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ABSTRACT

An analysis has been carried out to discuss the nonlinear MHD, steady, two dimensional, laminar boundary layer
flows with heat transfer characteristics of an incompressible, viscous, electrically conducting and radiating fluid
with variable viscosity over a surface stretching with power-law velocity in the presence of a variable magnetic field
and nonlinear radiation effects. The fluid is assumed to be a gray, emitting, absorbing but non-scattering medium.
Governing nonlinear partial differential equations are transformed to nonlinear ordinary differential equations by
utilizing suitable similarity transformation. Then the resulting nonlinear ordinary differential equations are solved
numerically using the Nachtsheim-Swigert iteration shooting technique for satisfaction of asymptotic boundary
conditions by Runge-kutta fourth order method. The numerical results for velocity and temperature distribution are
obtained for different values of viscosity measuring parameter, velocity exponent parameter, magnetic interaction
parameter, surface temperature parameter, radiation parameter and Prandtl number. Values for skin friction
coefficient and dimensionless rate of heat transfer are also obtained numerically for variation of physical
parameters.

Keywords: Nonlinear Radiation, MHD flow, Stretching surfapewer-law velocity & variable viscosity.

Nomenclature

B(x) - Variable applied magnetic induction.
M - Magnetic interaction parameter.

Pr Prandtl Number.

Temperature of the fluid.

Velocity exponent parameter.
Pressure of the fluid.

Velocity component of fluid in x and y déteon.
Density of the fluid.

Kinematic viscosity.

Thermal conductivity.

Similarity variable

Stream function.

Dimensionless temperature.
Constant applied magnetic induction.
- Specific heat at constant pressure.

- Temperature of the heated surface.

- Temperature of the ambient fluid.
Component of radiative flux.
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INTRODUCTION

The study of two-dimensional boundary layer flondameat transfer over a nonlinear stretching surfaith
variable viscosity is very important as it finds mygpractical applications in geophysics, partidylageothermal
energy extraction and underground storage systenasidition, they also find very useful applicasan the design
of insulation systems employing porous media.

Previous studies on heat transfer were mostly basedhe constant physical properties of the ambfind.
However, it is known that these properties may geawith temperature, especially for fluid viscosifio
accurately predict the flow and heat transfer rdtés necessary to take into account this vasiadf viscosity. Due
to these aspects, Gary et al.[1] has concludedvthah the variable viscosity is included, the flolaracteristics
change substantially compared to the constant sitgcd?op et al.[2] studied the influence of valé&biscosity on
laminar boundary layer flow and heat transfer dua tontinuously moving plate.

Heat transfer in a viscous fluid over a stretchéfiget with viscous dissipation and internal heateggtion was
discussed by Vajravelu arthdjinicolaou [3].Further, Kafoussius and Williajid§ have investigated the effects of
temperature-dependent viscosity on the mixed cdioreflow past a vertical flat plate in the reginear the leading
edge using the local nonsimilarity method. Boundarger flow and heat transfer on a continuous $latface
moving in a parallel free stream with variable dlygroperties were investigated by Hassanien [S§ddm et al. [6]
have investigated the natural convection flow frawertical wavy surface with variable viscosity.

Hossain and Munir [7] investigated the mixed comiegcflow from a vertical flat plate for a tempenat dependent
viscosity. In the above study, the viscosity of thed has been considered to be inversely propoaii to a linear
function of the temperature. Goswani [8] has studiee influence of variable viscosity on MHD flomd heat
transfer for a continuous moving flat plate. Anjddievi and Thiagarajan [9] analyzed the effects afiable
viscosity on nonlinear MHD flow and heat transfeveo a surface stretching with power law velocity.
Mukhopadhyay et al. [10] studied the effects of MDundary layer flow over a heated stretching sheatt
variable viscosity. A numerical reinvestigation BHD boundary layer flow over a heated stretchingethwith
variable viscosity was analysed by Asterios Pamtimkas [11]. Tomer et al. [12] analysed the infleeof variable
viscosity on convective Heat transfer along animed plate embedded in Porous Medium with an Applie
Magnetic Field. Yasir Khan et al. [13] investigatibe effects of variable viscosity and thermal castidity on a
thin film flow over a shrinking/stretching sheet.

Interaction of forced convection with thermal rdaia plays a significant role in many practical hkpgtions. In
particular, radiative heat transfer is more impattwith rising temperature levels and may be dominaver
conduction and convection at high temperature. ag@ication of thermal radiation effects involverfaces, rocket
nozzles, engines, nuclear reactors and during giiheo& reentry of space vehicles.

