Available online at www.pelagiaresearchlibrary.com

Pelagia Research Library

Advancesin Applied Science Resear ch, 2013, 4(4):30-48

Library Library

| SSN: 0976-8610
CODEN (USA): AASRFC

Dynamic response under moving concentrated loads of non uniform rayleigh
beam resting on paster nak foundation

P.B. Ojih*, M. A. Ibigiugba and B. O. Adgjo

Department of Mathematical Sciences, Kogi Statevéfsity, Anyigba, Nigeria

ABSTRACT

In this study, the dynamic response of non unifBayleigh beam resting on Pasternak foundation arxjested to
concentrated loads travelling at varying velocitithwsimply supported boundary condition has bearestigated.
Analytical solution which represents the transvedssplacement response of the beam under both otmated
forces and masses travelling at non uniform velegitvas obtained. To obtain the solution of thertfowrder
partial differential equation with singular and vable coefficients, a technique based on the Géizech
Galerkin’s Method and the struble’s asymptotic td@ge was employed. Numerical results in plotted/es are
presented. The results show that as the RotatastignE , increases, the response amplitudes of the nomnmif
Rayleigh beam decreases for both moving force amdnmg mass problems. Furthermore, the results sthawvthe
response amplitudes of the non uniform Rayleighhbeacreases with an increase in the values of tisars

modulusG, for fixed values of foundation moduld§, and Rotatory inerti&,. Similarly, aK, increases, the

response amplitudes decreases but the eﬁe@aoofs more noticeable than that Kfo. Finally, the critical speed

for the moving mass problem is reached prior ta fahe moving force for theon uniformRayleigh beam
problem in the illustrative example considerettnce, the moving force solution is not & sgfproximation to
the moving mass problem, therefore, we cannot queeasafety for a design based on the mduirng solution
since resonance is reached earlier in the movingamaroblem than in the moving force problem.

Keywords. moving mass moving force, Rayleigh beam, Paskeimandation, resonance.

INTRODUCTION

The study of the behavior of elastic solid bodiesafns, plates or shell) subjected to moving loadskeen the
concern of several researchers in applied mathesnaimd engineering. More specifically, several dyical
problems involving the response of beams on a fatio and without foundation have variously beerkled by
Fryba [4] and Sadiku and Leipholz [11]. Among tleliest work in this area of study was the workStdkes [13]
who obtained an approximate solution for the respoof a beam by neglecting the mass of the beatms. i¥h
because the introduction inertia effect of the mgvinass would make the governing equation cumberdorsolve
as reported in Stanistic et al [12] , recognizinig tifficulty, pestel [10] applied Rayleigh—Ritzahniques to reduce
the moving mass problem defined by a continuoufemifitial equation to an approximate system of rdigc
differential equations with analytic coefficienfche system was reduced by a finite difference sehfemsolution,
but no numerical results were presented. After, several researchers have approached this prdibjesmssuming
that the inertia of the moving load was negligihfefact, Arye et al [2] pointed out, in their surang of work done
prior to 1952 that the fundamental mathematicdlalities encountered in the problem lie in thet fdxat one of the
coefficients of the linear operator describing thetion is a function of both space and time. Thegeal that it is
caused by the presence of a Dirac-Delta function esefficient necessary for a proper descriptibiine motion. It
is remarked at this juncture that, physically, tieisn represents the interplay of the inertial ésrdue to the discrete
masses distributed over the structure during theomd-ryba L [4]. Arye et al [2] also consideredthroblem of
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elastic beam under the action of moving loads. Tdssumed the mass of the beam to be smaller teamaks of
the moving load and obtained an approximate saiutiothe problem. This is followed by the otherrerie case
when the mass of the load was smaller than the ofatse beam. In particular, the dynamic resporfsa simply
supported beam transverse by a constant force matia uniform speed was first studied by Krylo}: 3e used
the method of expansion of Eigen function to obtagresults. Lowan [6] also considered the probidénmansverse
oscillations of beams under the action of movingd for the general case of any arbitrarily présctilaw of
motion. He obtained his solution using Green'’s fioms.

More recently, the problem of the dynamic respasfsg non uniform beam resting on elastic foundatiaod under
concentrated masses was tackled by Oni [9]. Amalg$ihis results show that the response amplituidboth
moving force and moving mass decrease with inangasiundation moduli.

Oni [8] considered the response of a non uniforin tleam resting on a constant elastic foundatioseteeral
moving masses. For the solution of the problemyded the versatile technique of Galerkin to redheecomplex
governing fourth order partial differential equatiovith variable and singular coefficients to a sétordinary
differential equations. The set of ordinary diffetial equations was later simplified and solvedngsmodified
asymptotic of struble. Other studies on non-unifdieam include Doughlas etal [3] Awodola and Onighf Oni
and Omolafe [7].

THE GOVERNING EQUATION

The transverse displacement of the beam whenuhder the action of a moving load is governed gy fthurth
order partial differential equation given by:

(El( )az\’(x’t)j+;4 )awt) 3R VY 1 ()= Pt @D

®(2 2

where X is the spatial coordinatd, is the time,V (X,t) is the transverse displacement, is the young nusgul

| is the moment of inertialE| is the flexural rigidity of the structure, whilex)(and 4 (x) are variable moment of

inertia and mass per unit length of the beam res@de
By substituting the moving loa®!l{x. £} of the form

1d2v(m)}

Pxt) =P (x, t{l—g e (22

2
and convective acceleration opera{g{? defined as
d®> _o° 0° 0’
—o =2+ 23
dt ot oxot oX

into (2.1) we have:

0 (E,( )azw)} 5 )Oz(xt) F%azv(xt) ‘COZ\;)((Z(’t) ARV +

aXZ
M- t){"’z\’(’“t) AU "’Xgﬂ =mgxx—cf @4
We adopt the example in Oni, S. T. [8] and také &xd £/(X) to be of the form
1(¥)= I0(1+sir7%j (29
and
LX) = ,%(1+sin7—:j 26)
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wherepy, is the constant mass per unit length of the beam.
Using equations (2.5) and (2.6) in equation (2nt) after some simplification and rearrangementaitains

n—-— |n—+—cos—
L o

6“\/(xt) 5 15 TK_ 1 X3, 2sz LOVO(97 IR _15_ R 67 2
2 427 4L 2 L
az\/(x,t) 1 aa\/(x,t) K
(1+ Lj FE (F{) +Q——= ,%V( x,t)+

