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ABSTRACT

In this paper, we develop length biased distribution (LBD) of weighted Inverse Gaussian
distribution (MGD). Moment properties, estimation of parameter, and hazard function of the
resulting distribution have been considered here. Finally, we illustrate the applicability of LBD
of WIGD in environmental sciences using drinking water quality data based on Fluoride (F)
concentration respectively.

Keywords: Weighted Inverse Gaussian distribution (WIGD), g#nbiased distribution (LBD),
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INTRODUCTION

Water quality performs important role in healthhafman, animals and plants. The quality of
water within a region is governed by both naturedcpsses such as rainfall, the underlying
geology, weathering processes, the vegetation ganic matter decay, soil erosion and
anthropogenic effects viz. urban, industrial andcadtural activities and the human exploitation
of water resourcefl2]. In the current world economic paradigms, sustden@ocioeconomic
development of every community depends much onstigtainability of the available water
resources. Water of adequate quantity and quadityequired to meet growing household,
industrial and agricultural needs. Groundwater ipi&d a very sensitive issue, which transcends
national boundaries. Therefore, quality of watesoregces is a subject of ongoing concern and
the assessment of long term water quality chargyalso a challenging problem. During the last
decades, there has been an increasing demand foitonmog water quality by regular
measurements of various water quality parametersoring to[13], some of the necessities of
water quality monitoring are- to provide a systemaavsynopsis of water quality, to monitor
long-range trends in selected water quality pararseto detect actual or potential water quality
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problems, to determine specific causes, to asses®ftect of any convective action and to
enforce standards. Therefore, the effective, l@mgitmanagement of ground water requires a
fundamental understanding of hydro-morphologicdlernical and biological characteristics.
However, due to spatial and temporal variationsvater quality (which are often difficult to
interpret), a monitoring program, providing a regaetative and reliable estimation of the quality
of ground waters is necess#gy.

Computer systems now offer the possibility of hargland manipulating very large databases in
ways which were not previously a practical opti#] have used such databases for estimation
of mass loads of pollutants in rivergl5] used the hydrochemical databases from upland
catchments for a period of five years to assessaiheal variation in amounts and concentration
of solutes and to examine the variation in streaaewquality due to changes in flow, season
and long time trend.

A variety of statistical methods such as clustealysis (CA), principal component analysis
(PCA) and factor analysis (FA) have been exertedafeariety of environmental applications,
containing evaluation of ground water monitoringis@s and hydrographs, examination of
spatial and temporal patterns of water qualitynidieation of chemical species related to
hydrological conditions and assessment of envirariatequality indicatorg16], [18], [29].
These methods display the information which is eated in the quality variables observed in a
water quality monitoring network. Application ofethe multivariate statistical techniques, helps
in the interpretation and representation of complata matrices to better understand the water
guality and ecological status of the studied systegnabled the classification of water samples
into distinct groups on the basis of their hydrooleal characteristics, allows the identification
of possible factors sources that influence watstesys and offers a valuable tool for reliable
management of water resources, as well as rapidi@olto pollution problem§ll], [21], [23],
[24], [28], [30].

Distribution model study is one of the recent depeients in statistical analysis of
environmental research. Development of new distiiog definitely helps to interpret the spatial
and temporal variation of hydro-morphological adlvas physico-chemical quality of ground
water easily and concerted strategies can be atidptebetter future. Distribution study can
successfully be used to be derived information ftbendata set about the possible influences of
the environment on water quality and also identifiural groupings in the set of data. These
methods are important to avoid misinterpretationeaf/ironmental monitoring data due to
uncertainties. Water quality data do not usualliof@ convenient probability distributions such
as the well-known normal and lognormal distribu§oan which many classical statistical
methods are basg@]. Probability plots are used to determine how wialta fit a theoretical
distribution. This could be achieved by comparingves of measured values to the density
curve of theoretical distributions.

The concepts of length-biased (LB) and weightedridigions (WD) have been applied in
various fields such as ecology and environmenta&nses for reliability and survival analysis
[3]. The LB and WD distributions occur naturally inmygasituations because sometimes it is not
possible to work with a truly random sample frora gopulation of interesf17] mentioned that

in environmental studies, observations fall in tlen-experimental, non- replicated and non-
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random categories. Therefore, making random selectiom the observed population is

impossible. Thus, problems of model specificatiomd adata interpretation acquire great

importance. A way of confronting this problem isdmnsidering observations which are selected
with probability proportional to their ‘length’. Enhresulting distribution is called the length-

biased distribution.

