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ABSTRACT

The theory of elasticity in its broad aspects deals with a study of the
behavior of these substances which possess the property of recovering
their size and shape when forces producing deformation are removed. In
theory of micropolar elasticity, a body was assumed consisting of
interconnected particles in the form of small rigid bodies undergoing
translational motion as well as rotational motion. The presence of small
pores or voids, in the constituent materials can also be formally
introduced in a continuum model.

This paper is an attempt to explain an axisymmetric problem of a
homogeneous isotropic micropolar elastic medium with voids subject to
a set of normal point sources by employing the eigen value approach.
The analytical expression of displacement components, microrotation,
force stresses, couple stresses and volume fraction field have been
derived for micropolar elastic solid with voids.

© 2016 International Journal of Applied Science-Research and Review.
All rights reserved
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INTRODUCTION

The classical theory of elasticity
successfully  explains the behavior of
construction materials (various sorts of steel,
aluminum, concrete) provided the stresses do not
exceed the elastic limit and no stress
concentration occurs. The linear theory of elastic
materials with voids is one of the generalizations
of the classical theory of elasticity. This theory
has practical utility to investigate various type of
geological, biological and synthetic porous
materials for which the elastic theory is
inadequate. It is concerned with elastic materials
consisting of a distribution of small pores
(voids), in which the void’s volume is included
among the kinematic variables, and in the

Laplace transform in Cartesian co-ordinates

Laplace transform [Debnath (1995)] of a
function f((X, z, t) with respect to time variable t,

feoz,p) = Lif (62,00} = [} f(x,2,0e 7P,

limiting case when the volume tends to zero this
theory reduces to the classical theory of
elasticity. The process of voids is known to
affect the estimations of the physicalmechanical
properties of the composite and also to weaken
the bond as these pores (voids) get spread over a
wide area.

In this paper the axisymmetric
deformation problem in micropolar elastic solid
with voids is considered. A general solution of
the equation of motion of a micropolar elastic
medium with voids, in cylindrical polar co-
ordinate system is obtained to the axisymmetric
deformation. The Laplace and Hankel
transforms are used to solve the equations
through eigen value approach.

with p as the Laplace transform variable, is
defined as

(1.1)

Along with the following basic properties [Debnath (1995)]

{3} =pfCozp) ~ f(xr 2,0,

LE = p i am - pr 20 - (%)

(1.2)

(1.3)

Also, the Laplace transform of the Dirac delta function d(t) is given as

L{s}=1,

Laplace transform in polar co-ordinates

The Laplace transform with respect to
time variable t, with p as the Laplace transform
variable, is defined as

fr,z,p) = L{f(r,z,0)} = [ f(r, 2z, De Pldt,

Along with the following basic properties
a —
L {a—];} =pf(r,z,p) — f(r,z0),

L {ZZT]ZC} = pzf(r, Z, p) - Pf(’"' Z, 0) - (Z_];)tzo’

(1.4)

(1.5)

(1.6)

(1.7)
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The Hankel transform

The Hankel transform [Sneddon (1979)]
of order n of f(r,z,p) with respect to variable r
is defined as

f& 2p) = Ho{f(r,z,p)} = [ 7 f(r,2,p) Jn(§7)dr,

Where ¢&is the Hankel transform
variable, J,(---) is the Bessel function of first

e L

)=o), m {5

ror

(1.8)

kind of order n, alongwith the following basic

We know that [Debnath (1995)], the Dirac delta function (- -) having the property

BASIC EQUATIONS

The field equations and the constitutive
relations in micropolar elastic solid with voids

operational  properties [Sneddon  (1979)]
—&2H, { f} (1.9)
—&2H,{f}, (1.10)
(1.11)

without body force and body couples are given
by Eringen (1968) and Iesan (1985) as

25
BVG+A+2u+ KV(V.0) — (u+ KX VXU +KVx§=p2T 2.1
(a+,8+y)V(V.<7)’))—nyVx$+KVxﬁ—2K¢’=pj%, 2.2)
v 4 DS *a_q*_ * * *
a'vVqg -0 —w Py B*V.u = pK t2’ (2.3)
= (ﬁ*q* + Aur,r)Sij+ /,t(ui,j + uj,i) + K(u]',i - Sij@r), (24)
m; ;= apy.6;j+ Boij+vdji (2.5)