M s g PVXD) az\/(x,t) aav(xt) _Mgs._
%dx ct){ 52 +2c s +c 50 }%dx cd 27)
where
N=Eh 28
23

SOLUTION PROCEDURES

Equation (2.7) cannot be solved by generalizedefimtegral transformation because the beam isumifiorm. The
approach involves expressing the Dirac delta fonctis a Fourier cosine series and then reducinfpthréh order
partial differential equation (2.7) using GeneradizGalerkin’'s method (GGM). The resulting transfedm
differential equation is thersimplified using the modified struble’s asymptotiechnique. The generalized
Galerkin’s method is defined by

n
U, (%0 => WOV, (%) (4
=1
WhereVm(X) is chosen such that the desired boundary comditdoe satisfied.

Operation simplification
By applying the generalized Galerkin's method (3etjuation (2.7) can be written as

n N 5 15 1 3 3 2% v
m:1 Vm(x)+srrTVm(x) v%(t)+N E+—srrH—fsrrH—700%L m (X +

L 2

o7 3x 15 =

—23|rH——23n%+ COS* m () (t)——(l%+G)Vm(><)\/\/rn(t)+—\/\lrn(t)vm(x)+

a2 L at L
M six- ct)[Wm (OVin (09 + 2cwm OV (9 + czv\rn(t)vﬂ ~M8 sx—ct =0 (32)
Ho Ho

In order to determinkl}, (£}, it is required that the expression on the lefichaide of equation (3.2) be orthogonal
to function¥.(x). Hence

HZ{(V (X) +si mV(x))\/\A(tHNK P SRS 3coszfK V(x)+

L 4 L 2

ot 15 . /R 67 2K
4% L

*S'F‘I snCrE s 'V(x)}w(t)—(F%+G)V"(x)wﬂ(t)+ WOV +

—J(X ct){ (O, (x)+2an(t)v' (x)+C2V\(n(t)V”} M9 5 ct)}vmdx- (33

A rearrangement of equation (3.3) and |gnor|rugsthmmat|on signs yields,
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(U, (mK) +Uy(m k))\;\/m © {N(ro +T) -i (R +G)Z,(MK) +iU1(m k)}/\én(t) +

%{Ul(t)\;\/m ® +2€U2(t)\/.Vm ® +C2U3(t)Wn(t)} =%? Z,®) @4

where

T, = (U, (mKk) +U,(mk)) = Uy (m k) +U 5 (m k)

T, = (U (mk) +U, (mKk))- (U, (mk))
and

U, (1) = [ (x =V, (9V, (9l

U,(t) = jOL 3(x— OV (XV, (Ydx

U,(t) = jOLo*(x—t)vnil(x)v " (N dx
U,(t) = jOLo*(x-t)vk(x)dx

while
U, (M K) = [V, (OV, (3elx
U, (k) = [ VA9V, (¥9dx
_ rLsinx
Usmk) ==
1577 (L sin7x
27 b Vn (Vi (9
o J-L sin7x
420 L
6717 ,[L COS27X
L2 L

U, (M) =2 [V (3, (3

Vin (Vi (X dx

U,(mk)=

0

U, (mKk) = VL (XV, (X dx

U, (mk) = VL (XV, (Xdx

L Sin7x

ug(m,k):14i TV (9, (91l

0

V'V (XV, (X dx

JL sin37x

o L
S

JoL co - 7X

1
Us(m k)=,

UMk =3 V¥ (O, (9

where

U, (mk)+U, (m, k))wm (O +| N(T, +T,) —ﬂi(Ro +G)U,(m K) +ﬂLU1(m, k)}Wm(t) +
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2 & cosnscct
>

M, miy+2 U,s MKW, )

+ 2c[U 4 (M K) +%Z cosnsrct

n=0
COSVEt

U, MKV () +

Usa(m k)+—2 Uy (MKW, 1) ——gv (e 35

ulA(m,k)=1ij =()V, (Ydx
U, (mk) = [ 2%
Ua(mk) =2 j v;(x)vk(x>dx
Ups (k)=

Ugu(mk) == J v;l(x)vk(x)dx

V. (X)V, (¥dx

CoOMN7K

vi S (XV, (XYdx

Cosn’”(v“(x)vk (Xdx

Uss (M) = [
U,(0) =V, (ct)

In order to solve equation (3.5), the functirix) is chosen as the beam function

V. (X) = sm(/‘ j+Anco{ L J+B sm(ALX}C cosr[/ll_xj (36)
So that

V, (X) = sm[/1 j+ A co{/‘l_ j+ B sml—()lLLXj+Ck cosr{/‘LLXj 37

The constantsl,,. 4;. B,... B;. C .. ;. and the mode frequencie&;n,/‘k can be determined by using the appropriate

classical boundary conditions. Now, substituting6)3and (3.7) into (3.5) after some simplificatiand
rearrangement, one obtains

EAmk)VQﬂ(t)+E2<mk>wﬂ(t)+eo{(um<mk)+gi%mmmk)>V'\'41(t>+2c(u2A<mk)+}

COSVEt COSVEt
z_

Upe (MK (1) +C*(Ugy (M) += 5 (N MW,()
—£0Lg(sm¢t +A cogt +B sintgt +C, cosktt) 39

where

E,(MK) =U, (k) +U,(mK)
E,(MK) = N(T, +T,) - SU, (mk) +S,U,(mk)

34
Pelagia Research Library



P.B.Ojih et al Adv. Appl. Sci. Res.,, 2013, 4(4):30-48

1
S=—(R+G)
Mo
k
SZ:_
Ho
_AC
P71
e =M
AR

Equation (3.8) is now the fundamental equation governing the lerabof the dynamic response to a moving
concentrated load of non-uniform Rayleigh beamingsin Pasternak elastic foundation.
In what follows two cases of equatio(3.8) are discussed.