Further, radiation effects on heat transfer ovstretching surface are important in the contexdgaice technology
and processes involving high temperature. Saunkiatgend Takhar [14] studied the effects of radiatom the
natural convection flow of a gas past a semi-itdiffiiat plate. Later, Hossain and Takhar [15] apedlythe effect of
radiation using the Rosseland diffusion approxiorativhich leads to nonsimilar solutions for the mtcand free
convection flow of an optically dense viscous ingoessible fluid past a heated vertical plate witiifarm free
stream and uniform surface temperature.

Siddheshwar and Mahabaleswar [16}estigated theeffects of radiation and heat source on MHD flowaof
viscoelastic liquid and heat transfer over a shietg sheet. Mukhopadhyay and Layek [17] analyseckffects of
thermal radiation and variable fluid viscosity ared convective flow and heat transfer past a posbretching
surface. Mostafa A. A. Mahmoud [18] analysed, trermnadiation effect on unsteady MHD free convectilanv
past a vertical plate with temperature-dependentogity. The effect of thermal radiation on MHD weulx
convective heat transfer adjacent to a verticatinaously stretching sheet in the preseontegariable viscosity was
studied by Salem and Rania Fathy [19]. SeddeekAdmaishigeh [20] investigated the effects of radiatiand
variable viscosity on MHD free convective flow anthss transfer over a stretching sheet with chemézadtion.
Effect of radiation with temperature dependent ossty and thermal conductivity on unsteady stretghsheet
through porous media was analysed by Abdou [21].

V. Sri Hari Babu and G. V. Ramana Reddy [22] anadlythe Mass transfer effects on MHD mixed convediiow
from a vertical surface with ohmic heating and gist dissipation.
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Satya Sagar Saxena and G. K. Dubey [23] studie@ffieets of MHD free convection heat and mass fearftow

of viscoelastic fluid embedded in a porous medidmaviable permeability with radiation effect andat source in
slip flow regime. Unsteady MHD heat and mass tranfte convection flow of polar fluids past a it moving

porous plate in a porous medium with heat genaraitd thermal diffusion was analysed by Satya S8gaena
and G. K. Dubey [24].

But so far, no contribution has been made to aedllye effects of variable viscosity and nonlineadiation on a
forced convection flow of an electrically condugfifiuid past a surface stretching with power-laoeéy which
motivated for the present study.

1.2 Formulation of the problem

Forced convection flow with nonlinear radiation raoa horizontal stretching surface which is kepumaiform
temperaturel,, and stretching with a power law velocity = ux" (whereu, andm are constants) through a fluid
with variable viscosity is considered. The fluidassumed to be incompressible, viscous, gray, iegithbsorbing
and electrically conducting, but non scattering medat temperaturd,,. A variable magnetic field is applied
normal to the horizontal stretching surface. Caatesoordinate system is chosen. Thaxis is taken in the
direction of the main flow along the stretching as sheet with velocity componerttisand V in these directions.
Here the surface is issued from a thin slit at0,y = 0 and subsequently being stretched.

o
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Fig.1 Schematic diagram of the problem

Thex-axis runs along the continuous surface in thectlva of motion ang-axis perpendicular to it.

The following assumptions are made:

» The flow is two-dimensional, steady and laminar.

» The fluid properties are assumed to be constangptxor the fluid viscosity.

» The usual boundary layer assumptions are madeMAi[25]].

» Magnetic Reynolds number is assumed to be smatletUthis assumption, the induced magnetic fielsssumed
to be negligible.

» Since the flow is steadycurl E = 0. Also divE = Qin the absence of surface charge density. Hdnce O is
assumed.

» The viscous and Joule’s dissipation are consid&réa negligible.

» The radiation heat flux in thedirection is considered to be negligible in conigan to that in thg-direction.
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The fluid viscosity is taken as

1
Z:dz(T—T,) @)
whered, = i andT, =T, _1 )
/'Ioo dl

Heredl, d2 and T, are constants, and their values depend on theerefe state and the thermal property of the
fluid.

The continuity, momentum, and energy conservatguagons under the boundary layer assumptionsieea @py:

%+%:O 3)
ox oy
Ju du d0| adu 5
U—+V— |=—|H— [-oB7(X)u 4
p{ 28 Gy} Oy{pay} &) X
(m-2)
where B(x) = B,x 2

2
oT a_T}:KaT_qu 5)

C lu—+v —
P { ox oy dy> ody

with the associated boundary conditions

u=u,=ux", v=0, T=T, aty=0 (uy,>0) ©
u=0,

T=T, asy - o

whereu,, is the velocity of the stretching surface, thergitizs U and V are the velocity components in thandy
directions respectivelyl, is a dimensional constanB, is a constant magnetic field and all the othemtjtias

have their usual meanings. The radiative heattBux is simplified by using the Rosseland diffusapproximation
(Hossian et al. [6]) and accordingly

_ _160T?aT -
' 3a"” oy
where 0" is the Stefan-Boltzmann constaat” is the Rosseland mean absorption coefficient.
The equation of continuity is satisfied if we che@sstream functiodj(x, y) such that
0 0
ay oX

