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ABSTRACT

A numerical analysis has been carried out on the effects of thermal radiation and viscous dissipation on steady
magneto hydrodynamic free convective flow over a stretching sheet with variable viscosity in presence of chemical
reaction. The governing partial differential equations are transformed to the ordinary differential equations using
similarity variables, and then solved numerically by means of the fourth-order Runge-Kutta method with shooting
technique. A comparison with exact solution is performed and the results are found to be in excellent. Numerical
results for the velocity, temperature and concentration as well as for the skin-friction, Nusselt number, and the
Sherwood number are obtained and reported graphically for various parametric conditions to show interesting
aspects of the solution.

INTRODUCTION

The flows due to stretching sheet in presenceafteimagnetic fields are relevant to many practipglications in
the metallurgy industries, polymer processing indes, paper production, flaments drawn throughugéescent
electrically conducting fluid subject to a magnefield and purification of molten metal’s from noetallic
inclusions.

Hydromagnetic flows of heat and mass transfer Hae@me more important in recent years because ofyma
important applications. For example, in many matagilcal processes which involve cooling of continsi@trips or
filaments, these elements are drawn through a cgmésfluid. During this process, these strips aymetimes
stretched. The properties of the final product delp®® a great extent on the rate of cooling. Thte bf cooling has
been proven to be controlled and, therefore, thaditgwof the final product by drawing such stripsan electrically
conducting fluid subject to a magnetic field [1jull2] analyzed the hydromagnetic fluid flow passtaetching
sheet in the presence of uniform transverse magfield. Chen [3] investigated the fluid flow anddt transfer on
a stretching vertical sheet, and his work has e¢ended by Ishak et al. [4] to hydromagnetic fléwo-Eldahab
[5 ] studied the hydromagnetic three dimensionalvflover a stretching sheet with heat and massfaaerffects.
Seddeek and Salem [6] introduced the effect ofx@a enagnetic field on the flow and heat transfdso, Seddeek
and Salem [7] have analyzed the effects of varigisieosity with magnetic field on the flow and h&ansfer.

Thermal radiation in fluid dynamics has becomegaificant branch of the engineering sciences arahigssential
aspect of various scenarios in mechanical, aerespelbemical, environmental, solar power and hazards
engineering. For some industrial applications saglglass production and furnace design and in seab@ology
applications such as cosmical flight aerodynamaxket, propulsion systems, plasma physics and spaftee-
entry aerothermodynamics which operate at highepegatures, radiation effects can be significahe €ffect of
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radiation on MHD flow and heat transfer problem lmxome more important industrially. At high opergt
temperatures, radiation effect can be quite sigaifi. Many processes in engineering areas occunight

temperatures and knowledge of radiation heat teartsfcomes very important for design of reliableigeent,

nuclear plants, gas turbines and various propulsievices or aircraft, missiles, satellites and spaehicles.
Makinde and Ogulu [8] studied the effect of thermediiation on the heat and mass transfer flow ohiable

viscosity fluid past a vertical porous plate pertedaby a transverse magnetic field. Anjali Devi &walid Maxim

Gururaj [9] proposed the effects of variable vistyoand nonlinear radiation on MHD flow with heaamsfer over a
stretching surface presence of a power-law velogiigyasagar et al. [10] founded that the effectshmrmal

radiation and mass transfer on MHD flow over a ismthermal stretching sheet embedded in a porowtume

Phool Singh et al [11] studied that effect of réidia and magnetic field on stretching permeableshepresence of
free stream velocity.

In all the studies mentioned above the heat dudsimous dissipation is neglected. Gebharat [12] dfasvn the
importance of viscous dissipative heat in free eation flow in the case of isothermal and constesat flux at the
plate. Israel-Cookey et al [13] investigated thituience of viscous dissipation and radiation ontemdy MHD free
convection flow past an infinite heated verticatplin a porous medium with time dependent sucameetha et
al [14] investigated radiation and mass transfégotd on MHD free convection flow past an impul$yvstarted
isothermal vertical plate with viscous dissipati@aneswara Reddy and Bhaskar Reddy [15] presentet and
dufour effects on steady MHD free convection floaspa semi-infinite moving vertical plate in a pasanedium
with viscous dissipation. Mohammed Ibrahim and BhasReddy [16] studied the radiation and mass feans
effects on MHD free convection flow along a strétghsurface with viscous dissipation and heat smurc
Mohammed Ibrahim [17] investigated impact of heatl anass transfer effects on hydrodynamic flow pzast
exponentially stretching surface under the infleerd viscous dissipation, heat source and thermadiation.
Vajravelu and Hadjinicolaou [18] analyzed the effeaf viscous dissipation and heat source on algtescous
fluid over a stretching sheet. Javad Alinejad aacth&bakhsh [19] initiated effects of viscous diagn on non
linear stretching sheet.