On the other hand, non-observation and damageta$elaresults reduction of value or adoption
of a sampling plan which gives unequal probabgiti® the various units and cannot be
considered as a random sample from the theorelistibution[20]. For these types of data sets
the weighted distribution can be applied. Both ¢hdistributions takes into account the method
of ascertainment by adjusting the probabilitiesaofual occurrence of events to arrive at a
specification of the probabilities of those eveagobserved and recorded)].

In this paper, LBD of WIGD have been developed andattempt has been made to apply these
newly developed distribution to the estimated datéluoride(F) during the study that can be
useful in environmental field in near future to yicke a comprehensive description of the
statistical and probabilistic properties.

Preliminary computation of estimated data of flderi(F) during the study showed that the
observed frequencies of these data were well fivet the shape of the theoretical LBD of
WIGD. Therefore, in this paper, LBD of WIGD has hemnsidered to illustrate the applicability
of the new probability distribution model.

MATERIALSAND METHODS

Sampling was done using a stratified simple rangoncedure from 1st March to 3Dctober,
2009 in three administrative sub-divisions of Nagalstrict of Assam, India by B.K. Baruah
and A.K. Mishra. A total of 78 water samples (66&uVell, 8 Deep Tube Well, 2 Ring Well
and 2 Supply Water) were collected randomly fromvillages from three sub-divisions viz.
Nagaon, Kaliabor, and Hojai. Three villages fromjaiisub-division viz. Nilbagan, Udali and
Dimoru, five stations from Nagaon sub-division (Kam Town, South Haibargaon,
Halowabhakatgaon, Baruabli and Barghat) and greKtdrabor town area were selected
randomly for water sampling which is in 5 km minimuwistance apart. Out of the total bore
well or ring well water sources 74% sources arey adurce of water and 26% sources are
complementary source of water.

Water samples were collected after 10 minutes tilainpumping in pre-cleaned polythene
containers of one liter capacity, were rinsed edttBnes and transported to laboratory &CLO
The containers were filled up to the mouths and tightly stopper to avoid contact with air or
to prevent agitation during transport. The storagd preservation of samples were done with
standard procedurd]. Water temperature and pH are measured at thedifiroellection of the
sample. In the laboratory water samples were vaciilbened using 0.45 um pre-washed and
pre-weighed membranes and the filtrates contaidisgolved metals were poured in to clean
plastic containers then acidified with concentratétic acid to pH 2 to 3. The water quality
parameter estimation and calibration of equipmemse done using standard methods and
techniquegl] and[27].
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The presence of fluoride in ground water is atteluo the geological deposits, geochemistry of
the location, waste disposal and application ofahal fertilizers and pesticides. Fluoride the
most electronegative element taking thirteenthtmosin order of abundance constituting about
0.077 of the earth crust is widely distributed attbigneous and sedimentary rocks principally as
fluorspar cryolite and fluorapatite where from finits pathway to ground water systejls The
water bodies may also be contaminated by fluorictea domestic sewage and agricultural run-
off if phosphate fertilizers manufactured from pbloate rocks containing fluorapatites are
applied domestic sewage and irrigation with watentaining small amount of fluoride ions
would tend to concentrate these ions in soil wgggrHigh concentration of fluoride in water
causes dental skeletal and non-skeletal fluord$ie. C&" concentration in bones and teeth are
relatively high and fluoride gets deposited on ¢hes calcium fluorapatitg€26]. In dental
fluorosis yellow patches are formed on teeth foiofide deposition, which eventually turns
black. Due to this the teeth may be pitted pertatatnd chipped off at the final stage. In skeletal
fluorosis fluoride deposition occurs in bones aesuits severe pain in back bone joints pelvic
column etc. In addition to dental and skeletal fagis excessive fluoride in drinking water may
cause several ailments viz. neurological manifestat muscular manifestations allergic
manifestations urinary tract manifestations gastestinal manifestations etc. These are
collectively termed as non-skeletal fluorosis. Fide is also known to induce agiri§g]. For
children of below 8 years of age fluoride is beciafi when present in concentration of 0.8-
1.0mg/L for calcification of dental enami@]. The fluoride concentration is found higher than
the permissible limit of 1.5 ppm in 39.1% water p#as and prevalence of dental fluorosis was
found in the variation from as low as 0.27% to 8.7

