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ABSTRACT

The two-dimensional magnetohydrodynamic (MHD) sdgéign-point flow of electrically conducting non-Newian
Casson fluid and heat transfer towards a stretchshget in the presence of mass transfer and chéneigetion is
considered. Implementing similarity transformatiprthe governing momentum, and energy equations are
transformed to self-similar nonlinear ODEs and nuca computations are performed to solve thosee Th
investigation reveals many important aspects af fmd heat and mass transfer. If velocity ratiograeter (B) and
momentum slip parameter (S), magnetic parameter ifMjease, then the velocity boundary layer thicene
becomes thinner. On the other hand, for Cassod ftus found that the velocity boundary layer #riess is larger
compared to that of Newtonian fluid. The magnitatievall skin-friction coefficient reduces with Caasparameter

(¥ and also wall skin-friction coefficient increasegh S for B<1 whereas decreases with S for B3e fieat and
mass transfer rate is enhanced with increasing eslof velocity ratio parameter. The rate of heansfer is
reduces with increasing thermal slip parameter bor&bver, the presence of chemical reaction reduces
concentration.

Keywords. MHD, Casson Fluid, Heat and mass Transfer, StigcSheet, Chemical Reaction, Momentum Slip,
Thermal Slip.

INTRODUCTION

Due to the increasing importance of non-Newtonituid$ in industry, the stretching sheet concept hase

recently been extended to fluids obeying non-Neigtorconstitutive equations (Prasad et al. [1]). iKifia] and

Sanjayanand and Khan [3] studied the viscous-elastindary layer flow and heat transfer due to>qoeentially
stretching sheet. Nadeem et al. [4] analysed tbe Bf Jeffrey fluid and heat transfer past an exuially

stretching sheet. Sahoo and Poncet [5] analyseckffieets of slip on third grade fluid past an expatmally

stretching sheet. Hayat et al. [6] investigated $loeet and Dufour effects on the magnetohydrodyogivMiHD)

flow of the Casson fluid over a stretched surfasiegthomotopy procedure. Bhattacharyya [7] stuttedooundary
layer stagnation-point flow of Casson fluid andthteansfer towards a shrinking/stretching sheet@mtluded that
the velocity and thermal boundary layer thicknesaes larger for Casson fluid than that of Newtonfand.

Ogunsola and Peter [8] studied the effect of thémadiation on unsteady gravity flow of a power-lfiwid with

viscous dissipation through a porous medium. Hayadl. [9] investigated the mixed convection stdigmapoint

flow of an incompressible non-Newtonian fluid ov@rstretching sheet under convective boundary condit
Kirubhashankar et al. [10] investigated the unstetdo-dimensional flow of a non-Newtonian fluid ove

stretching porous surface having a prescribed caitiamperature. Prasanna Kumar and Gangadhampedtigated
the momentum and thermal slip flow of MHD Cassardflover a stretching sheet with viscous dissipatio

Processes involving the mass transfer effect haem lbecognized as important principally in chemjmalcessing
equipment (Cortell [12]). The driving force for nsasansfer is the difference in concentration (Hagtaal. [13]).
There are some fluids which react chemically witime other ingredients present in them (Raptis asrdlikls
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[14]). The transport of mass and momentum with dbalhmeactive species in the flow caused by a lirsti@tching
sheet is discussed by Andersson et al. [15]. Akyiid al. [16] analyzed the transport and diffusafrchemically
reactive species over a stretching sheet in a romtdhian fluid (fluid of differential type, secomgtade). Haritha
and Sarojamma [17] investigated the effect of \@eidhermal conductivity and thermal radiation @ahand mass
transfer in the MHD flow of a Casson fluid over@rgus stretching sheet and concluded that the pecesgf Casson
parameter decreases the wall shear stress due fadhthat the presence of Casson parameter anehse in the
value of reduce velocities and hence the skin friction ficeht reduces and similarly the Nusselt numbett an
Sherwood number reduce. Sarojamma et al.[18] iigaged the heat and mass transfer characteridt@smagneto
hydrodynamic Casson fluid in a parallel plate clemwith stretching walls subject to a uniform tre@se magnetic
field and this study revealed that with increaseh@ strength of the magnetic field, the fluid @ty decrease
however an enhancement in temperature is noticdda#so increase in the Casson parameter the widtheo
central core region is observed to reduce.