Coupled heat and mass transfer problems in presdrdd@mical reaction are of importance in manycpsses and
thus have received considerable amount of attentia®cent times. In processes such as dryingriloligion of
temperature and moisture over agricultural fieldd groves of a water body, energy transfer in acweting tower
and flow in a desert cooler, heat and mass trarsfeur simultaneously. Many practical diffusive mgi®ns
involve the molecular diffusion of a species in theesence of chemical reaction within or at the ruauy.
Therefore, the study of heat and mass transfer etimical reaction is of great practical importateengineering
and scientists. Afify [20] presented MHD free coctiee flow over a stretching surface with homogesipu
chemically reacting species being consumed in tbegss. Seddeek and Almushigeh [21] investigdtecetfects
of radiation and variable viscosity on MHD free geqtion over a stretching sheet under the influesfoeariable
chemical reaction. Alharbi et al [22] founded theatand mass transfer in MHD visco-elastic flumflthrough a
porous medium over a stretching sheet with chemiattion. Singh et al. [23] proposed the masssteareffects
on steady MHD convective flow along a vertical shiegresence of chemical reaction.

However the interaction of chemical reaction ardlation effects of an electrically conducting aneef convective
flow past a stretching surface has received ldttention. Hence, the aim of the present work isttmly the effects
of thermal radiation, chemical reaction, magnetieldf variable viscosity, heat source and dissipaton

hydromagnetic heat and mass transfer. The gowgedunations are transformed by using similaritpgfarmation

and the resultant dimensionless equations are daluenerically using the Runge-Kutta fourth ordertmoe with

shooting technique. The effects of various govegrparameters on the velocity, temperature, conagoitr, skin-

friction coefficient, Nusselt number and Sherwoaoehier are shown in figures and tables and analyeddtail.

Mathematical Formulation

Consider the steady two-dimensional laminar freeveotive flow heat and mass transfer over a stiegchheet.
The fluid is assumed to be viscous, incompressinlé electrically conducting, we also assume that fthid
properties are isotropic and constant, excepthferfilid viscosity which is assumed to be an exptinefunction of
temperature.u, v, T and C are the fluidx — component of velocityy- component of velocity, temperature and
concentration respectively.

Under the above assumptions, the two dimensionahdeary layer equations for flow are given belowydd [ 24]:
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Here, p is the fluid density,.z the viscosity coefficientd the electrical conductivityB, the magnetic field of
constant strengthcp the specific heat at constant pressyé®,the coefficient of thermal expansion atﬁ the
coefficient of concentration expansianis the gravitational acceleratiok,is the thermal conductivityQ} is the

radiative heat flux in thg-direction, D is the mass diffusivityn is order of reaction anKr’ is the chemical
reaction parameter. We consider the magnetic Rdgnoumber is very small for most fluid used in igifial
applications, we assume that the induced magrietitis negligible.

The radiating gas is said to be a non-gray if theogption coefficientKA is depending on the wave length Abd

El-Naby [25]. The equation which describes the eovetion of radiative transfer in a unit volumer &l wave
length is

q = [K,(T)(4e,,(T)-G,)dA
0
where @} is the radiation heat fluxg,), is the Plank’s function and the incident radiation is defined as

eAh(Q)dQl

Q=4

where D.qr is the radiative flux divergence arf@ is the solid angle. Now, for an optically thiniluexchanging

radiation with a vertical cylinder at the averageperature valud, and according to the above definition for the
radiative flux divergence and Kirchhoff's law thecident radiation is given by

G/l = 4e/1h (Tw)1
then
0.4 =4[ K, (T)(e;, (T)-e;, (T,))dA

ExpandingK , (T) ande,,(T,) in Taylor series around,, for small (T —T,), then we can rewrite the radiative
flux divergence as
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? oe
O =4(T -T,)[K ( *hj dA,
o (52

where

K =K, (Tw) :

Hence, an optical thin limit for a non —gray gasilrium, the following relation holds

Oq =-4(T-T,), (5)

And, hence,

aqr - 4("’ _Tw)r’ (6)
or

where

r =TKAW(66‘?;“) dA.
0 w
The boundary conditions are given by
u=ax,v=0T=T, C=C, asy=0
u=0, T=0, C=0as Yy - o @)
where a,T and C,, are constants.

