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ABSTRACT

A Mathematical model for the pulsatile blood flow through stenosed artery with the effect of body acceleration and
slip velocity is proposed. Blood has been represented by casson fluid equation. Analytic expression for velocity, flow
rate, wall shear stress and effective viscosity is derived. Flow variables with the change of parameters are
represented graphically. The effect of pulsatility, stenosis, body acceleration, dip velocity, yield stress has been
investigated. It isfound that yield stress of the fluid and body accel eration highly influenced the velocity of the fluid,
shear stress, flow rate in a stenosed artery. High blood viscosity is dangerous in the cardiovascular disorders; the
present model may be used as a tool for reducing the blood viscosity by using slip velocity at the constricted wall.
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INTRODUCTION

Blood flow through normal as well as stenosed wiitea very important field of study because ot that the cause
and development of many cardiovascular diseasesdepends on the nature of blood flow and mechanical
properties of blood vessel walls. The presenceesfasis in one or more locations restricts the dlbow through

the lumen of the coronary arteries into the heeatling to cardiac ischemia. The experimental ssudied the
theoretical treatment of blood flow phenomena ageywseful for the diagnosis of a number of cardsmular
diseases and development of pathological patternthé human and animal physiology and for othemicdil
purpose and practical application by Sud and Sekbsn

To understand the effect of stenosis in the lumearpartery many researchers investigated the fiéwlood

through stenosed arteries treating blood as a Nearofluid. However, experimental studies show timathe
vicinity of the stenosis, the shear rate of theoll@ less and therefore the non-Newtonian behafibtood is quite
prominent. Sapna [11] has studied the effect of-Newtonian behavior of blood flow by consideringddl as
Power-law fluid model. The non-Newtonian flow beioa of blood for steady flow in stenosed arteniess studied
by many researchers [7, 17, 18, 22] by treatingdlas Herschel Bulkley fluid. Many researchers hased the
Casson fluid model for mathematical modeling ofdddflow in narrow arteries at low shear rates. B[&]

demonstrates that the casson fluid model is adedaathe representation of the simple shear behafiblood in
arrow arteries. Casson [5] studied the validity aafsson fluid model in his studies pertaining to flav

characteristics of blood and reported that at Itvas rates the yield stress for blood is non-z€tmaturani and
Samy[6] have analyzed the pulsatile blood flow tigio stenosed arteries.
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Externally imposed body acceleration also has majluence on the flow through stenosed artery.many

situations in our life while fast body movementssports activities, driving vehicles, human bodpertences the
body accelerations. Due to this body acceleratiffierdnt health problem such as headache, losss@ny increase
in pulse rate, abnormal pain etc. occurs. Sud aktia [15] studied the pulsatile flow of blood thgh a rigid

circular tube subject to the periodic body acceiena treating blood as a Newtonian fluid. On thasis of

experimental results, it is observed that the baxbeleration might change the heart beat and rhighg a negative
impact on the circulatory system. So the studyheféffect of the magnitude, frequency and duraiotine periodic

acceleration may play a significant role in thegdiesis and treatment of the health problems

In many situations there may be a partial Slip leetwthe fluid and the boundary for many fluids, thetion of
fluid is still governed by the Navier-Stokes eqaa$, but the usual no slip condition at the boupddmould be
replaced by the slip condition. Several authors [A4, 8, 19] carried out the role of slip velocity biood flow
through stenosed arteries and suggested the peeséned blood cell occurring in slip conditionwassel wall. To
understand the existence of slip at the tube wabaX [9], Brunn [4] have reviewed the several tresits of slip at
the walls of the capillary tubes. In view of thettzal and experimental observations implying thestnce of slip
at the wall, it is improper to ignore the slip itodd flow. It is also noted that in literature, thaés no direct formula
to calculate the slip velocity. It is therefore Wovhile to find a formula to calculate the slip o€ty at the wall.
Pulsatile flow of blood through a catheterized 3ri@ presence of different geometry of stenosithvei velocity
slip at a stenotic wall has been investigated bgisd researchers [1, 2, 17, 20]. It is found thatwall shear stress
and effective viscosity decreases while axial vigjoincreases with velocity slip at wall. Recenfigveral authors
[8, 12] have developed Mathematical models for dldlow through stenosed arterial segment by comisige
velocity slip condition at the constricted wall.