Chemical reaction can be codified as either hetaregus or homogeneous processes. This dependsetimewthey
occur at an interface or as a single phase volwaetion. The effect of the presence of foreign nmasshe free
convection flow past a semi-infinite vertical platas studied by Gebhart et al. [19]. The presefeeforeign mass
in air or water causes some kind of chemical reactduring a chemical reaction between two spetieat is also
generated (Byron Bird R.et al. [20]). In most ofsea of chemical reaction, the reaction rate depemdshe
concentration of the species itself. A reactiorail to be first order if the rate of reaction iidtly proportional to
concentration itself (Cussler [21]). Mukhopadhyayd &Gorla [22] obtained the numerical solutions doclass of
nonlinear differential equations arising in diffoisiof chemically reactive species of a non-Newtorfiaid towards
an exponentially stretching surface and considehedfirst order constructive/destructive chemiczdation and
concluded that the increasing values of the Capsoameter is to suppress the velocity field andcthvecentration
is enhanced with increasing Casson parameter. hhamegand Kishan [23] investigated the unsteady
magnetohydrodynamic heat and mass transfer flow stvetching sheet embedded in porous medium veittable
viscosity and thermal conductivity in presence istwus dissipation and chemical reaction and caleduhat the
concentration decreases with the increase of cleméaction and Schmidt parameter but increaseb thi¢
increase of unsteadiness parameter. Prasanna lkamdaGangadhar [24] studied the magneto-convectore n
Newtonian nanofluid with momentum and temperatwepeshdent slip flow from a permeable stretching st
porous medium and chemical reaction.

However, the interactions of magnetohydrodynamidiJ stagnation-point flow of electrically conduagimon-
Newtonian Casson fluid and heat and mass transfeartls a stretching sheet in the presence of claémgaction,
momentum and thermal slip flow is considered. Toeegning boundary layer equations have been tramsio to a
two-point boundary value problem in similarity \avles and the resultant problem is solved numéyicaing
bvpdc MATLAB solver. The effects of various govergi parameters on the fluid velocity, temperature,
Concentration, Skin-friction, local Nusselt numbed local Sherwood number are shown in figuresaaradlyzed in
detail.

2. MATHEMATICAL FORMULATION

Consider the steady two-dimensional incompressible of electrically conducting and chemically ré&e Casson
fluid bounded by a stretching sheetyat 0, with the flow being confined ip > 0. It is also assumed that the
rheological equation of state for an isotropic armmpressible flow of a Casson fluid can be wnitis [25, 26]

(I'IB +pyj29i. , TT>TT,
—_ N2 .

7. =
pg +—2L
® J2m,

1)
wherep; is plastic dynamic viscosity of the non-Newtonfand, p, is the yield stress of fluids is the product of
the component of deformation rate with itself, nme = e;e, e;; is the {, /)" component of the deformation rate,
andm. is critical value oftr based on non-Newtonian model. The governing egusitof motion, energy equation
and spices equation may be written in usual nota®
Continuity equation

ou ov
ouLv_y (2.2)
ox oy

26”- , 7T<7TC (21)
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Momentum equation

ou, Ou_,  du, 1)0°u_oH;
u—+v—=U, v 1+= == -—2(u-1,) (2.3)
ox dy dx Loy p
Energy equation
oc aT Va_T = kaZ_T —a_q (2.4)
Jre ay oy dy '
Spices equation
oC . 0dC 62
Uu—+v—= C- 25
x  ay yz - K(C-G) (2.5)
The boundary conditions are

ou oT
=U,+Nv—,v=0,T=T,+ b—,C= t y=0
il ay -l;v Qay q/ at |y

U—»US,T—>-|:0,C—>C;Q a y - o (2.6)

whereu andv are the velocity componentsimandy directions, respectively/; = ax is the straining velocity of the
stagnation-point flow witte (>0) being the straining constabt, = cx is the stretching velocity of the sheet with