The continuity equation (1) is satisfied by thexatn function/(X, y) defined by

_oy _ oy ®)

, V= :
oy 0X

To transform equations (2), (3) and (4) into aafebrdinary differential equations, the followingntensionless
variables are introduced:

a a T C
w= o), n= 2oy 0=", p=—= ©)
e P T, C,

The variations of viscosity are written in the foEibashbeshy et al [26]:

(10)

where [, is the viscosity at temperatuiﬁ, and [ is the viscosity parameter.

Using these new variables, the momentum, energy camgentration equations and their associated kaoynd
conditions can then be written as
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f"+e” (1" = (')’ +Gro+Gep-M*f)- g " =0, (11)
g +Pr(f6 -R@-1)+Ecf"?)= 0, (12)
¢ +Sc(fg-Kr ¢)=0. (13)

f(0)=0, f'(0)=1 6(0)=1, ¢0)=1,
f(0) =0, () =0, ge) =0, (14)

where the prime indicates differentiation with respto/; .

Gr =

C o
g'[zTW (local Grashof number), GC:%OOCN modified Grashof numben)M = [—B,
a‘x ax pa

C a’
(magnetic parametenPr= oo (Prandtl number),EC:—T (Viscous dissipation),Sc = Ho
C
p W

( Schmidt

(non-dimensional chemical reaction parametBR )z (radiation parameter).

r
number), Kr = ——
aC apc,

Fortunately, the boundary value problem (11) togethwith the boundary conditions (14) at
Gr =Gc=M = =0 has an exact solution in the form:

f(n)=1-¢e". (15)

The physical quantities of interest in this problara the skin-friction parametéBf , local Nusselt numbe\u, and

the local Sherwood number which are defined by

C, = —tw g, (16)

aty

U0 ax

0

Nu=—M__ =_g(0), 17)
k [P,
0

sh=—"__ —_y), (18)

D, |%bc,
o)

where M, is the rate of mass flux at the wall, defined as

_ Cc) _ al,
=-D| = =-D C,¢(0).
m, (ayjyzo ,/ P «#(0)

250
Pelagia Research Library



S. Mohammed I brahim Adv. Appl. Sci. Res,, 2014, 5(2):246-261

The wall shear stresg, is given by

I, = ﬂ(%jz xe PO f "(O),
P

and the heat fluxg, at the wall is given by

q,=— (a_T] =-k %TWQ'(O)
o)., o

Numerical M ethods

The governing boundary layer equation (11) (12) éI®) subjected to the boundary conditions (14) soleed
numerically. The shooting method for linear equadits based on replacing boundary value problernwbyinitial
value problems, and the solution of the boundahlyesaroblem is linear combination of two initiallua problems.
The shooting method for non-linear second ordemdaty values problems is similar to the linear caseept the
solution of the non-linear problem cannot be simplpressed as a linear combination between théicolaf the

two initial value problems. The maximum valuespf—, oo, to each group3, M, R, n, Kr andc determined when

the value of unknown boundary conditions 7/at=0 not change successfully loop with error less tHah” .

Instead, we need to use a sequence of suitables/&bu the derivatives such that the tolerancéetend point of
rage is very small. This sequence of initial valisegiven by secant method and we use the ordeg&HKutta
method to solve the initial value problem.

RESULTSAND DISCUSSION

The results are computed for the main physicalrpatars which are presented by means of graphsinflhences
of the thermal Grashof numb@&r, modified thermal Grashof numb@&c, the magnetic field parametéf, the

viscosity parametef3, Prandtl numbePr, Thermal radiation parametBr Viscous dissipatiofc, Schmidt number

Sc, chemical reaction parametkr and order of the reaction parameteron the velocity, temperature and
concentration profiles are displayed in Figures 10--In the present study, the following defaultgmaetric values

are adoptedGr = 1.0,Gc = 1.0,M = 0.1, # = 0.1,Pr = 0.71,R = 0.1,Ec=0.01,Sc = 0.6,Kr = 0.5,n = 1.0. All
graphs therefore correspond to these unless spahifindicated on the appropriate graph.
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Fig. 1. Velocity profileswith different Gr
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Fig.2. Velocity profileswith different Gc

Figure 1. shows the influence of thermal buoyarargd parameteGr on the velocity. As can be seen from this
figure, the velocity profile increases with increasn the values of the thermal buoyancy. We agtwhlserve that
the velocity overshoot in the boundary layer regiBooyancy force acts like a favorable pressureligra which
accelerates the fluid within the boundary layeréfere the modified buoyancy force paramedserhas the same
effect on the velocity a&r presented in Figure 2.