Where A, 1, K, o, B, vy are the material
constants, p is the density, j is the micro-intertia,

u is the displacement vector, (],7; is the
microrotation  vector, ¢ is the scalar
microstretch, t; is the force stress tensor, mj is
the couple stress tensor, q is the volume fraction
field, 9; is the Kronecker delta, &, is the unit

'B +(A+ )(auT l%_ﬂ__

or? r or r2  r2 960 T 000r

1 azur 62ur) (6¢Z 6¢>9) _ 0%u,
290z Yoz )T e T ) TP o

1 dug 10%ug

anti-symmetric tensor and o, B*, ¢ ‘o, K are
the material constants due to presence of voids.

The dynamic equations (2.1)-(2.3) in
cylindrical polar co-ordinate system (r, 0, z) in
component form become

+6 )+( +K)(auT l%_ﬂ_iaﬁ_F

ordz or? r or r2  r2 960
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po (P 10 10 Oty | g0 0 (Cuay 1 0%, 10u
r66+( +0Gear 726 Trae2 Tasa, ) TKG, — ) T W+ (G ta5: 75t

%ug , 2 0u, ug\ _ 0%ug
7 Triae i) =P @7

«0q" (azur 10u, | 10%ug |, 9%u, ) K (6(r¢9) ¢y ) (6 Uy 1% 1 0%u,
'B 6z+(A+M) 6raz+raz+r6982+6zz +r ar +(‘u+K) ar2 r6r+r2 662+

9%uy, 0%u,
) =% (2.8)
a ¢r 10¢, &~ 10¢g , 10%°¢g | 0°¢, K (Ou, dug Py | 10¢r  ¢r
@+ B) (G + i -5 5% " g0or o) tr (e o) Hr (GEH T B
20¢g | 10%¢, 079, _ :0%r
o0 T aer o ) —2K¢r = pj 50 (2.9)
¢, 4 109r 19%¢g | 9%¢, duy _ du, 0%¢pp | 1 0°¢g , 109
(2 a+p)y (aear v 96 +r2692 +6962) +K(6z or ) 2K o +y(6r2 te T T
0°¢g | 2 0¢r g 0°¢g
L (210
%y | 10¢, | 13%°¢g | 0%¢, K (0(rug)  Ouy 0°¢; | 109, 19%¢,
(f+4”(&ﬁg A et ) (G - G ) akeu y (GE A B
0°¢, 2’ P,
922 ) ey 2.11)
« (0%q 19%q* | 3*q” 19q* k% *a_q*_ * % Ur laﬂ a_ *
@ (6r2 t2gez T o T 6r) -5, (6r to i T az) pK atZ’
(2.12)
Where (u;, ug, u, ) and (¢, @ ¢, ) displacement vector % and microrotation vector
represent the cylindrical polar components of the $ respectively.
Formulation and Solution of the Problem
Here, we consider the axisymmetric two assume the components of displacement vector
dimensional problem in micropolar elastic solid 7 and microrotation vector (5 of the form
with voids. Since we are considering two-
dimensional axisymmetric problem, so we
ﬁ: (ura 07 U, )9 J;Z (09 (Pe,O )’ (213)
And the quantities remain independent of 6, so become identically zero and equations (2.6),
that :—9 = 0. With these considerations and using (g-i)a (22-510) ang (2.12) and constitutive relations
(2.13), the equations (2.7), (2.9) and (2.11) (2.4)-(2.5) can be written as
2%u, 1%_& uz\ 6¢>g 2 ur\ _ 0%ur
'B +(A+M)(6r2 r or r2+6raz) K5, +(M+K)(V Ur = )_ tz’(214)
0%u,  10u,  0%u, d(rdg) 2 0%u,
'8 +(A+ )(araz roz ' 022 )+r( )+(“+K)V Uz =Pz (2.15)
ou, ou
r(vio—2) + K (52 -52) — 2K0 = i 5L 216
*¥g2 ok 7R ok % a_q* _ % ﬂ ai * q”
a'vVeqgt —{'q" —w Py ﬁ(6r+r+6z) pK t2’ (2.17)
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ou, u,

ter = U+ K) Py +u ar — Koo,
* ok ouy | Uy Ouy
tzz =B7q" + A+ )H(A+2u+K) ==
¢
mze=l/a—;.
2 (07 10 a2
Where V _(ﬁ+;5+ﬁ)’

We define the non-dimensional quantities as

' w4 ' wq
r =—r, =

zZ =—z,
€1 C1
2
" W Wt
Uz _C_uz' ¢6 ) ¢9'
1 1
2
*' JW1 _x ' tzz
= — t — ==
C]? q ) ZZ u )
Jw1
m =—m
z0 c1y z6»
Where
A+2u+K 2 K
c? = —”, W =—
P pPJ

And h is the constant having dimension of length.