(>0) being the stretching constantjs the kinematic fluid viscosityy is the fluid density,5 = Ma~] 27T, / p,is
the non-Newtonian or Casson paramdtkris the velocity slip facto); is the thermal slip factog; is the electrical
conductivity of the fluid;T is the temperature, C is the concentration, késthermal conductivity(:p is the specific
heat,K, is the chemical rate constarm, is the radiative heat flux],, is the constant temperature at the sh€gf,

is the constant concentration at the shégt,is the free stream temperature assumed to beacun€l, is the free

stream concentration assumed to be constant, Hansl the strength of magnetic field applied in theirection,
with the induced magnetic field being neglected.ingsthe Rosseland approximation for radiation [27],

_—4o* oT*
T3 oy
We presume that the temperature variation witheftbw is such thail * may be expanded in a Taylor's series.
ExpandingT *about T, and neglecting higher-order terms we gét=4TT - 3T*

* the Stefan-Boltzmann constant is akg is the absorption coefficient.

Now (2.4) reduces to

oT 0T\ _ 0°T 160*T 9°T
pCc, | U—+ Vv + (2.7)
ox ay o0y 3kpc 0y
We introduce also a stream functighsis defined by
oy __oy
u= E and a (2.8)
Equations (2.3), (2.5) and (2.7) becomes
2 2 2
awaw_awawzusd [141)9% _oHs aw_us 29
dy 0Xy O0x 0y B)oy p \oy
oy aT _dy aT dq
e 2.10
(6y X ox ayj Ty (2-10)
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2
6_¢/6_C_6_¢/6_C: Da—C—KO(C—Cm) (2.12)
dy ox 0xdy 9y

The boundary conditions are

2
a_w=UW+Nan¢/ a_w:O’Tz-l\_,v+ QZ_T,C:ant y:o
y

oy Ay ax

0

W UT-T.CoGC asy_w 2.12)

oy

Now, the dimensionless variable for the streamtionds implemented as

@ =cvxt(n),0= =T Q= -G (2.13)
T.-TL  G-G

where the similarity variablg is given bys7 = y~/c/ U .

Using relation (2.13) and similarity variable, (Rt8 (2.12) finally takes the following self-similéorm:

[1+%)f "+ ff~f2-M(f-B)+B’=0 (2.14)
(3R+4j9”+Prf6?'=0 @)1
1 {1} \

—@'+ fg-krp=0 (2.16)
Sc

The transformed boundary conditions can be written

f=0,f'=1+Sf"9=1+ 9 "p= 1 at  n=0

f'-B,68-0¢=0 as /] > o (2.17)

where primes denote differentiation with respeat,tdl = JHS /,OCp is the magnetic parametdd,= D,V clu

is the thermal slip parameteB = a/ Cis the velocity ratio parameteiS = Nuv d v is the momentum slip
parameter, Pr=uc, /Kis the Prandtl numbdR = k* k/40Tis the thermal radiation parameter and

kr = K,/ Cis the chemical reaction parameter,.

The physical quantities of interest are the wailh gkiction coefficientC 4 , the local Nusselt number Nwand the
local Sherwood number ghwhich are defined as

—4 :A :&
R TE R TC R Mk (oReroy 219

where 7, is the shear stress or skin friction along thetshing sheet(],, is the heat flux from the sheet agy, is
the mass flux from the sheet and those are detised
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w B /_277_ ay 1o
qwza(gzj (2.16)
ay y=0

O = D(a_cj
ay y=0

Thus, we get the wall skin friction coefficie€if,, the local Nusselt number Nand the local Sherwood number,Sh
as follows:

c,JRe, :(1+%jf (9

Nu,

=-0'(0 2.17
e (0) (2.17)
Sh

=—@'(0
Re, qo( )

u,Xx .
where Rg, =—"— is the local Reynolds number.
v

3 SOLUTION OF THE PROBLEM
The set of equations (2.14) to (2.17) were reduoetsystem of first-order differential equatiomsl solved using a
MATLAB boundary value problem solver callé@p4c. This program solves boundary value problems fdmaury

differential equations of the fory' = f(X, Y, p), = x| by implementing a collocation method subject to

general nonlinear, two-point boundary conditi@"(sy( a), )( b, [) Herep is a vector of unknown parameters.

