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ABSTRACT

This paper deals with solving Dirichlet's problenittwnonhomogenous boundary conditions, using théhodeof

large singular finite elements for Laplace’s eqoatin a L-shaped domain. This method is particylatitable for

solving singular problems since the analytical fasfrsingularities has been integrated in the apprate solution.
It is unique in that the equations are exactly fied except on those areas where internal segnaatapproached
with great precision. Results are compared withsth@btained through finite elements method by usireg
COMSOL software. They dealt with solutibihvalues and those of its first derivatives. Bothhods give results
that align quite well everywhere, except near siagties where significant differences exist.
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INTRODUCTION

The general theory of solutions to Laplace's equais known as potential theory. The solutions aplace's
equation are the harmonic functions, which are i@ in many fields of science, notably the fields
electromagnetism [1] and fluid dynamics [2], be@atisey can be used to accurately describe the lehaf/
electric, gravitational, and fluid potentials. hetstudy of heat conduction [3, 4], the Laplaceagigu is the steady-
state heat equation. Numerical solving of Laplaegjgation still remains very difficult and usualtimeds of finite
elements and finite differences give unsatisfactesults when they are used in their standard fatmse methods
as evidenced by various authors [5-12] can be faigmnitly improved if they take into consideratidretanalytical
form of the solution near of the singularities. \ttierefore apply the method of the large singulaitdi elements
[13] to calculate the temperature field in polydoishaped with Dirichlet non-homogenous boundaryditions.
This gives good results all over the study domalmlerthe finite element method gives good resuttly @n areas
located far from singularities. This shows the povedficiency and accuracy of the method of larggyslar finite
elements for a limited number of conserved coeffits than the finite elements method.

MATERIALS AND METHODS

Either to determine the stationary temperaturedfidl in a L-shaped polygon comprising eight segmentsrof
length kept at various constant temperatures. ttuaged variables, the problem consists in solvinglaee’s
equation with Dirichlet boundary conditions withmps. The L-shaped domain [14] of side 2 and bouyndar
conditions are given in figure 1. The problem asegubis singular due to discontinuities in limit ddgions on
borders and the six summits of the domain whereetigediscontinuity in the external normal in therder of the
domain. This is solved using method of large siagfihite elements.
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Figure 1-L-shaped domain. Dirichlet boundary condiions.
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Figure 2- L-shaped domain. Summary of local coordiates

We solve the Laplace’s equation on a polygorahan using MATLAB software. Boundaries Data can
combine conditions of Dirichlet or Neumann.

The method of large singular finite elements cosgmithree steps [13]:
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Step 1: Decomposition of the domain.

Although the domain L-shaped is geometrically synnioal, it is not possible to replace the problem dn
equivalent problem in a reduced domain becauseitbomsl on limits are not symmetrical. The polygorusn
therefore be taken as a whole. The first step efntiethod consists in dividing the domain into eigib-domains
identified in Figurel, separated by ten sub-borders

Step 2: Solving auxiliary problems
The number of problems must be equal to the nurobsub-domain§; . Therefore, to each sub-domé&k is

associated with an orig®,, which is a singularity,@; the opening angle and a local system with polar
coordinategr, ,6) (figure 2).