Closed form solution
Case 1. The differential equation describing the respook@ non uniform Rayleigh beam resting on Pasternak

elastic foundation and subjected to a moving foneg be obtained from equatiof3.8) by setting £, = 0, in this
case, we obtain:

W, 0 +&2W, ()=, (singt + A, cospt + B, singt +C, costy) 39)

Where
2 _ E;(mK)
YT EmK

mg
HoE, (M K)

Solving equation(3.9) in conjunction with initial condition, the solutida given by

_ P;
0= -

W +#NAW; GO oY)+ Sivp~siny, ) ird+ A, codt*+ B, sinfX+ Cmcosh”fx} (310

Pi =

{(l//f - @) [C, (cosigt —cogy, t) + B, (¢, sinhgt —gsiny, )]+

Thus, using (310) in (3.1) , one obtains

u (X t) = i {(‘//fz - ¢2)[Ck[/jf (coshgt —COS(/th) + B, (l//f sinhgt _¢Sin‘/jft)] +

m
i +F)AY (cost—cos )+, sint~gsiny, )}[S‘“AkTXWCOSAfX +3n5inh/1kfX+CmcoséK|__X} @)

Equation (3.11) represents the response to a moving force for Esgical Boundary conditions of a non uniform
Rayleigh beam on Pasternak elastic foundation.
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Case |I: If the inertial term is retained, thég # O This is termed the moving mass problem. In thisecthe
solution to the entire equatio(3.8) is required. As an exact solution to this problennipossible, a modification
of struble’s technique is employed. To this endjatipn (3.8) is simplified and rearranged to take the form

. 2 2
Wm(t){ZCeoLqm(nmk) m(t){wf +C eoquc(nmk)}Nm 0
1+&La, (nmk) 1+£,Lq,, (nmk)
__%l9 {Sin¢t+Akcos¢t+Bksinh¢t+Ckcosh¢t} @12
E,(mk) 1+&La, (nmk) '
where
2 & conrrt
G (MK U, (MK) + 53 ===V, (nmkK)
n=0
2 < cosnsct
G (.M K) =V, (M) + =3 ==—"U, (M)
n=0
2 < cosnsct
o (M K) =Ug, (M) + 73 == U, (nMK)
n=0

By means of this technique, one seeks the modifegliency corresponding to the frequency of theyingpmass.
An equivalent free system operator defined by medifrequency then replaces equation (3.11). Tthesright-
hand side of (3.11) is set to zero and a paran®tarl is considered for any arbitrary ratg defined as

— EO
1+g,

1

Evidently
£, = & +0(&) 313

Using (3.13), equation (3.12) becomes

W, (t) + 26£,La,, (0, M, K)W,, (1) + £,67La,, (N, m, KW, (t) + 2 [ - £,La, (0, m, k)W, (1) =

Ef(orln"gK)[sin;ﬁt + Akcosgt + Bksinhgt + ckcoshyt] (314)

Retaining terms tcd( e, only.

When we set£,=0 in (3.14), a case corresponding to the case vilenia effect to the mass of the system is
neglected is obtained and the solution of (3.1h)mawritten as

W, (1) =C,Cody;t-D,)

where G,andZ,,, are constant

Sincee; < 1, an asymptotic solution of the homogenous @fif8.14) can be written as

W, (t) = (M t)Cos( t — B(m,1)) + £ W, (m,t) + 0(£,”) (315
whered (m, t) and&{m. t) are slowly time varying functions.

Substituting equation (3.15) and its derivatives iquation (3.14) and neglecting the termgsfi) one obtains
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—25(m )y, sin@ t -B(m,1) + 25(m,t) (m,t)y, Cosy , t - B(m;t)

—2C£,LU,, (m K)3(m by, sin@,t -6(m ) -2Ce,a(mtyy, S 2N
n=0

sin@t M), (nmK)

cosnrrct

—4Cgo(Mmt)y, i sin@ t =M, (nmKk) —g?e, LU, (mK)d(m,t)Cogy t —8(mt))

cosnrscct

- e smyy Cos/,t - B(mB)U ,(nmk) +C?,LU,, (mK)S(mt)Cosy, t - B(m.)

cosnsrct

+2C2,8(mHS Cosy, t-aM)U ,(nmKk) =0 (316)

Retaining terms tH £; ) only
The variational equations are obtained by equatiego-efficients of
Sin{ Wt - (m.t)) andCos( Wt ) — 8(m,t)) terms on both side of the equation (60) to zero

Hence, noting the following trigonometric Ident#ie

cos—nf:t sin@t-6(mt) = % Sin—nf:t +yt-0(mt) ‘%Sin(nTmt ~t-6(m)

cosnTmt Coqy,t-6(m;t) = %cosg + t—-0(mt) +%cos$t -t -6(mt)

and neglecting those terms that do not contribmteé variational equation, equation (3.16) redtoes

- Zzi(m,t)l;/f sin@Et—8(m,t)) + 26(m,t) é(m,t)gl/f Coqy t—-68(mt)) —2C¢&,LU,, (mKk)

S(mt)y sin@ t-8(m1)) —¢ie LU, (MK)S(mt)Cosy t —8(mt)) +C’& LU, (MK)
o(mt)Coqy,t—6(m;t)) =0. (317)

Then the vairational equations are respectively :

—25(mt)y, -2C&, LU, (MK)(MQ, =0 (318
25(m) @MY, ~&LU,, (MK)F(MK) +C%,LU,, (MK)S(mt) =0 (319
Solving equation (3.18) and (3.19) respectivehg obtains
o(mt)=C_ ¢ ~CeilZaa (ML (320
k)t 2
H(m,t):wfglula(m )t C’eU,, (mkjt .C, (321)
2 2

wheref,, andD,, are constants

Therefore, when the effect of the mass of the gartis considered the first approximation to thenbgenous
system is
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Wm — Cm [_C ‘ElLUZa(m,k)tCOiﬂmt _ Dm )
where
C*Ug, (mKk)
2

f

Bo=w,|1-1 (Ula( k) - )

is called the modified natural frequency representhe frequency of the free system due to theepies of the
moving mass.