Using the quantities given by (2.22), the field
equations (2.14) - (2.17) and stress-
displacement relations (2.18) — (2.20) may be

(2.18)
(2.19)
(2.20)
(2.21)
U, = (Z—llur,
t'= wit,
! tzr
by = 7'
(2.22)

recast into two dimensionless form (after
suppressing the primes for convenience) as

aq” (62ur 10ur  uy azuz) ( 2 i) . 0¢g _ . 0%u,
SO or + 61“2 + r or T2 + 0roz + Sl V T'Z uT 52 0z - 53 atz ) (223)
aq* %uy | 10uy | %u, ) 2 s, 0(r¢e) _ . 9%u,
S0, (araz v oz T oz + 5V, + r ar 3 ar2’ (2.24)
2¢pg | 19y |, %Py @) (% _ 6uz) _ 9%y
(61‘2 r or + 0z2 r? + 54 0z or SsPo = Se ot2’ (2.25)
2 ¥ aq* ou ouz\ _ a%q*
V2q" = 570" = 5550 — 59 (G2 + 52) = 510500 (2.26)
ou u
tzr = S115, + 52— S120e, (2.27)
—_ * aur Uy auz
tzz = S13q° + S14 ( o T 7) +S155 (2.28)
9¢
Mo =2, (229)
Where
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s = B*cf _ (K
07 +mwjws’ L7 0w’
o ke o = bck
27 Q+wjw?’ 37 ()
__JK _ 2Kc?
S4 - 7; SS - yw%;
_ jpct _ gt
56 - y ) 57 - a*(x)%’
* 2 *
w Cy B*j
Sq = ——= So =
8 a*w%r 9 a*’
_ K*pci _ utK
S10 = T S11 = T
_ Kcf _ Bt
$12 = a7 13 =
p) (A+2u+K)
Siq = " Sis = — (2.30)

Applying Laplace transform defined by
expression (1.5), with help of results (1.6) and
(1.7) on equations (2.23)-(2.29), we get

T A 7% FO (T ) F.T TR
S0, (61‘2 + ror r? + oroz ts5(V 72) Ur = S275, = S3P U (2.31)
a9* o%u 10u o%u _ s, 3(rg) _
o5z T (67‘6; roz T azzz) TV + T = st (2.32)
0%pg | 10¢g , %P9 _ o ou, _ou T e 2 T
( a2 Yiar T r_Z) + S ( oz arz) ~SsPo = SeP” Pe, (2.33)
9%q* 10 = 0%q* — —x ou ou;\ 2 =
(G +35m 58 ) =50 = sapT =50 (G2 +5E) = 510 P°T (2.34)
- ou, |, 0u -
tzr = S115, + 57— S120e, (2.35)
_ . ou, . Uy ot
tZZ = S134 + S14 ( or + T) + S15 E, (236)
_ 0
My = a_;’, (2.37)
Where the initial displacements, corresponding velocities are assumed as zero
microrotation and volume fraction and their throughout the medium, that is,
= %} - = {%} -
u,(r,z,0) = { 5t Sy = 0, u,(r,z,0) = 2t ey = 0,
2¢ x 9q”
¢g(r,z,0) = {a_te} =0, q*(r,z,0) = {E} =0, (2.38)
t=0 t=0

Applying the Hankel transform defined
by (1.8), with help of results (1.9) and (1.10) on
equations (2.31) - (2.37), we obtain,
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d?W, _ (8345182 +53p%)

— ur_l_id_ﬁz S_Zd;z)e_l_ﬁ’“*

dz? s1 s, dz s, dz s; o7
d?i, _ (5152"'531’2) ~ §  duy sy $ So dg*
dz2 1+s; 1+s, dz 145, 70  1+s, dz’
d*¢e dily ~ 2 2¢ VF