Introducing the usual similarity transformation i(fd5])

m+1 [u,x™*
nxy) =y 5 y 9)

— 2 m+1
wxy) = ﬁmv Wi X" f(17) (10)
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T-T oy T
T,-T. T,

where HW is surface temperature parameter.

o) = (11)

It is obtained that
u=u,f'(n) (12)

m+1 [vu m-1
=- —w | f f'
v=- [ () +——n (n)} (13

Equations (4.4) and (4.5) can be written as

R (il O LU E S VN 28 P A (14)
A m+1 6-4
{14 gl (6, -6l + 50+ (6,6 (6, - +Pr1er =0 5
T -7, o .
where A = ———= s the viscosity measuring parameter.
2
M = ﬂ is the magnetic interaction parameter
pu, (m+1)
O
R = Ka 3 is the Radiation parameter
40'T:
C
Pr= h is the Prandtl number.

Associated boundary conditions are given by

f(0)=0, f'(0)=1 6 (0F

(16)
f'(0) =0, 6(w)=0

1.3 Numerical solution of the problem
The presentwork is concerned with the effects of variable viscosityl nonlinear radiation on MHD flow with heat
transfer over a surface stretching with a poweraatocity. The numerical solutions of the problera abtained by
solving the non-linear differential equations (B4)d (15) subject to (16) using fourth order Rungetta based
shooting method along with Nachtsheim-Swigertaiten technique for satisfaction of asymptotic bdany
conditions. The problem mainly depends on the \wlioe f"(0) and §'(0) which are guessed initially. The

success of the procedure depends very much on bod this guess is. The initial guesses are madeepsoin
order to obtain the convergence.

RESULTSAND DISCUSSION

Numerical solutions of the problem are obtained Various values of the physical parameters involiredhe
problem such as Magnetic interaction parambtevelocity exponent parameter m, radiation paramiteisurface
temperature paramete,, viscosity measuring parametérand Prandtl numbePr. The numerical results are
displayed with the help of graphical illustrations.

In the absence of radiation the results have lseempared with that of Anjali Devi & Thiagarajan [@hich are
illustrated through Figs. 2 to 5 respectively. Frtmse figures, it can be clearly seen that theltseare in good
agreement with that of Anjali Devi & Thiagarajari.[9
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In order to illustrate the numerical results peritag to velocity and temperature, Figs. 6 to 8dreavn.

—e—o—o Results due to Anjali Devi & Thiagarajan

1.0 Author's results

m =3.0
A

0.9 -1.0

f'(n)

Fig. 2 Velocity profiles for different M

Figure 6 displays the plot of dimensionless velocft'(77) for different values of magnetic interaction paeen

M. It is noted that as magnetic interaction paramitémcreases, velocity '(/7) decreases elucidating the fact that
the effect of magnetic field is to decelerate thuity.

The effect of magnetic fieldW over the dimensionless temperatuf§/7) is shown with the help of Fig. 7.
Increasing magnetic interaction paramédeis to reduce the temperature.

Figure 8 illustrates the effect of velocity expohearametem over the dimensionless velocity fiefd(77) . It is

observed that the effect of velocity exponent patemis to reduce the velocity, elucidating thet fd@at the
boundary layer thickness decreasemascreases.

The effect of radiation paramet@t over the dimensionless temperatfi(g) is seen through Fig.9. It is noted that

the effect of radiation parameter is to reducetémeperature. It elucidates that the thermal bouyntdgser thickness
decreases d®8* increases.

The effect of surface temperature paraméjgover the dimensionless temperatu#§}) is shown in Figure 10.
Increasing surface temperature paraméjés to increase the temperature.

Prandtl number variation over the dimensionlesspemature distribution when the surface is stretghivith a
power-law velocity is elucidated through Fig.11. Reandtl numbePr increases, temperatur@(/7) decreases,

illustrating the fact that the effect of Prandthmuer is to decrease the temperature in the presémoagnetic field.
Furthermore, the effect of Prandtl number is taugexthe thickness of thermal boundary layer.
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—e—e—o Results due to Anjali Devi & Thiagarajan
Author's results

Pr=7.0
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Fig. 3 Temperature profiles for different M
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Fig. 4 Velocity profiles for different m
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—e—o—o— Results due to Anjali Devi & Thiagarajan

1.01 Author's results

Pr=7.0
M =1.0
081 A =-1.0
07 8,=0.0

0.9

6(n)

Fig. 5 Temperature profiles for different m

-1.0

M=0.0, 1.0, 2.0, 2.5, 3.0

0 | 1 2 3 4
n—m-
Fig.6 Velocity profiles for different M
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8, =11
A =-1.0
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Fig. 7 Temperature profiles for different M
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Fig. 8 Velocity profiles for different m
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Pr=7.0
Lo m = 3.0
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Fig.9 Temperature profiles for different R*
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Fig.10 Temperature profiles for different 6,
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A =-10
Pr=0.044, 0.71, 1.0, 7.0, 10.0