Thus, to solve the non homogenous equation (3thd)ifferential operator which acts on kg (£} is replaced by
the equivalent free system operator defined byribdified frequency,

i.e. singt + A cosgt + B, sinhgt + C, coshyt

dw

S0 (t) + BAW,, (t) = o, [singt + A, cosgt + B, sinhgt + C, coshyt] (322

where

£Lg
E,(MK)

Pr =

Solving equation (3.22) in conjunction with thetiai condition, one obtains expression for,\(). Thus, in view of
3.1

U,(xt)=3
Zﬁ (ﬁ -¢%)
(B, + )AL, (cospt —cosB,t) + (B, singt —gsin 3, )}{sm+AﬂcosT+B smh/] +C cosrL} (323

{(82 - #)[C, B, (coshgt - cosB,1) + B, (B, sinhgt - gsin 5,1)] +

Equation (3.23) represents the transverse displacemesponse to moving force of the simply suppbrien
uniform Rayleigh beam on Pasternak elastic foundati

ILLUSTRATIVE EXAMPLES

For illustration of results in the foregoing anasysve provide an example on simply supported umif®Rayleigh
beam. In this case, the uniform Rayleigh beam mmapls supports at ends X = 0 and X = L. The disptaent and
the bending moment vanish. Hence

OZV(O t) _ 62\/(O,t)

V(O1)=0=V(L,), LYY o

Consequently, for normal modes
V. (0)=0=V_(L)=
N0 _ o V(L)

o> Y% @D
which implies
V, (0)=0=V (L), azv O 0=V 42)

ox*
In view of (4.1) and (4.2)
An =0, B,,=0and C,=0

A, =mn
Similarly

.-"l];l- =U,BR:UGﬂdER:U
A =kn

Thus, the moving force problem is reduced to a memogeneous second order ordinary differential egua
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Krrt

W, (t) + B2, (t) _ESIHT (4.3
where
L L
E,; =E+E-'qn
5m*7r*  15m°m /e 21 L
EH:RO[ A e WA =T (9+m2)An} L tS S

Equation (4.3) when solved in conjunction with thigial conditions, one obtain an expressionikj (1.

Thus from

UG JjV(xt)v (ibandux =) U, (9

k‘fl.m

( X)
we obtain
.kt ki .
n G sin—— ———sint
U, ()= { L L sin™% (44)
m:12,L10E11\‘ ﬁ(ﬁfz_(km/l_)z L

Equation (4.4) represents the transverse displatemnesponse to a moving force of the simply supggbmon
uniform Rayleigh beam on Pasternak elastic foundati

Following arguments similar to those in the pregi@ection, use is made of the modified Strublechnaue to
obtain

(crmtm + pi7)

a, =B -
f ﬂf 4E11ﬁf|_ 1

as the modified frequency corresponding to the Bgstem due to the presence of the moving mass, the
moving mass problem takes the form:

AW )., gaw, (1 = E59 5in K721 (45)
dt E, L

In view of (3.1) the solution of (4.5) becomes

’VO' sin—-— krct @Slnat
5 L9 L sin /X (4.6)

el o] L

Equation (4.6) represents the transverse displatenmesponse to a moving mass of the simply supgantn
uniform Rayleigh beam resting on Pasternak eléstindation

U,(xt)= Z

DISCUSSION OF CLOSED FORM SOLUTION

The response amplitude of dynamical systems sudhisisnay grow without bond. Condition under whittis
happens is termed resonance conditions. It ismeatiat this junction to establish conditions ungbich resonance
occurs. This phenomenon in structural and highwagireeering is of great concern to researchers @amticular,
design engineers, because, for example, it causeks; permanent deformation and destruction incsires.
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Bridges and other structures are known to haveysséid as a result of resonance occurring betwesestithcture
and some signals traversing them. Evidently a sirappported non- uniform Rayleigh beam resting étasternak
elastic foundation and traversed by a moving faviteexperience resonance when

kme
g= T (4.1
while the same system traversed by a moving mashes the state of resonance whenever
_ e
I:tf = 1
Evidently,

4By Bf (B717 + c*mPSNE, ke 49
4E,, kdc

Equations (4.7) and (4.9) show that for the santerabfrequency, the critical speed for the sanstesy consisting
of a non uniform Rayleigh beam resting on elastisternak foundation and traversed by a moving risessaller
than that traversed by a moving force. Thus, resomas reached earlier in the moving mass system it the
moving force system.

NUMERICAL RESULTSAND DISCUSSIONS

We shall illustrate the analysis proposed in tlapgy by considering a non uniform Rayleigh bearmotiulus of
elasticity E= 2.% 10° N/m?, the moment of inertiajt 2.87698= 102 m’, the beam spam length L= 12.192 and the
mass per unit length of the beamge 2758.27kg/m. the value of the foundation modususaried between On/m
and 4000000n/M the values of Rotatory inertR, is varied between Om and 4.5m, the values of tiearsmodulus
varied between On/fnand 9000000N/fh, the results are as shown on the various graphsabfor the simply
supported boundary condition so far considered .

0.05

0.04 -

0.03 -

0.02 -

0.01 -

0

-0.01

-0.02

-0.03

-0.04 -

-0.05 -

Fig 1: Transver se displacement of a simply supported non uniform Rayleigh beam under the actions of the concentrated for ces travelling

at constant velocity for variousvalues of Rotatory inertia By and for fixed values of foundation modulus k= 40000 and shear modulus
G= 90000

From the graphs above, Figures (1) and (4) displageffect of Rotatory inertigf;} on the transverse deflection
of the simply supported non uniform Rayleigh beanboth cases of moving force and moving mass réispéc
The graphs show that the response amplitude iresessthe value of the Rotatory inertia decreases.