The aim of present paper is to study the effedilodd flow with slip velocity and body accelerationa stenosed
artery. The analytical solution is obtained by gsappropriate method. The graphical representatiave been
presented for the different flow variables with @ggpropriate discussion. Finally the comparisomé&le with the
other existing results to justify the applicabildf/the present model.

Formulation of the problem

Let us consider one dimensional pulsatile, axisyijnmetric, laminar, fully developed flow of bloog bonsidering
blood as a casson fluid in the presence of extigriralposed periodic body acceleration. It is assdirtteat the
stenosis develops in the arterial wall in an ayiatbn-symmetric but radially symmetric manner aegahds upon
the axial distance ‘z’ and the height of it's growt
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Figure 1. Geometry of an axially nonsymmetrical stenosis
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The geometry of the flow is shown in Figure (1) &diven by
R(Z S S
%:1—A[Lg Y (z-d)-(z-4) ]dszsdﬂo

=1 otherwise @

Where B(Z) and R, is the radius of the artery with and without stsia respectivelyl,, is the length of the

stenosis and d indicates it’s locatidh 2 is the stenosis shape parameter and the parameiggiven by

5 I,‘ln/(n—l)

A=
Rlo (n-1)

Where d denotes the maximum height of the stenosiz a(d + L) /n

V0D such thatd/ R, <1The periodic

body acceleratiorE(E) in the axial direction is given by
E(f) =a,cos co:{@ﬂb) @)

where &, is the amplitude of body acceleratiQﬁTg) = 27T1t_b;f_b is it's frequency in Hz. The frequency of the body

accelerationf_b is assumed to be small so that wave effect caregkected.

Since the pressure gradient is the functiorioandf, we take

_55 -\ .

—_(z,t)—Ab+Aicosco£a)pt) = C 3)
0z

where A) is the steady state pressure gradiépﬁs the amplitude of the fluctuating componelT;F 2]Tf_p,

wheref_p is the pulse rate frequency.

The Navier-Stokes equations governing the fluievfie given by Schlichting and Gersten [12].

‘ay.):-aﬁ/_ )2 (i) +E i y
p( ot ( 02) @) =(r7) +F (1), @
v/ =6

or (5)
wherea represent the axial velocity along z-directigh,is the pressure;) is the density,f the time,; the shear

stress and? (f) the body acceleration. Mathematicaﬁ/(f) is described in equation (2).

215
Pelagia Research Library



Geeta et al

Adv. Appl. Sci. Res,, 2014, 5(3):213-225

The casson fluid equation is given by
N g v BRITY Ay

N T TR
=, if 7<7,
r

where Ty denotes yield stress and denotes the viscosity of the blood.

Boundary conditions
The boundary conditions are

u=u, atr=R(2),
Tisfinite atr =0
whereu_S is the slip velocity at the stenotic wall.

By introducing the following non-dimensional varies®

u=—— — z=2/R,R@=R@)/R.,r=r1 IR ,t=ta@,
ARE /4y ’
i u 1, _Rawp
= / ’55:55/ U = — 7= , =_2_PF

CTRIB Ror AR/ 4u AR T

T
=AIA,B=a,/A, 0=—2
e=AlA,B=a,/A AR

The non-dimensional equation (4) becomes

a* (3u/at) = 4(1+eCos t) + 4Bcos(at +¢) — 2/r)§(rr) ,

whereq® = w, R)Z/(,u/p), is called Womersley frequency parameter.

Equation (6) can be written as

\/?:\/5+% /—%; ifr>8

ou _

— =0, ifr<@
or
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The boundary conditions reduces to

u=u,atr =R(2)

12)
andr is finite atr =0 (13)
The geometry of stenosis in the non-dimensionanhfisr given by
R(Z)=1-A i (z-d)~(z-d)' [, dsz<d+L,
=1, otherwise 14

The non-dimensional volumetric flow rate is defirgd

R(2)

=4 |r u zZr t

0 (15)

whereQ(z,t) ( )/ |sthe volumetric flow rate
g

Effective viscosityﬁe defined as

1, = n(—gg](ﬁ(i))“ / Q(zt). (16)

can be expressed in the dimension less form as

=R (1+ecost)/Q(z.t).