Boundary value problems (BVPs) arise in most dedmsms. Just about any BVP can be formulated dtuti®n
with bvp4c. The first step is to write th®@DEsas a system of first order ordinary differentialiations. The details
of the solution method are presented in Shampidekagrzenka[28].

RESULTSAND DISCUSSION

The abovementioned numerical scheme is carriefbow@rious values of physical parameters, nantaly velocity
ratio parameter£), the magnetic parameta¥}, the Casson parameteg?)( momentum slip paramete®)( thermal
slip parameterhy), the Prandtl number (Pr), Schmidt numb&g(thermal radiation parameteR)( and chemical
reaction parameter (kr) to obtain the effects afsth parameters on dimensionless velocity and texnper
distributions. The obtained computational resule presented graphically in Figures 1-25 and théatians in
velocity, temperature and concentration are disaliss

Table 1 Comparison for —-f "(O) for M=S=0

B -f"(0)
Present Study  Prasanna Kumar and Gangadhar|[24] ttaBharyya [31]| Nazar et al. [3Q] Mahapatra and t&(ip9]
0.1 -0.969386 -0.969386 -0.969386 -0.9694 -0.9694
0.2 -0.918107 -0.918107 -0.918107 -0.9181 -0.9181
05| -0.667264 -0.667264 -0.667263 -0.6673 -0.6673
2.0 2.017503 2.017503 2.017503 2.0176 2.0175
3.0 4.729282 4.729282 4.729284 4.7296 4.7293

Firstly, a comparison of the obtained results vathviously published data is performed. The valfewall skin
friction coefficient f (0) for Newtonian fluid case(,B= 00) in the absence of momentum slip parameter and
external magnetic field for different values of ety ratio parameterB) are compared with those obtained by
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Prasanna Kumar and Gangadhar [24], Mahapatra apth@8], Nazar et al. [30] and Bhattacharya [3lTable 1
in order to verify the validity of the numericalhgame used and those are found in excellent agréemen

M= 0.5, = 2, S=R=b=kr=1, Pr=10.72, Sc = 0.24

B=2"

B=1"
| | |
4 6 8 10
n
Fig. 1 Velocity for different B
0.9 j !
M= 0.5, =2, S=R=b=kr=1, Pr=0.72, Sc = 0.24
0.8 a
0.7 ]
0.6 ]
0.5 a
(en)

0.4 B=0.1,05,1,15,2

0 5 10 15
n
Fig. 2 Temperaturefor different B
The velocity, temperature and concentration prefite various values of velocity ratio parameBeare plotted in
Figs. 1, 2 and 3, respectively. Depending on tHecity ratio parameter, two different kinds of balamy layers are

obtained as described by Mahapatra and Gupta @9 éwtonian fluid. In the first kind, the velocibf fluid inside
the boundary layer decreases from the surface tisnthe edge of the layer (for B < 1) and in theosdckind the
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fluid velocity increases from the surface towards &dge (for B > 1). Those characters can be seem\felocity
profiles in Fig.1. Also, it is important to noteathif B = 1 @ = ¢), that is, the stretching velocity and the stragni
velocity are equal, then there is no boundary lafe€Casson fluid flow near the sheet, which is &mto that of
Chiam’s [32] observation for Newtonian fluid and@kimilar to that of Bhattacharya [31]. From Figs it is seen
that in all cases thermal boundary layer is forrard the temperature at a point decreases with Bhvid similar
to that of Bhattacharya [31] observation for Casiiaid. From figure 3, concentration of the flui@ceases with an
increasing the velocity ratio parameter.

1 | | | | | |
M= 0.5, =2, S=R=b=kr=1, Pr=0.72, Sc = 0.24
0.8- ]
0.6 8
S
0.4- .
B=0.1,05,1,15,2
0.2- 8
O | | . | I
0 1 2 3 4 5 6 7 8
n
Fig. 3 Concentration for different B
2
S~pB=2 M = 0.5, S=R=b=kr=1
B =05 1.2.5 Pr= 072, Sc=0.24
1.5 8
T |

Fig.4 Velocity for different B and g
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0.9