Figures (2) and (5) display the effect of foundatimmodulus (K) on the transverse deflection of syrglpported
non uniform Rayleigh beam in both cases of movimgd and moving mass respectively. The graphs shatan
increase in the Rotatory inertia resulted to desréa the amplitude of vibration
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Figures (3) and (6) shows the influence of sheaduhtss (G) on the deflection profile of simply supiga non
uniform Rayleigh beam in both cases of moving faand moving mass respectively. The graphs showhilgaer
values of shear modulus decrease the vibratioheobéams.

0.15 +

0.1 -
0.05 o

------- K =40000
K =400000
0 L R, K = 4000000
olo 5.0

0.05 -

-0.1 -

Fig 2: Deflection profile of a smply supported non- uniform Rayleigh beam under the actions of concentrated for cestravelling at
constant velocity for various values of foundation modulus K and fixed values of Rotatory inertia HD: 2.5, and shear modulus G= 90000

0.02 +

0.015 +

0.01 A

0.005 A G=0

............. G=90000
0] T

0l0 1.0
-0.005 -

G=900000

G=9000000

-0.01 -

-0.015 -

-0.02 -
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Table 1: Resultsfor various values of rotatory inertia Ro, with fixed values of shear modulus Go = 900,000 and foundation modulus Ko =
400,000 for both cases of moving for ce and moving mass

MOVING FORCE MOVING MASS

T(sec) RO=0 RO = 0.5 RO=1% R0=2.5 RO=pD R05=| RO=25 RO =45
0 0 0 0 0 0 0 0 0
0.1 1.27E-04| 1.02E-04 7.28E-0p 5.77E-Q05 1.27E;04 02B-04 | 5.77E-05| 4.44E-0f
0.2 9.80E-04| 4.96E-04 3.04E-04 2.27E-04 9.80E;04 96E-04 | 2.27E-04| 1.70E-04
0.3 3.12E-03| 1.11E-03 6.20E-04 5.08E-04  3.12E;03 11H-03 | 5.08E-04| 4.04E-04
0.4 6.83E-03| 1.87E-03 1.12E-08 9.14E-04 6.83E;03 87H-03 | 9.14E-04| 6.27E-04
0.5 1.20E-02| 2.60E-03 1.72E-0B 1.25E-03  1.20E;02 60E-03 | 1.25E-03| 7.55E-04
0.6 0.018166| 3.55E-03 2.18E-08  1.49E-p3  0.01816655B303 | 1.49E-03| 7.42E-04
0.7 2.46E-02| 4.58E-03 2.49E-0B 1.48E-03 2.46E;02 5803 | 1.48E-03| 6.43E-04
0.8 3.04E-02| 5.53E-03 2.54E-0B 1.32E-03  3.04E;02 5303 | 1.32E-03| 5.94E-04
0.9 3.46E-02| 5.96E-03 2.24E-08 1.04E-03  3.46E;02 96E5:03 | 1.04E-03| 6.13E-04
1.0 0.036451| 5.85E-03 1.78E-03 8.08E-04  0.03645185E503 | 8.08E-04| 6.74E-04
11 3.55E-02| 5.33E-03 1.22E-08 6.79E-04  3.55E;02 33603 | 6.79E-04| 6.69E-04
1.2 3.17E-02| 4.45E-03 6.31E-04 6.41E-04 3.17E;02 45E-03 | 6.41E-04| 5.13E-04
13 2.53E-02| 3.17E-03 2.66E-04 6.43E-04 2.53E;02 17B:03 | 6.43E-04| 2.73E-04
14 1.69E-02| 1.38E-03 3.67E-0p 5.21E-04 1.69E;02 38H-03 | 5.21E-04| 2.87E-0f
15 7.20E-03| -5.28E-04 -1.06E-Q4 2.80E-04 7.20E;05.28E-04| 2.80E-04| -1.12E-O#
1.6 -2.83E-03| -2.29E-03 -1.46E-Q4 -1.53E-D4 -2.83E- -2.29E-03| -1.53E-04 -1.50E-04
1.7 -1.24E-02| -3.58E-0 -3.15E-04 -5.97E-D4 -1.P2E- -3.58E-03| -5.97E-04 -1.92E-04
1.8 -2.08E-02| -4.59E-03 -6.36E-Q4 -1.01E-D3  -2.08E- -4.59E-03| -1.01E-03 -3.01E-04
1.9 -2.76E-02| -5.26E-0 -1.05E-03  -1.21E-P3  -2.0@E -5.26E-03| -1.21E-03 -5.13E-04
2.0 -3.26E-02| -5.51E-0 -1.62E-03  -1.24E-D3  -3.P@E[ -5.51E-03| -1.24E-03 -7.19E-04
2.1 -3.58E-02| -5.19E-03 -2.14E-Q3 -1.13E-D3 -3.B8F- -5.19E-03| -1.13E-03 -8.13E-04
2.2 -3.72E-02| -4.44E-0 -2.44E-03  -1.00E-D3  -3.02E- -4.44E-03| -1.00E-03 -7.77E-04
2.3 -3.70E-02| -3.68E-03 -2.55E-O3 -9.69E-D4 -3.PQE- -3.68E-03| -9.69E-04 -6.45E-04
2.4 -3.55E-02| -3.00E-0 -2.32E-J3  -1.01E-D3  -3.92F- -3.00E-03| -1.01E-03 -5.58E-04
2.5 -3.26E-02| -2.46E-0 -1.84E-03  -1.13E-D3  -3.P@E| -2.46E-03| -1.13E-03 -5.54E-04
2.6 -2.85E-02| -1.84E-03 -1.29E-Q3 -1.14E-D3  -2.82F- -1.84E-03| -1.14E-03 -5.79E-04
2.7 -0.02321| -1.39E-0 -6.93E-04 -1.04E-D3  -0.023211.39E-03| -1.04E-03 -5.56E-0O¢
2.8 -1.68E-02| -1.16E-03 -2.23E-Q4 -6.96E-D4 -1.68E- -1.16E-03| -6.96E-04 -3.85E-04
2.9 -9.30E-03] -1.15E-0 9.41E-06 -2.59E-D4 -9.3GE-0-1.15E-03| -2.59E-04 -1.26E-04
3.0 -1.08E-03| -9.73E-04 1.73E-04 2.11E-04 -1.08E-03.73E-04| 2.11E-04 1.18E-O4
3.1 7.52E-03| -4.71E-04 253E-04 557E-04 7.52E{03.71E-04| 5.57E-04] 2.67E-04
3.2 1.60E-02| 2.61E-04 3.40E-04 7.31E-04 1.60E;02 61E-04 | 7.31E-04| 2.96E-04
3.3 2.37E-02| 1.11E-03 6.29E-04 7.76E-04 2.37E;02 11B-03 | 7.76E-04| 3.23E-04
3.4 3.02E-02| 2.03E-03 1.02E-0B  7.48E-04 3.02E;02 03E-03 | 7.48E-04| 4.17E-04
35 3.49E-02| 3.25E-03 1.52E-0B8  8.14E-04  3.49E;02 25B:03 | 8.14E-04| 5.96E-04
3.6 3.76E-02| 4.52E-03 2.07E-0B  9.48E-04  3.76E;02 52E-03 | 9.48E-04| 7.83E-04
3.7 3.81E-02| b5.64E-03 2.42E-0B 1.21E-03  3.81E;02 6403 | 1.21E-03| 8.44E-04
3.8 3.65E-02| 6.18E-03 2.52E-08 1.40E-03  3.65E;02 18K:03 | 1.40E-03| 7.76E-04
3.9 0.033083| 6.26E-03 2.39E-08 1.48E-p3  0.033(08326E03 | 1.48E-03| 6.19E-04
4.0 2.83E-02| 5.92E-03 1.92E-0B 1.34E-03  2.83E{02 925503 | 1.34E-03] 4.91E-0
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Table 2: Resultsfor various values of foundation modulus Ko with fixed values of shear modulus Go =900,000 and rotatory inertia Ro
for both cases of moving for ce and moving mass