Figures 3(a), 3(b) and 3(c) illustrate the influeraf the magnetic paramet®t on the velocity, temperature and
concentration profiles in the boundary layer, resipely. Application of a transverse magnetic fidid an
electrically conducting fluid gives rise to a reisis-type force called the Lorentz force. This fftas the tendency
to slow down the motion of the fluid in the boungéayer and to increase its temperature and coratésm. Also,
the effects on the flow and thermal fields beconoeerso as the strength of the magnetic field iregsa
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Fig.3(a). Velocity profileswith different M

M=0.0,0.5,0.7,1.0

Fig.3(b)Temperature profileswith different M

The influence of viscosity parametg@ on the velocity, temperature and concentratioffilpsois plotted in Figures.
4(a), 4(b) and 4(c) respectively. Figure 4(a) shtivesvelocity decreases with an increase in visg@sirameterf3 .
It is observed that the temperature and conceotraticreases with an increase in viscosity paraméte

Fig.5(a). lllustrates the velocity profiles for fdifent values of the Prandtl numtr. The numerical results show
that the effect of increasing values of Prandtl hanresults in a decreasing velocity. From Fig.5ighs observed
that an increase in the Prandtl number resultscaedse of the thermal boundary layer thicknessiargeneral
lower average temperature within the boundary layée reason is that smaller valuesRofare equivalent to
increasing the thermal conductivities, and thereefoeat is able to diffuse away from the heatecepiabre rapidly
than for higher values d®r. Hence in the case of smaller Prandtl numberb@doundary layer is thicker and the

rate of heat transfer is reduced.
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Fig.3(c). Concentration profileswith different M
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Fig.4(a). Velocity profileswith different ﬁ

The effects of the thermal radiation paramé&eam the velocity and temperature profiles in thermary layer are
illustrated in Figures 6(a) and 6(b) respectivégreasing the thermal radiation paramégoroduces significant
increases in the thermal condition of the fluid atsdthermal boundary layer. Through the buoyanfégcg, this
increase in the fluid temperature induces more fiote the boundary layer thus causing the velooftyhe fluid
there to increase. In addition, the hydrodynamigratary layer thickness increases as a result oéasing thermal
radiation parameteR.

The effect of the viscous dissipation parametey b Eckert numbeic on the dimensionless velocity profiles and
temperature are shown in Figs. 7(a) and 7(b) réisebc The positive Eckert number implies cooliofythe plate
i.e., loss of heat from the plate to the fluid. Hengreater viscous dissipative heat causes &rtbe temperature as
well as the velocity, which is evident from Figgéa)rand 7(b).

254
Pelagia Research Library



S. Mohammed I brahim Adv. Appl. Sci. Res,, 2014, 5(2):246-261

1.0

0.8 |-

e(n)

B=-0.7,00,05,10

Fig.4(b).Temperature profileswith different ,3
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Fig.4(c). Concentration profileswith different ,8

Figs. 8(a) and 8(b) display the variation bf(/7) and ¢(r7) at different values of the Schmidt numiger It is seen
that the velocity profiles and the concentratioofibes are decrease as the Schmidt nurSbéncreases.

Figures 9(a) and 9 (b) display the effect of chenieaction parametédr on velocity and concentration field. From
the Figure it is observed that the velocity andoemration distribution are decreases with an emeeof chemical
reaction parameter.

It is seen in Figure 10 that increases in ordereafiction parameten causes a marginal increase in the species
concentration. Its effect on the fluid velocity atamperature is negligible and hence those figheage been not
included. Therefore it is concluded that effecpafameten on species consumption is not profound.
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Fig. 5(a). Velocity profileswith different Pr
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Fig.5(b). Temperature profileswith different Pr

Table 1: The analytical values of f (I]) in equation (15) has been presented in Table 1. The agreement between analytical and

numerical solutionsis excellent Valuesof f (17) for different values of naGr=Gc=M = B=0

1] | Exactsolutionin Eq.(15) | Present Results
0.0C 0 0
0.01 0.0099501 0.00995016
0.02 0.0198013 0.0198013
0.03 0.0295544 0.0295544
0.04 0.0392105 0.0392105
0.0t 0.048770! 0.048770
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Fig.6(a). Velocity profileswith different R

1.0

0.8
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Fig.6(b). Temperature profileswith different R

The analytical values off (17)in Equation (15) has been presented in Table 1.afgneement between analytical
and numerical solutions is excellent.