M=S=R=b=kr=1, Pr=0.72, Sc = 0.2

4

O0 5 10 15
n
Fig.5 Temperaturefor different pand B
1 ‘ j
S=M=R=b=1, kr = 0.1, Pr = 0.72, Sc = 0?4
0.8- :
| —— B=0.1 |
o X B=0.3
S
0.4~ :
B=5,21,05
0.2- ]
\‘\*"\
\
oO 5 10 15

n

Fig.6 Concentration for different #and B

The effects of Casson paramefeon the velocity, temperature and concentratiolidie@re depicted in Figs. 4, 5
and 6. It is worthwhile to note that the velocibgieases with the increase in valueg dbr B = 2 and it decreases
with g for B = 0.1. Consequently, the velocity boundaayelr thickness reduces for both values of B. Duthé¢o
increase of Casson paramefer the yield stres®, falls and consequently velocity boundary layerckhess
decreases, these results are similar to that ott&fterya [31]. The influences of Casson parameterthe
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temperature profiles are different in two cases; B.3 and B = 0.1. Temperature and concentratioa point
increases with increasingfor both B =0.1 and B = 0.3.

2,

U‘\B _5 B = 2, S=R=b=kr=1
M=0,2 4 6 Pr=0.72, Sc =0.24

1.5 7

0.5 M=0,2,4,6

O | | | | | | |
0 1 2 3 4 5 6 7 8
n
Fig.7 Velocity for different B and M
0.9

B =2, M=S=b=kr=R=1, Pr=0.72, Sc = 0.24

0.8

0.7

0.6
0.5 M=6,4,20
0.4
0.3
0.2

0.1

0 5 10 15

Fig.8 Temperaturefor different B and M

In Figs. 7, 8 and 9, the velocity, temperature emacentration profiles are presented for severaiegaof magnetic
parameterM. Similar to that of Casson parameter, due to tlreease of magnetic parameter the dimensionless
velocity at fixedn increases for B = 2 and for B = 0.1 the velocigcrbases. Consequently, for both types of
boundary layers, the thickness decreases. The tzoferce induced by the dual actions of electrid amagnetic
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fields reduces the velocity boundary layer thiclenbg opposing the transport phenomenon. Also, éhegpérature

and concentration increases withfor both B = 0.1 and B = 0.3.

1 ‘ ‘
B=2,S=R=b=1,kr=0.1, Pr=0.72, Sc = 0.24
0.8 a
—— B=0.1 |
N B=0.3
S
0.4 :
N\ M=6,4,2,0
0.2 i
0 L
0 5 10 15
n
Fig.9 Concentration for different B and M
_
T~p- B = 2, M=R=b=kr=1
0,05,1,2 Pr=0.72, Sc =0.24
S$S=0,05,1,2 4
/B =0.1
| | |
4 6 8 10

Fig.10 Velocity for different Sand B

n

The effects of momentum slip parameter S on thecitsi, temperature and concentration is depictefigs. 10, 11
and 12, respectively. It is worthwhile to note thzd velocity increases with the increase in vahieS for B = 2
and it decreases with S for B = 0.1. Also, the terafure and concentration decreases @iibr both B = 0.1 and B

=0.3.
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Fig.11 Temperaturefor different Sand B

15
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0.6

0.4-

0.2

B=2,M=R=b=1,kr=0.1, Pr=0.72,Sc = 0

24

10

Fig.12 Concentration for different Sand B

15

The dimensionless temperature profiles for sewahles of Prandtl number Pr, thermal radiation petarR and
thermal slip parametdy are exhibited in Figs. 13, 14 and 15, respectjvigytwo values of B. In both cases (B =
0.1 and 0.3), the temperature decreases with isiocigaalues of Prandtl number, radiation paramater thermal
slip parameter and the thermal boundary layer ttésk becomes smaller in all cases. The dimensgnles
concentration profiles for several values of Schmigmber Sc, chemical reaction paraméteare exhibited in
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B = 2, M=S=b=kr=R=1, Sc = 0.24

Pr=0.71,5.1, 12

heS
~
..
~
~~
-
-
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Fig.13 Temperaturefor different B and Pr