Fig.11 Temperature profiles for different Pr
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Fig.12 Velocity profilesfor different A
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Pr=7.0
1.0 m = 3.0
K M =2.0
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Al R* = 10.0
081 6, =11
0.7
T 0.6
05
8(N) o4 A =-1.0,-3.0, -5.0, -7.0, -10.0
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0.2
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1 | 2 3 | 4
n —p
Fig.13 Temperature profiles for different A
A=-1.0

m =-0.5, -0.3, -0.1, 0.5, 3.0

M——-

Fig.14 Skin friction coefficient for different m
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Pr=7.0
R* = 10.0

orr A =-1.0

09t 6, =1.1

11T

m =-0.5, -0.3, -0.1, 0.5, 3.

-1.3

0(0) 10!

M—->

Fig.15 Dimensionless rate of heat transfer for different m

1r A =-1.0,-3.0, -5.0, -7.0, -10.0
m =3.0
_2 -
T -3 I
fll(o) |
4
-50 | 1 | 2 | 3
M —»

Fig.16 Skin friction coefficient for different A
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Pr=7.0

6'(0)

A=-1.0,-3.0,-5.0,-7.0, -10.0

0 1 2 3
M —p

-1.8

Fig.17 Dimensionless rate of heat transfer for different A
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m = 3.0
al 6, =11
1271 A =-1.0
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T 15T
-1.6
9(0) 17 -
-18 1

1ol R*=5.0,10.0, 20.0, 50.0, 10

_20 L | L | L
0 1 2 3
M >

Fig.18 Dimensionless rate of heat transfer for different R*
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The effect of viscosity measuring parameteover dimensionless velocity is seen through FigA® viscosity
measuring parametér increases in magnitude, velocity increases. Furthee, it is interesting to note that the
viscosity measuring parameter enhances the boutelgythickness.

Figure 13 discloses the nondimensional temperatuecto different values of the viscosity measupagametei.
It is clearly noted that increase in viscosity meag) parametei in magnitude, leads to decrease in temperature. In
addition, the effect of increasing viscosity measyiparameter is to reduce the thickness of theragmatic layer.

Figure 14 displays the variation of skin frictiooedficient f"(0) against the magnetic interaction paramétefor

different values of velocity exponent parameteit is seen that the skin friction coefficierit” (O) decreases with
increase of velocity exponent parameateaind it decreases for increasing magnetic intemagiarametei.

It is observed from Fig. 15 that the dimensionleste of heat transfeé' (0) increases with increase of velocity

exponent parameten. Further, it is noted that the dimensionless ddteeat transfeild’ (0) increases in magnitude
for increasing magnetic interaction paraméfer

Figure 16 portrays the variation of skin frictioaedficient f"(0) against the magnetic interaction paramétefor
different values of viscosity measuring parametelt is inferred that the increase in magnitudevifcosity
measuring parameter is to increase the skin friction coefficient anidcathe effect of increasing magnetic
interaction parameter is to decrease the skiridriatoefficient.

Figure 17 demonstrates the effect of magnetic aotéon paramete over the dimensionless rate of heat transfer
&' (0) for different values of viscosity measuring paréeng. It is apparent that increasing viscosity meagurin

parameter. (in magnitude) decreases the dimensionless rateatftransfed (0) and also an increase in magnetic
interaction parameter increases the rate of heasfierd' (0) .

Figure 18 displays the dimensionless rate of hemtster &' (0) against magnetic interaction paramekérfor
different R* when the surface is nonlinearly stretching. Itseen that the dimensionless rate of heat transfer
&' (0) decreases with increase of radiation param&terand increases with respect to magnetic interaction
parameteM.

CONCLUSION

In the absence of radiation, the results are irdgmreement with that of Anjali Devi and Thiagang|g]

The following conclusions are made in view of tihewe Results and Discussion.

« Itis found that the effect of magnetic field isdecelerate the velocity and reduce the temperature

» Temperature is found to reduce due to the effeatadfation parameter while it is found to increagth the
increasing surface temperature parameter.

» The thermal boundary layer thickness decreasegplghaith increasing Prandtl number.

» The increase in magnitude of viscosity measuringampater) is to increase the velocity and skin friction
coefficient where as its effect is to decreasee¢hgperature and dimensionless rate of heat transfer

» The velocity and skin friction are decreased byublecity exponent parameter. On the other hartd, ghheat
transfer is enhanced by the velocity exponent patam

» Itis observed that for increasing radiation parmig*, the dimensionless rate of heat transfer decreases
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