17)
Analysis
Let the velocityu and shear stresscan be expressed in the following form
= + 2
u(z,r,t)=u, (z,r,tyrau, (z,r,th ...... (18)
—_ 2
(z,r,t)=r,(z,1r,trar, (z,r,th ..... (19)

Substituting the value ofl and 7 from equation (18) and (19) in equation (10) andatiqg the constant term and
a’term, we get

%(rro) =-2r[(1+ecos }+ B cofat +¢) ] (20)
20
ou, /ot =—— ,
o/ ror (rz.) (1)
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Integrating equating (20) and using boundary céonlif13), we get
r,=—fr

where, f () = [(1+ ecog)+B cosft + (”}

Substitutingu from equation (18) into condition (12), we get

U, =u,,u, =0atr =R(2)
Substituting equation (18) and (19) in equation) (% get

- =3[ 0+r]- 207 |
—%=2|r1|[1—\/%]

r
Integrating equation (25), and using relation @29 relation (24), we obtain

oz Sl (e} 2o )

Where k? = i
f (1)

(22)

32

(24)

(25)

(26)

27)

Similarly the solution forl}; and 7;can be obtained by using equations (21), (26) 2yl (

= 9o -] -2 ) {5

(&) (&) v () -2
FOR" R R JrR| 3R} 147\ R 3
b=—"—"

s 38(_)34(_)72
R | 63\ R 9{R 63

On substituting the value dd;and U, in equation (18) we get the velocity as
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_emmel1 (T -

= 1R [ @

aZRZC{(rT (rj {m@f 423(er2 1e(rj% 114}
—| +4| = — e - ] e =] ==

16 R f 1471 R 3\R 147

% {128( j 64(rj% 320}}

o )=EE ] #2224y

R163\R) 9lR) 63 s

(30)
The wall shear stresk ,can be written as
2p2
r,= f(t)R{1+a R C(l— 2\37_)}
8 VR (31)
where C =&
f(t)
The volumetric flow rate Q is given by
R(2)
Q=4j ru(r,z,t)dr
0
1,4k 1 k) aRC|2 120k 37 k Y
= f () R* + = + +2u R?
® {4 7JR 3({) 16 {3 174/R ﬁ\/_j H ° 32)
The effective viscosity in the non-dimensional fasgiven by
R 4
:ue :M(1+ ecos ]
Q(z1)
I k 1 kY T
1 4
f ()R
© {4 7JR 3(J_ ]
=R*(1+ecod ,
a’RC |2 120 k 32 k )
+ —+ +— +2u.R
16 |3 177W/R 35%4R °
- (33)

RESULTSAND DISCUSSION
The aim of resent model is to analyze the combeféatts of body acceleration and slip velocity

on the flow variables viz., axial velocity, flowtea shear stress and effective viscosity of bldlosying in an artery
with the axially non-symmetric stenosis at the réatewall. On using perturbation method, the vetgcu is

expanded in terms of womersely frequency paranogter

The assumption of the small value af is valid for the physiological situations in smhlbod vessels. In the
present analysis blood is modeled as casson floidei In our analysis the value of shape paranadtetenosis is
considered to be 2. The body acceleration paranieter considered in the range 0-2. The pressurdigmna

parametee is taken in the range0-7, magnitude of lead aggls taken as 0.2.
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In figure 2 and figure 3 the variation of axial @eity u at the throat of the stenosis i.ezad with radial distance,
for fixed values of stenosis heighi, pressure gradierg, timet and for different values of body acceleration

parameter B, are presented. It is observed fronfiguee that axial velocity is maximum dt = Qand decreases
with the increase in the radius of arteryit is also found that axial velocity attains itsinimum value at the
stenotic wall atr = R(z) . Use of slip at the wall increases the velocitys ffound that body acceleration parameter
B plays a very important role in flow; it bringstrunly quantitative changes but also qualitativarades in velocity
profiles. In the presence of body acceleration nflong takes place because with the increase in lzmdgleration
the plug flow region shrinks and hence velocityrisre. It is observed that the magnitude of velottylmost
doubled when the body acceleration is 2 to the vdmn body acceleration is not present, for theesaatues of
pressure gradient and yield stress.