0.8 !
B =2, M=S=b=kr=1, Pr=0.72, Sc = 0.24

0.7k
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0.5

@ 0.4
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0.2

0.1

15

Fig.14 Temperaturefor different B and R

Figs. 16 and 17, respectively, for two values ofrChoth cases (B = 0.1 and 0.3), the concentratenreases with
increasing values of Schmidt number and chemicattien parameter and the solutal boundary layektidss
becomes smaller in all cases.
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Fig.15 Temperature for different B and b
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Fig.16 Concentration for different B and Sc

The physical quantities, the wall skin friction &igentC,, , local Nusselt numbd¥u,, and local Sherwood

1
numberSh, which have immense engineering applications, acpgstional to the values 0E1+ EJf (O)
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—9'(0) ,and —@'(0) respectively. The values Eﬂﬁ%} f (O) : —9'(0) and —¢'(0) against the momentum

slip parametesS are plotted in Figs.18, 19 and 20, respectivelydifferent values of B. From the figures, it is
observed that the magnitude of wall skin frictiomefficient, local Nusselt number and local Sherwoatnber
decreases with increasing values of velocity raicameter B and the magnitude of wall skin frictamefficient,
local Nusselt number and local Sherwood numberas®s with increasing values of momentum slip par@ans
when B < 1, opposite results were found when B > 1.

1 ‘
B =2, M=S=R=b=1, Pr=0.72, Sc = 0.24

15

Fig.17 Concentration for different B and kr

3
B=2, M=R=b=1, Pr=0.72, Sc=0.24, kr=0.1
2
B=0,05,15,2

S "
=
3
+ 0+
a

-1 4

-2 T T T T T T T

0.0 0.5 1.0 1.5 2.0

Fig.18 Effect of Sand B on (1+ 1/ ,8) f ( O)
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0.45
B=2, M=R=b=1, Pr=0.72, Sc=0.24, kr=0.1
0.40 4 B=0,05,15,2
1
0.35 1
& 0.30-
Nt
@ ]
0.25
0.20 4
0.15 . , . , ' . ;
0.0 0.5 1.0 1.5 2.0
S
Fig.19 Effect of Sand B on —6"(0)
1 B=2, M=R=b=1, Pr=0.72, Sc=0.24, kr=0.1
0.65 B=0,05, 15,2
1 ad
0.60 -/
0.55 -
- ]
o
= 0.50 -
0.45
—
0.40
0.35 . , . , ' : ,
0.0 0.5 1.0 1.5 2.0

Fig.20 Effect of Sand B on —¢'(0)

The effects of magnetic parameter and Casson p&ame local skin-friction, local Nusselt nhumberdalocal
Sherwood number is shown in figs 21, 22 and 23e@syely. It is noticed that the magnitude of théndriction
coefficient decrease with the influence of M andréase with raisin@. It is also observed that the local Nusselt
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number and local Sherwood number reduces withrifieeince of M orf. The local Nusselt number (Figure 24)
increases with R, whereas reduced with the inflaesfahermal slip parameter. The effects of Schmidnber and
chemical reaction parameter on local Sherwood nurnsbplotted in Fig. 25. It is noticed that the #&herwood
number decreases with in increases the Schmidt euartchemical reaction parameter.

(A+1/p)f "(0)

R=b=S=1, B=0.1, Pr=0.72, Sc=0.24, kr=0.1
-1.6 T T T T T T T T T T T T T T
0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

Y

Fig.21 Effect of #and M on (1+ 1/,8) f "( 0)
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CONCLUSION

The MHD stagnation-point flow of Casson fluid arehhand mass transfer over a stretching sheetradihtion are
investigated taking into consideration the chemiealction, momentum and thermal slip effects. Usimgilarity
transformations, the governing equations are toansfd to self-similar ordinary differential equatsowhich are
then solved using Bvp4c MATLAB solver. From thedstuthe following remarks can be summarized.

(a) The velocity boundary layer thickness reducitk vwelocity ratio parameter, magnetic parametet mmomentum
slip parameter.

(b) The velocity boundary layer thickness for CasBoid is larger than that of Newtonian fluid.

(c) Temperature and concentration of the fluid éases with an increase Casson parameter.

(d) The magnitude of wall skin-friction coefficieimcreases with Casson parameiebut local Nusselt number and
local Sherwood number decreases with Casson pazapnet
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