MOVING FORCE MOVING MASS
T(sec) K=0 K'=40000{ K=400000 K=4000000 K=0] K=40000| K=400000 K=400000
0 0 0 0 0 0 0 0 0

0.1 2.24E-04 2.23E-04 2.16E-04 1.56E-04 1.61E-p4 60B-04 1.56E-04 1.18E-04
0.2 3.19E-03 3.13E-03 2.68E-03 4.85E-04 2.49E-D3 46203 2.14E-03 4.67E-04
0.3 1.06E-02 1.02E-02 7.23E-03 5.39E-04 8.23E-P3  96E-03 5.84E-03 4.55E-04
0.4 2.34E-02 2.19E-02 1.19E-02 9.15E-04 1.82E-p2 71H-02 9.89E-03 7.91E-04
0.5 4.11E-02 3.70E-02 1.42E-02 7.76E-04 3.12E-p2 84E-02 1.20E-02 6.84E-04
0.6 0.0613656 5.26E-02 1.33E-02 1.09E-08 4.57E4{02 98802 1.15E-02 9.35E-04
0.7 8.15E-02 6.57E-02 1.11E-02 9.37E-04 5.90E-D2 87E-02 9.68E-03 9.37E-04
0.8 9.77E-02 7.31E-02 1.01E-02 1.15E-03 6.83E-p2 26602 8.34E-03 8.57E-04
0.9 0.1066552| 0.0725247 1.11E-02 9.62E-04 7.16E4025.06E-02 8.84E-03 9.42E-04
1.0 0.1062352 0.063943 1.28E-02 9.02E-04 6.74E402 .0426257 1.03E-02 6.99E-04
1.1 9.51E-02 4.84E-02 1.27E-02 7.81E-04 5.59E-D2 04B:02 1.05E-02 8.16E-04
1.2 0.0741809 2.87E-02 9.34E-03 5.64E-04 3.88E02 .64E:02 8.46E-03 4.34E-04
1.3 4.57E-02 8.58E-03 4.24E-03 5.39E-04 1.83E-p2 21B-03 4.25E-03 4.08E-04
1.4 1.30E-02 -8.95E-03 -1.61E-04 1.11E-04 -2.32E103-6.73E-03 5.87E-05 2.04E-04
1.5 -1.96E-02 -2.12E-02 -2.11E-03 9.58E-0% -2.02E{0 -1.27E-02 -2.27E-03 -3.10E-05
1.6 -4.82E-02 -2.76E-02 -2.04E-03 -3.55E-04 -3.82E1 -1.47E-02 -2.72E-03 -1.25E-04
1.7 -6.98E-02 -2.91E-02 -2.57E-03 -3.01E-04 -4.02E{ -1.43E-02 -2.59E-03 -5.01E-04
1.8 -8.22E-02 -2.74E-02 -5.41E-03 -6.84E-04 -4.P@E{ -1.38E-02 -3.98E-03 -4.09E-04
1.9 -8.56E-02 -2.57E-02 -9.92E-03 -7.27E-04 -4.0PE{ -1.48E-02 -7.25E-03 -7.66E-04
2.0 -0.0809889  -2.62E-02 -1.39E-02 -9.60E-0¢ -0768% | -1.90E-02 -1.09E-02 -7.66E-04
2.1 -7.09E-02 -3.03E-02 -1.51E-02 -1.02E-08 -3.0@E{ -2.60E-02 -1.30E-02 -8.91E-04
2.2 -5.88E-02 -3.82E-02 -1.32E-02 -9.72E-04 -2.92E1 -0.0346683] -1.23E-02 -9.37E-04
2.3 -4.73E-02 -4.79E-02 -1.07E-02 -1.11E-08 -0.030§ -4.29E-02 -9.97E-03 -8.23E-04
2.4 -3.89E-02 -5.68E-02 -9.69E-03 -9.08E-04 -3.42E1 -0.0478374] -7.98E-03 -1.01E-03
2.5 -3.49E-02 | -0.0620812  -1.06E-0P -1.05E-0B -4:02E| -4.79E-02 -7.57E-03 -6.88E-04
2.6 -3.48E-02 -6.08E-02 -1.18E-02 -6.51E-04 -4.8QE1 -4.20E-02 -8.53E-03 -7.52E-04
2.7 -3.71E-02 -5.20E-02 -1.06E-02 -7.04E-04 -4.6PE{ -3.07E-02 -8.70E-03 -4.83E-04
2.8 -3.95E-02 -3.62E-02 -6.37E-03 -3.19E-04 -4.P@E{ -1.61E-02 -6.61E-03 -4.04E-04
2.9 -3.88E-02| -0.0152765  -1.05E-08 -3.08E-04 -3:0RE| -4.15E-04 -2.50E-03 -2.31E-04
3.0 -3.31E-02 7.20E-03 2.99E-03 2.21E-0% -1.77E{021.31E-02 2.04E-03 1.12E-04
3.1 -2.04E-02 2.77E-02 4.29E-03 2.34E-04 1.92E-p3 .28R-02 4.72E-03 8.05E-05
3.2 -8.87E-04 4.33E-02 4.01E-03 4.17E-04 2.32E-p2 .76R-02 5.23E-03 4.66E-04
3.3 2.40E-02 5.18E-02 4.83E-03 6.85E-04 4.31E-D2 80E-02 4.93E-03 4.56E-04
34 5.16E-02 5.34E-02 7.89E-03 6.59E-04 5.88E-p2 6002 5.59E-03 7.67E-04
3.5 7.83E-02 4.96E-02 1.22E-02 1.01E-03 6.80E-D2 33202 8.26E-03 7.81E-04
3.6 0.1000384 4.28E-02 0.01533 8.97E-04 6.99E{02 .24E202 1.15E-02 8.13E-04
3.7 0.1137604 3.63E-02 1.52E-02 1.18E-08 0.064791@.42E-02 1.34E-02 1.01E-03
3.8 0.1169195 3.22E-02 1.25E-02 9.26E-04 5.44E-02 .86E202 1.27E-02 8.28E-04
3.9 0.1090217 3.17E-02 9.80E-03 1.05E-08 4.12E02 448302 9.82E-03 9.74E-04
4.0 9.12E-02 3.45E-02 8.82E-03 8.58E-04 2.77E-D2 91802 7.14E-03 6.81E-04
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Table 3: Resultsfor various values of shear modulus Go with fixed values of foundation modulus K o = 400,000 and rotatory inertia Ro =
2.5for both cases of moving force and moving mass