- = =S4+ — &84T, + (§° + 55+ p°Se) o,
dz dz
dzg* ~ dil, 2 2 o
7 = —SoSly + 59—+ (& + 57+ psg +p“s10)7",
. ai,

tzr = S11—, — &l — S120e,

E2z = S13G" + &S514T + 515 %;

Mz = %,

Where

(¢, z,p) = Hi{u,(r,z,p)}, b9, 2,0) = Hi{$a(r,2,0)},
t2r(§,2,p) = Hilt,(r, 2, )}, fiizg(§,2,p) = Hi{m,e(r, 2,p)},
,($,z,p) = Holt,(r,z,p)}, 4" (§,2,p) = Ho{q"(r,z,p)},

Ezz(fJ Z, P) = HO{EZZ(TJ Z, p)},
The system of equations (2.39)-(2.42)

can be written in the vector matrix differential
equation form as

SW(E,zp) = AGPDW(E 2 D),

Where
_[u [0 1
W= [DU]’ A= A, Al]’
Uy 0 0 0 0
Uz 10 0 0 O
U= ¢~>9’ 0= 0O 0 o0 of
g 0 0 0 0
1 0 0 O 0 a;, a3 0
;=0 1 0 0 A, = %21 0 0 ax
0 0 1 o/ 17 laz; 0 0 o
0O 0 0 1 0 ay 0 0

ISSN- 2394-9988

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)
(2.47)
(2.48)

(2.49)

(2.50)
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0 by baz O

A, = ,
z 0 by, bz O
b4-1 0 0 b44_

With

=5 =5
a;; = 5. 13 = sy

_ __f _ ~So
az1 = Tts,’ azq = Tts,’
az1 = —Sy, A4z = So,

2 2 2
b11 — €3 +51i +S3p )’ b14 — iﬁ)
1 1

_ (518%+s3p%) _ —§sp
bz, = 1+s; '’ b3 = 1+s,’
b3, = —§s4, b33 = 52 + 55+ p256,
by1 = —=$so, byy =& + 57+ psg +p?s1o,

d

D= P (2.51)
To solve the equation (2.50), we take
W, z,p) = X, p)e?, (2.52)
For some parameter g, so that
A, p)W(E,2z,p) = qW(, 2,p), (2.53)

Which leads to eigen value problem. The
characteristic equation corresponding to the
matrix A is given by
det(A —ql) =0, (2.54)

Which on expansion provides us

q® — 01q® + 0,9* — 039* + 0, = 0, (2.55)
Where
01 = byy + by + b3z + byy + ap4a4; + a12a5, + 13034, (2.56)

02 = b11byy + byybss + b3sbiq + bagbiq + bagbay + bagbss — A12024h41 + A34a47b11 + A4047b33 +
(4042013031 — b3yby3 + A12051b33 + Q12021 D44 — A12031D23 — Q13051 D35 + Ay3a31Dy5 +
A13031D44 — b14bay — b1405104,, (2.57)
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03 = by1by2b33 + byybssbyy + byzbaabiq + bagbi1byy — by1baszbsy — bagbaysbsy + azaa4,b11b33 +
A13024b41b35 + A31Q47014b23 + A12051b33D44 — A13051D32D44 — A12031D23D4s — A12024b41 b33 —
A42021b14b33 + A13a31D32D44 — byabsy by — b1abyqbss,

(2.58)
04 = b11b22b33b44 — b23b3yb11b44 — D14byqb22b33 + bazbsabiabay,
(2.59)
The eigen values of the matrix A are values s can be determined by solving the
characteristic roots of the equation (2.55). The homogeneous equations
vectors X(§, p) corresponding to the eigen
[A—ql]X(,p) =0 (2.60)

The set of eigen vectors X;(¢,p); s = 1,2,3, .....,8 may be defined as

Where
ags(qs asqzs
b
XSl (f! p) = _SE ) XSZ (fl p) = fsf(z; ) 9=qs, S:1’2>3,4
s
Cs Csqs
(2.62)
I=st4, q=-q; ;5=1,2,3,4 (2.63)

as = Ais{(fz + 57+ psg + p?510) (2 + S5+ D2Ss — G5 + 5254) — 5254457 — (62 + 55+ pZss —
qs°) (8059 + q5°)} (2.64)

