cmax{dl(xzml,a),dl(xznfl,VEmel), d,(a,UFAa),d,(Bx,, ,,Aa), dS(EBXanl,FAa)}

= cmax {d (%, 1,8 ), 8, (%01, %,), 64(a,Ug),d,(¥z0,0),d5(2,0,9)}
Letting N —> o0, we have,

d,(a,Ug)<cmaxd,(a,Ug)

Thus, Ug =a = UFb =a .Also UFAa =a.

Using inequality (3.2), we have, d, (Ba, y,, ) = d,(BVEb, AUFy,, ,)
< Cmax{dZ(b ’ y2n—1)’d2(b' Ba)’dz(yZn—11 yZn)’ d3 (g’ ZZn—l)'dl(a ’ X2n—l)}

Letting N —> o0, we have, dz(Ba,b)gcdz(b,Ba)
Thus, Ba =b,BVg=b .Also BVEb = b .

Now using inequality (3.3), we have,

d;(Eb,z,,) = dy(2,,, Eb) = d;(FAUz,, ,, EBVQ)

<cmax{d,(z,,.,9),d;(2,4,FAUzZ, ), d,(9,EBVG),d, (Uz, ,,Vg), d,(AUz, ,,BVg)}
= emax{0y(Z0.4,9),d5(Zn 11 20), (9, ED), 0y (%4,@ ), (Vo0 D)}
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Letting N — o0, we have d3(Eb,g)<Cd3(g, Eb)

Thus, Eb =g,EBa =g .Also EBVg =g.As c<landthusa isafixed point of UFA,b isafixed point
of BVE and g isafixed point of EBV . Thuswe have,

AUFb = AUFAa = Aa = Db, FAUb = FAUFb =Fb =0, gndsoon.
VEBa =VEBVg =Vg=a.

Thus @ isafixed point of UFA and VEB, b isafixed point of AUF and BVE and g isafixed point of
FAU and EBV .

Uniqueness: We know prove the uniqueness of the fixed point & . Suppose UFA has a second fixed point a'.
Then using inquality (3.1), we have,

d,(a,a’)=d,(VEBa,UFAa’)

<cmax{d,(a,a’),d,(a,VEBa),d,(a’,UFAa’), d,(Ba,Aa’),d,(EBa,FAa’)}
=cmax{d,(Ba,Aa’),d,(EBa,FAa")}

Further using inequality (3.2), we have,

d,(Ba,Aa’)=d,(BVEBa, AUFAa’)
<cmax{d,(Ba,Aa’),d,(Ba,BVEBa ),d,(Aa’, AUFAa’),d,(EBa,FAa’), d,(VEBa ,UFAa’)}
=cmax{d,(a,a’),d,(EBa,FAa")}

Hence, we have, d, (a,a")< cd,(EBa’,FAa ')

= Cd3(FAa’, EBa)

Using inequality (3.3), we have,

d,(a,a’)<cd,(FAa', EBa)

= Cd3(FAU FAa',EBVEBa )

< ¢ max{d,(FAa’,EBa),d,(FAa',FAUFAa"), d,(EBa, EBVEBa ),d,(UFAa ' VEBa ), d,( AUFAa ', BVEBa )}
=c?max{d,(FAa’,EBa),d,(a",a),d,(Aa’,Ba)}

=c’d,(a’,a)

Since <1, itfollowsthat @ =a' and the uniquenessof a follows.

Similarly it can be proved a isfixed point of VEB, b isfixed point of AUF and BVE and g isafixed point
of FAU and EBV . This completes the proof of the theorem.

Theorem 3.2 Let (X,d,), (Y,d,) and (Z,d,) be compact metric spaces. If AB: XY, E,F:Y—Z
and U,V : Z > X be continuous mappings, satisfying the inequalities,
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d, (VEBX,UFAX') < cmax {d, (x,X),d, (x,VEBX), d, (X,UFAX),d, (Bx, AX'), d,(EBx, FAX)}
(3.7)

d, (BVEy, AUFy') <cmax{d,(y,Y),d,(y,BVEy), d,(y, AUFY'),d,(Ey,Fy'), d,(VEy,UFy')}
(3.8)

d, (FAUz EBVZ) < cmax{d,(zZ),d,(z FAUz), d,(Z,EBVZ),d,(UzVZ), d,( AUz BVZ)}
(3.9)

Vx,XeX, y,yeY ad z,ZeZ. Then VEB and UFA have a unique common fixed point a € X,
BVE and AUF have a unique common fixed point b € Y and FAU and EBV have a unique common fixed
point g € Z .Further Aa =Ba =b, Eb =Fb =g andUg=Vg=a .

Proof. Suppose first of al that there exists a ,a" € X such that,
max{d,(a,a’),d,(a,VEBa),d,(a',UFAa’), d,(Ba,Aa’),d,(EBa,FAa’)} =0

Then it follows immediately that @ =a', VEBa =a, Aa =Ba , UFAa =a and on putting Aa = b,
Eb=g,Ug=a.

Wehave, VEb =a BVEb =Ba =b and EBVEb = EBVg=Eb =g= VEb =a =Vg=a

The results of the theorem therefore hold in this case. Similarly if there exists b,b’eYsuch that,
max{dz(b,b'),dz(b,BVEb),dz(b',AUFb'),d3(Eb,Fb'),d1(VEb,UFb’)}:0

orif thereexist g,9" € Z such that,

max {d,(g.9').d, (9, FAUg),d,(g',EBVY’), d,(Ug.Vg').d,(AUg,BUg)} =0

then the result of the theorem again hold.

Now suppose that it is possible for Ny such a,a’; b,b’ or g,g’ to exist. Then,

max {d, (x,X),d, (X, VEBX),d, (X,UFAX), d, (Bx, AX),d, (EBX, FAX)} #0 V x,X € X and s
the real valued function f (X, X') definedon X x X by
d, (VEBX,UFAX')

f{xx)= max {d, (x,X'), d, (X VEBX),d, (X ,UFAX),d, (Bx, AX'),d, (EBx, FAX)}

is continuous. Since X x X iscompact, f attainits maximum value C, becuase of inequality, C, <1 and so,

d, (VEBX,UFAX)< ¢, max{d, (x,x),d, (X,VEBX), d,(X,UFAX'),d,(Bx,AX), d,(EBX FAX)}
VXxXeX.

Similarly, there exist C,,C; <1 such that,

d, (BVEy, AUFY')< ¢, max{d, (Y, Y').d, (v, BVEy), d,(y, AUFY'),d,(Ey, Fy'),d, (VEy,UFy')}
Vy,YyeY.

d, (FAUz EBVZ)< ¢;max{d,(z,Z),d, (2 FAUzZ), d,(Z,EBVZ),d,(UzVZ), d,(AUzBVZ)}
Vz,Z7eZ.
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It follows that the conditions of theorem are satisfied with C = max {q, CZ,C3} and so the results of the theorem
are again satisfied. The uniquenessof U,V and W follows easily.
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