MOVING FORCE MOVING MASS
T(sec) G=0 G = 9000 G =900000 G =9000000 G=0pG=90000| G =90000 G = 9000000
0 0 0 0 0 0 0 0 0
0.1 2.15E-04 2.16E-04 2.25E-04 2.88E-04 2.22E04 23E-04 2.33E-04 2.98E-04
0.2 2.69E-03 2.68E-03 2.63E-03 2.14E-0] 3.14E{03 13B:03 3.08E-03 2.50E-03
0.3 7.27E-03 7.23E-03 6.91E-03 4.24E-0 1.02E402 028-02 9.72E-03 5.98E-03
04 1.20E-02 1.19E-02 1.09E-07 4.66E-03 2.21E{02 19E-02 2.01E-02 8.28E-03
0.5 1.44E-02 1.42E-02 1.24E-02 4.23E-0 3.76E{02 70B:02 3.22E-02 8.18E-03
0.6 1.36E-02 1.33E-02 1.12E-02 4.97E-03 5.38E102 26E5-02 4.28E-02 7.15E-03
0.7 1.14E-02 1.11E-02 9.46E-03 6.39E-0 6.79E{02 571602 4.91E-02 7.46E-03
0.8 1.02E-02 1.01E-02 9.54E-03 6.37E-0 7.63E{02 31E-02 4.93E-02 9.17E-03
0.9 1.11E-02 1.11E-02 1.12E-07 4.93E-03 0.0768p290725247 4.32E-02 1.01E-02
1.0 0.0128663 1.28E-02 1.23E-03 4.22E-08 0.0690186.063943 3.26E-02 8.57E-03
11 1.29E-02 1.27E-02 1.09E-07 4.68E-03 5.35E{02 84HE-02 2.05E-02 5.62E-03
1.2 9.63E-03 9.34E-03 6.89E-03 4.25E-0 3.32E102 87E-02 9.82E-03 3.66E-03
1.3 4.51E-03 4.24E-03 2.54E-03 2.14E-01 1.15E402 58803 2.85E-03 3.48E-03
14 -1.31E-04| -1.61E-04 2.88E-04 2.83E-04 -8.31E1038.95E-03 -1.34E-04 3.32E-03
15 -2.33E-03 | -2.11E-03 1.14E-08 -8.43E-06 -2.32E10 -2.12E-02 -5.82E-04 1.17E-03
1.6 -2.33E-03| -2.04E-03 -3.07E-04 -3.16E-04 -3.08E; -2.76E-02 -7.08E-04 -2.49E-03
1.7 -2.71E-03 | -2.57E-03 -2.59E-0 -2.17E-0B8 -3.08E; -2.91E-02 -3.21E-03 -5.26E-03
1.8 -5.28E-03 | -5.41E-03 -6.93E-0 -4.23E-0B8 -3.83E; -2.74E-02 -9.68E-03 -5.79E-03
1.9 -9.71E-03 | -9.92E-03 -1.10E-02 -4.62E-0B8 -3.08E; -2.57E-02 -1.97E-02 -5.40E-03
2.0 -0.0139621] -1.39E-04 -1.23E-02 -4.22E-0B -2:02E| -2.62E-02 -3.16E-02 -6.30E-03
2.1 -1.54E-02 | -1.51E-07 -1.11E-02 -5.00E-0B8 -3.08E; -3.03E-02 -4.25E-02 -8.70E-03
2.2 -1.38E-02 | -1.32E-04 -9.53E-0 -6.43E-0B8 -3.62E; -3.82E-02 | -0.0489584 -1.04E-02
2.3 -1.11E-02 | -1.07E-07 -9.48E-0 -6.37E-0B8 -4.83Er -4.79E-02 -4.94E-02 -9.78E-03
2.4 -9.67E-03 | -9.69E-03 -1.12E-02 -4.91E-0B8 -5.8QE; -5.68E-02 -4.36E-02 -7.54E-03
2.5 -1.03E-02 | -1.06E-04 -1.24E-02 -4.21E-0B8 -6.08E; -0.0620812]  -3.30E-02 -6.12E-03
2.6 -1.16E-02 | -1.18E-07 -1.08E-02 -4.67E-0B8 -6.PQE; -6.08E-02 -2.08E-02 -6.40E-03
2.7 -1.08E-02 | -1.06E-04 -6.83E-0 -4.24E-08 -5.62E; -5.20E-02 -1.00E-02 -6.67E-03
2.8 -6.91E-03| -6.37E-03 -2.60E-0 -2.13E-0B8 -4.P2Et -3.62E-02 -2.63E-03 -4.85E-03
2.9 -1.50E-03 | -1.05E-03 -2.25E-04 -3.00E-04 -2.8PE; -0.0152765] 5.85E-04 -1.28E-03
3.0 3.03E-03 2.99E-03 8.85E-06 -7.79E-06 1.88E404 .20H-03 1.05E-03 1.67E-03
3.1 4.78E-03 4.29E-03 2.31E-04 3.37E-04 2.35E{02 77E-02 1.23E-03 2.51E-03
3.2 4.59E-03 4.01E-03 2.67E-03 2.22E-0 0.0432[153.33E4+02 3.44E-03 2.45E-03
3.3 5.01E-03 4.83E-03 6.99E-03 4.26E-03 5.64E{02 1802 9.53E-03 3.76E-03
3.4 7.53E-03 7.89E-03] 1.09E-07 4.60E-0 0.0621B857 .34E502 1.94E-02 6.76E-03
35 1.18E-02 1.22E-02 1.24E-07 4.19E-03 6.06E102 96HE-02 3.12E-02 9.32E-03
3.6 1.53E-02 0.015339 1.12E-07 5.00E-0 5.38E102 28E02 4.20E-02 9.52E-03
3.7 1.58E-02 1.52E-02 9.44E-03 6.45E-0 4.48E102 63B:02 4.88E-02 8.02E-03
3.8 1.34E-02 1.25E-02 9.54E-03 6.38E-01 3.63E{02 22B-02 4.95E-02 7.21E-03
3.9 1.03E-02 9.80E-03] 1.12E-02 4.91E-0 3.07E{02 17B:02 4.39E-02 8.12E-03
4.0 8.59E-03 8.82E-03 1.23E-07 4.21E-03 2.91E{02 45B-:02 3.36E-02 9.10E-03
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Table 4: comparism of the displacement response of moving for ce and moving mass of non uniform simply supported Rayleigh beam for
fixed values of Rotatory inertia By = 2.5, Ko =400000 and Go =90000.