-1
bs = ™ [(E% + 57+ psg + P%s10 — qsI{(E? + 5182 + 53p% — 5152 (&2 + 55+ pPse — q5°) +
$25445°} — €25059(€2 + 55+ p?se — 5], (2.65)

_ qsSo(bs+§as)

Cs = (as2—2+s, +psgtpZsn0)) (2.66)
As= 54[(qs® — *)s0S9g — (62 + 57 + psg + P2510 — 4s2)Hqs® — (€% + 5187 + s3p* — 5192}, s =
12,34 (2.67)

Thus, a solution of equation (2.50) as
given by (2.52) become

W (&, 2,p) = E5=1{Es (€, p)e?” + EgyaXsra(§,p)e %7}, (2.68)
Where E,E, E;,E4Es,Eq,E; and Eg are The equation (2.68) represents the
eight arbitrary constants. solution of the general problem in the

axisymmetric case of micropolar elastic medium
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with  voids and gives  displacement, in the transformed domains, which are obtained

microrotation and volume fraction components as

- zp) =

a1q1E1e1” —ayq.Ese™ 7 + ayqyEze 1% — ayqaEge ™ 2% + azqzEze B3 — azqzEye” B +

asqsEqse%” — asq Ege™ 4%, (2.69)

t,(¢,z,p) = biE1e1? + b Ese™ 1% + byE,e92% + byEge™92% 4+ b3E;e93% + b3 E,e 937 + by E e94” +

b,Ege~14%, (2.70)

$o(&,2,p) = —&{E 9% + Ege 1% + E,e%% + Ege™%2% + E,e%3% + E e~ 937 + E, e94? + Ege 147},

(2.71)

G (&, z,p) = c1E1eV? + ciEse 1% + ¢ E,e92% 4 cyEge 927 + c3E3e93% + c3E,e ™ 3% 4+ ¢y E e 4% +

cyEge™94%, (2.72)
Substituting the values of tangential force stress, normal force stress and

fiy, ii,, g and §* from equations (2.69)-(2.72) tangential couple stress as

in equations (2.43)-(2.45), we obtain the

t,r(&,2,p) = (a15119F — Eby + Es12)E1e % + (a1511qF — Eby + Es13)Ese ™17 + (ap511q5 — Eby +
&s12)Eye %% + (ay511q5 — Eby + E512)Ege™12% + (a3511q5 — Ebs + £512)Eze®% + (azs;195 — &by +
£512)E7e793% + (451145 — $by + $512)Ese4” + (a451195 — §by + §512)Ege ™%,

(2.73)

t,2(§,2,p) = (¢1513 — £a1G1514 — D1q1515)Ese ™% + (¢1513 + £a1G1S14 + b1q1515)E €97 +
(c2813 — Szazflzsm — byq2515)Ege™12% + (c3513 + §a2q2514 + b2q2515)Ee92% + (c3813 — 5a3fl3514 -
b3q3s15)E7e™ %% + (c3513 + §a3q3514 + b3q3515)E3e 3% + (4513 — §a4q4S14 — byq4S15)Ege™94% +

(caS13 +£a4q4S14 + bsqss15)Ese??, (2.74)
g = —§{q1E1e1% — q1Ese™ 1% + q,E,e92% — qEqe™%2% + q3E3e93% — q3E;e ™% + quE,e94% —
qaEge™ %%}, (2.75)

NUMERICAL RESULTS AND DISCUSSION

Following Eringen (1984), we take the
following values of the relevant parameters for
the case of Magnesium crystal as

A =94 x 10%dyne/cm?, u = 4 x 101dyne/cm?

m
K =1x10%dyne/cm?,p = 1.74 x ;qw ,¥ = 0.779 x 10~ *dyne

j=02x10"15cm?

And the void parameters are
2
,dyne

a* = 3.688 x 10~ *dyne, b* = 1.13849 x 10! o

IJAS[2016] 021-032  “Special Issue on Theme- New Advances In Mathematics”
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dyne
cm?’

{*=1.475x 10!

The variation of non-dimensional
normal displacement, non-dimensional normal
force stress, non-dimensional tangential couple

CONCLUSION

The goal of this paper is to find a general
solution of the equation of motion of a
micropolar elastic medium with voids, in
cylindrical polar co-ordinate system to the
axisymmetric  deformation problem. The
solution is obtained through eigen value
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