3

Axial velocity u

0 0.2 0.4 0.6 0.8 1 1.2

Radial distance r

Figure 2. Varition of axial velocity u with radial distance r for
5.=02,a=02,4=01le=1,6=0
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Axialvelocity u

0 0.2 0.4 0.6 0.8 1 1.2
Radial distance r

Figure 3. Vartiation of axial velocity with radial distance r for
5 =02.7=La=01¢=0

Figures (4, 5) also shows the variation of axidbeiy u with radial distance r. it is depicted thvehen the yield
stress is not present i. e. for Newtonian fluidoedly increases sharply on the axis of the tubetl@rapplication of
yield stress velocity profile is reduced and becerbkint in the mid region of the tube which indesathe plug
flow. Figure 5 show that axial velocity decreaseshwime in a stenosed artery for a fixed value bafdy
acceleration and yield stress. Figure 6 represenvariation of flow rate with pressure gradierior different flow

parameteré’[,@, B,5S,Us). It is observed that flow rate increases gradualith the increases in pressure

gradient e for any value of B aftl. However the magnitude of flow rate in the preseof yield stress is less than

it's magnitude in the absence of yield stre€5=0). Increase ind results substantial decreases in flow rate. This
occurs due to the increases in width of plug flegion It is further observed that employment ofybadceleration
as well as slip velocity enhances the flow rate.

221
Pelagia Research Library



Geetaet al Adv. Appl. Sci. Res., 2014, 5(3):213-225

6=0.B=0.6=0

Ei
g §=005.B=1.6=02
)
£
o= — — —_0Nn2
5 13 | #=0.18=15=02
1.1
09
0.7
0.5 . . . .
0 0.2 0.4 06 08 1 12
Radial distance r
Figure 4. Axial velocity profile for e=1w=1.z=0.4=02.0=0.1r=1
2.5

Axial velocity u

1.2

Radial distance r
Figure 5. Axial velocity profiles fore=1,w=1,z= 0= 0.2¢0= 0.2, = O.
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— e u =0.6=0

e H— :H__ =O.1:9=O

—_— u =0.1,6=0.1

Flowrste Q

Pressure gradient e

Figure 6. Variation of flow rate with pressure gradient for
5 =02, a¢=051r=1z=1
2.5

wall Shear Stress

0 50 100 150 200 250 300 350 400

Time t
Figure 7. Variation of wall shear stress with time t

for differentvaluesof 4.7 ,

Wall shear stress is a very important factor in béymamics. Figure 7 and figure 8 show the variatibwall shear
stress with time t for different values dB, e,é-s,@.lt is observed that the behavior of wall sheaessiris

symmetrical about =18 .wall shear stress decreases with the increastliim certain limit, then increases with
t. in the absence of body acceleration, wall shs@ss is less compared to the case when bodyeaatieh is
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present and it steadily decreases with time wighptbint of minimum at =180° which is showing that there could
be a chance of more friction on the wall in a sgebartery under the influence of body acceleratiois noticed
that the effect of yield stress and pressure gnhdesmall but enhances shear stress.

w

Wall shear stress

0 50 100 150 200 250 300 350 400
Timet

Figure 8.Wall shear stress distribution for different values of B

CONCLUSION

In thepresent mathematical model, pulsatile blood flomtigh stenosed artery with periodic body accelenagind

axial slip velocity at the constricted wall has he®nsidered. Analytic expressions for flow varebhre obtained
and their variations with different flow parametarg presented graphically. It is observed thatatiffe viscosity
and wall shear stress decreases with body acdeketaut velocity and flow rate increases. It isodisund that axial
velocity and flow rate increases but effective vty decreases due to the wall slip. This modaethales that slip
velocity play a very important role in blood flowoateling in a stenosed artery. It may also be cateduthat with

slip, damages to the vessel wall could be reduReduction in wall shear stress and effective visgapuld be

exploited for good function of stenosed arteriatseyn. Therefore we use the devices and medicindsasalip can

be produced and use them for treatment of artdis@lase. So this study may help the physicianstimating the

severity of stenosis and it's consequences. Thidysinay further extend by the introduction of madneological

and physical parameters in the case of more sexeoss.
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