Weighted distribution
To introduced the concept of a weighted distributisuppose X is a non negative random
variable with probability density function (pdf}x(x)and the weighted version of ‘X’ with

weight function w(x) which we can denote by the dam variable (r.v.) X ,and whose
distribution is called the weighted distributiomshpdf given by20]

_w)f ()
fxw(x)—w ;x>0

Assuming thatE[w(x)]<D i.e. the first moment ofv(x) exists. Where, meam:E[x].

Length biased distribution
Similarly, the length biased distribution is a parar case of weighted distribution which can be
denoted by random variable (r.v.) ‘" which haskmability density function (pdf) expressed as

f ="
u

;t>0;,u>0,whereu:E[x]

Weighted I nver se Gaussian Distribution (WIGD)
The standard form of the two-parameter inverse @&ansdistribution is given by[5]

P (% )= [zgg}zex;{—zi(f—% ﬁﬂ X> 0,0, 0 0

plp X
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We use the weight functioiw(x)= xzexp{zi),x> 0,A>0 in the two parameter Inverse
X

Gaussian distribution having pdf (1), then the \DI{S obtained as
3

fxW (x): 2’“—3x2exd— /lx/2u2),x> 0,u,A>0 2
re)
2

Length Biased distribution of WIGD
If X is a non negative r.v. with pc f(x) then using (2) the Length biased distribution of

weighted inverse Gaussian distribution (LBD of WI@®given as

S
~ 22 > ax ).
f (x)= —=——x2ex -— [ Xx>0,u,A>0 (©))
3 2u
3
3us22r| =
g @

Properties of LBD of WIGD
The rth order raw moment for LBWIGD is given as

w5
elx, |- - ﬂZF(HZj

3\
The moment generating function of LBWIGD is given a
-5

M, (t)= [1—2“7212

The cumulant generating function of the LBD of WI@&Dgiven as

5 2u’t
Kx, (t)= —Elog(l—“Tj

The characteristic function of LBD of WIGD is givas

S
_ |2t 2
o, (=12
The first four moments and cumulants are as falow
- TS [0 7" [0 VA _ 5404°
Kl_lul'_71/(2_ﬂ2_71k3—ﬂ3—7,/(4—/x4+3/(22— .

The recurrence relation for moments is given as
2u° 5
== r+=|u.
‘ur+l A ( Zj’ur
The cumulative distribution function (cdf) of LBWIis given as
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The hazard function of the LBWIGD is given by
5

— 5
22 5 I
—F—X“eX By
3 2u
3;1522F(2j
hy (f)= = j x> 0,1,4>0
2 elae) 5
- 22 =\ 247 ) x?
3 = ! 5 .
TR
3u522F(3j 2
2
Estimation

Using the method of moments the estimation of twameter for LBD of WIGD are given by
2
A= SL, where m, the sample moment and the value ¢ # sis assumed as data mean.
m

1
Application
The chi-square test of goodness of fit is appleedrinking water quality data. The no. of class
intervals over which the computations were found Ww&or Fluoride concentration. Fitting of

LBD of WIGD (F) was performed by Simpson’s Rulerafmerical integration with the help of
C++.

Table 1: Fitting of LBD of WIGD for Fluoride Concentration (F) in water quality.

Class Interval Observed Expected (O- -E )2
Frequency(§) Frequency(B : : E
<0.25 6 6 0
0.25-0.61 18 15 0.6
0.61-0.97 15 14 0.07
0.97-1.33 12 12 0
>1.33 8 12 1.33

A=4.25 u=0.78 x’=2

311
Pelagia Research Library



Bhanita Daset al Adv. Appl. Sci. Res., 2011, 2 (4):306-313

Graphical Representation of WIGD
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CONCLUSION

In this article, the LBD of WIGD was developed. $mew distribution is turns out to be quite

flexible for modeling water quality. An applicatido the real data showed that this new model is
a flexible alternative to other well known model$wus, we have developed a new probability
models which might be of use for practitioners ke tenvironmental sciences. Here we
postulated that LBD of WIGD is appropriate for milg water quality.
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