T(sec) | MOVING FORCE| MOVING MASS|
0 2.16E-04 1.61E-04
0.1 2.68E-03 2.49E-03
0.2 7.23E-03 8.23E-03
0.3 1.19E-02 1.82E-02
0.4 1.42E-02 3.12E-02
0.5 1.33E-02 4.57E-02
0.6 1.11E-02 5.90E-02
0.7 1.01E-02 6.83E-02
0.8 1.11E-02 7.16E-02
0.9 1.28E-02 6.74E-02
1.0 1.27E-02 5.59E-02
1.1 9.34E-03 3.88E-02
1.2 4.24E-03 1.83E-02
1.3 -1.61E-04 -2.32E-03
1.4 -2.11E-03 -2.04E-02
15 -2.04E-03 -3.35E-02
1.6 -2.57E-03 -4.08E-02
1.7 -5.41E-03 -4.26E-02
1.8 -9.92E-03 -4.01E-02
1.9 -1.39E-02 -0.03576
2.0 -1.51E-02 -3.16E-02
2.1 -1.32E-02 -2.97E-02
2.2 -1.07E-02 -0.03087
2.3 -9.69E-03 -3.47E-02
2.4 -1.06E-02 -4.01E-02
2.5 -1.18E-02 -4.46E-02
2.6 -1.06E-02 -4.61E-02
2.7 -6.37E-03 -4.26E-02
2.8 -1.05E-03 -3.30E-02
2.9 2.99E-03 -1.77E-02
3.0 4.29E-03 1.92E-03
3.1 4.01E-03 2.32E-02
3.2 4.83E-03 4.31E-02
3.3 7.89E-03 5.88E-02
3.4 1.22E-02 6.80E-02
3.5 0.015339 6.99E-02
3.6 1.52E-02 0.064792
3.7 1.25E-02 5.44E-02
3.8 9.80E-03 4.12E-02
3.9 8.82E-03 2.77E-02
4.0 2.16E-04 1.61E-04
CONCLUSION

The problem of vibrations of non uniform Rayleigkaln resting on elastic Pasternak foundation amd\ease by
concentrated masses travelling at constant veldwty been investigated. lllustrative example invgvsimply
supported boundary condition was presented. Thaisos hitherto obtained are analyzed and resonemieditions
for the various problems are established. Reshtig/ghat:

Resonance is reached earlier in a system travessetbving mass than in that under the action obaing force.

(a) As the shear modulus (G), Rotatory inerify,) and foundation modulus (K) increases, the ammitatinon
uniform Rayleigh beam under the action of movingd® moving at constant velocity decreases.

(b) When the values of the shear modulus (G) and Rugtatertia{ Ry ¥ are fixed, the displacement of non uniform
Rayleigh beam resting on elastic Pasternak fouodand traversed by masses travelling with constalotity.

(c) For fixed value of axial force, shear modulus aadndation modulus, the response amplitude for tbeimg
mass problem is greater than that of the movingef@roblem for the illustrated end condition coasédl.

(d) It has been established that, the moving forcetisolius not an upper bound for accurate solutiothefmoving
mass in uniform Rayleigh beams under acceleratadd. Hence, the non- reliability of moving forcdusion as a
safe approximation to the moving mass problem igicoed.
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(e)In the illustrated examples, for the same naturadjdency, the critical velocity for moving mass lgemm is
smaller than that of the moving force problem. Hemesonance is reached earlier in the moving pra¢dem.
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