It is observed that with the increase in magnetimmeter that skin-friction decreases i.e. fluigesiences more
and more drag as magnetic parameter increasesh@dteand mass flux at surface reduce with the &serdn
magnetic parameter. It is noticed that with theréase in Prandtl number, skin-friction and masg flecrease,
while the heat flux increases at the Prandtl nunti@eases. The skin friction and Sherwood numhbeneiase as the
radiation parametet increase, while the Nusseltbarndecreases as radiation parameter increases thfdsskin-
friction, Nusselt number and Sherwood number deeraghen viscosity parameter increases. As Eckertbeu
increase heat flux is decreases, while skin-fiictimd mass flux are increase. It is seen from Talfeat as the
Schmidt number or chemical reaction parameter as@e the skin-friction decreases, while the surfacgerature
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and mass flux at the surface increase. As the asfi@eaction parameter increases skin-friction &eat flux
increases, while mass flux is decreases.

1.0
0.8 |
0.6 Ec =0.0, 0.5, 1.0,2.0
G
\\
0.4 |
02|
0.0 L 1 L
0 2 4 6 8
n
Fig.7(a). Velocity profileswith different Ec
1.0
08|
06 Ec =0.0,05,2.0,5.0
=
T
04
0.2 |-
0.0 . L . 1 . L
0 2 4 6 8

Fig. 7(b). Temperature profileswith different Ec

Table2. Valuesof f"(0),—8'(0)and —¢/(0) for different valuesof Pr=0.71, R=0.1, Ec = 0.0, Sc = 0.6, Kr =05,n = 10.

Gr|lcge| M| B | Q) | -€(0) | —¢(0)

10| 10| 01| 01 0.126129 0.379284 0.7841B1
20] 10| 0.1] 0.1 0.653068 0.44168 0.8128B3
30| 1.0] 0.1] 0.1 1.1347 0.484738 0.835481
10| 20| 01| 01 0.555957 0.408217 0.8018[12
10| 3.0] 01| 01 0.968104 0.432905 0.817571

1| 1C| 0.2 ] 0.1 | 0.075517 0.37221(1 | 0.78102
10| 1.0] 05| 0.] -0.0221643 0.358435 0.774969
10| 10| 01| 03 0.17723 0.378836 0.7845[16
10| 1.0] 01] 05 0.138245 0.338583 0.7819[79
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1.0
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Fig.8(a). Velocity profileswith different Sc

1.0

0.8 |-

0.6 -

o)

Sc =0.22,0.6,0.78, 0.94

0.0 + L

Fig.8(b). Concentration profileswith different Sc

Table3.Valuesof f "(O), -0 (0) and —(d(O) for different values of Gr =1.0, Gc =1.0, M = 0.1, ,3 =0.1,Sc=06,Kr=05n=10.

pr| R| E | f"(0) | -€(0) | -¢(0)

0.71] 0.1] 0.01] 0.126129 0.379284 0.7841p1
1.0 | 0.1 | 0.01| 0.103827 0.437067| 0.781886
2.0 | 0.1 | 0.01 | 0.0613488 0.58023 0.77818p
0.71] 0.3 | 0.01 | 0.226872 0.207293 0.797758

0.71] 05] 0.01| 0.28211 0.110184 0.80487,
0.71] 0.1 | 0.0t | 0.12672" | 0.37764:. | 0.78424.
0.71] 0.1| 0.05] 0.127316 0.376002 0.784308
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1.0

08 Kr=0.0,0.5, 1.0, 2.0
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Fig.9 (a). Velocity profileswith different Kr
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0.8 -

0.6 |

@on)

04 Kr=0.0,0.5, 10,15

Fig. 9(b). Concentration profileswith different Kr

Table4. Valuesof f "(0),—5' (0) and —qd(O) for different valuesof Gr = Gc =1.0,M = ,3 =0.1, Pr=0.71, R=0.1, Ec=0.01

s [k | n] £0) | =6(0) | —¢(0)

0.6 | 05| 1.0/ 0.126129 0.379284 0.784181
0.78| 0.5]| 1.0 0.0989485 0.373746 0.89766
094| 05| 1.0/ 0.0795652 0.370259 0.98788
0.6 | 1.0] 1.0/ 0.0970533 0.368095 0.953008
0.6 | 20| 1.0/ 0.0568926  0.37428¢ 1.22555

0.6 | 0.5 | 2.C | 0.14665: | 0.38394( | 0.71491:
0.6 | 0.5] 3.0/ 0.154531 0.38536p 0.681773
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Fig. 10. Concentration profileswith different n
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