First Auxiliary Problem

Au,(r;,6,)=0 (r,6,)0Q,

(1-a)
u,(r,,0=0 (1-b)
ul(rl,ﬁ) =-02
2 (1-c)
Second Auxiliary Problem
Au,(r,,6,) =0 (r,,6,)1Q, (2-a)
u, (I’2 0=02 (2-b)
u,(r,,1)=0 (2-0)
Third Auxiliary Problem
Augy(ry,6;) =0 (r;,6;) UQ, (3-a)
u,(r;,0) =04 (3-b)
ug(rl,ﬁ) =02
2 (3-¢)
Forth Auxiliary Problem
Au,(r,,6,)=0 (r,,6,)0Q, (4-a)
u,(r,,0)=-02 (4-b)
u4(r4,£) =04
2 (4-c)
Fifth Auxiliary Problem
Aug(rs,6;) =0 (r5,65) 0 Q5 (5-a)
ug (r;,0) = 04 (5-b)
Ug (r5,3—n) =-02
2 (5-¢)
Sixth Auxiliary Problem
Aug(rs,85) =0 (rs,6;) UQ, (6-a)
Ug (rs 0) =-0.2 (6-b)
ue(r6,3—n) =04
2 (6-c)
Seventh Auxiliary Problem
Au,(r;,6;) =0 (r;,6,)0Q;, (7-a)
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u,(r,,00=0 (7-b)
u7(r7,£) =-02

2 (7-c)
Eighth Auxiliary Problem
Aug(rg,65) =0 (r5,6,) 0 Qg (8-a)
Ug (rg,0=-02 (8-b)
u8 (r8 ’ ]T) = O (8-0)

SOLUTIONS AND DISCUSSION

General solutions of the eight auxiliary problenms aritten taking into account various boundary ditans
specified in figure 1 [12]:

u,(r,,6) = —i—i +> a,r” sin2i; (9-a)
i=1
1, 6, < [
U,(r,,6,) —g(l—;)+2a2jr2 sinjé,
= (10-a)
Ug (1 6’)=2(1—§)+ia r2* sin2ké,
3\'3:¥3 3k'3 3
ST id (11-a)
114 0) = =2 A=2%) + 3 a,, 127 sin2me,
= 12-a
, 4 ) m o (12-a)
U (r5, 05) == (1=—=2) + > agls° sin—6;
> T 3 (13-a)
Ug(rs, ;) = _%"'Z_QS"'ZaGprazp sin2pé,
Y/~
(14-a)
u, (r 6’)——2—97+ia r?%sin2qé.
[ASYARS VA 577 - 7q' 7 qo7
+ (15-a)
ug(rgyeg) = _% (1_&) +Za8j r8j Sinj98
S
(16-a)

Step3: Connecting auxiliary solutions
The third step of the method consists in connectivese auxiliary solutions by imposing the continwf the

function and its normal derivatives all along theisus sub-border§ ,; separating two adjacent sub-domdihs

and Q, . If conditions on interface§ ,, are met, therefore the exact solution to the infiimblem will be found.

Actually, since we cannot solve an infinite systewe must generally keep to approximate solutionse T
approximation result on the one hand, the fact Weamust limit the development (9-a) to (16-a) tiinge number
of terms, and secondly, that 'we must content degsegwith rare exceptions, a connection imperfAgproximate
solutions have been obtained by limiting the seuissd in general solutions. The number of termg kepach of
the sums is chosen according to the principle egdy Descloux and Tolley [15] aiming at repreisenthe
approximate solutions using functions of degreesumiform as possible. This is achieved by keepingrem
coefficients for sub-domains with larger openings.

Approximate auxiliary solutions are all of 2N deggeg(N being the number of coefficients retainedtfa square
sub-domains which opening angle 78/2 ). Finally, the total number of unknown parame&y, which value

can be freely chosen will bg5Xx1+2x 2+ 3x1)N =12N
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This allows getting the following approximate sabus:

0,0 8) =22 43 a1 sin
1(r,8)= a;r° sin2ig, (9-b)
Y/
1 g 2N )
U,(r,,6,) ==(1--2)+> a,r/)sinjb,
> A (10-b)
2 6,
Uy (3, 0;) == (L==2) + )" a, 7 sin2ké,
> T id (11-b)
66, N om
u,(r,.8,)=-= (1——)+Za4mr sin2mé,
T m (12-b)
2m
u5(r5,05)=g(1 05)+Za5nr 3 sm2—6’
°> T = (13-b)
N
Ug (s, 65) == E+6—6‘5+Zapr62”sin2p6?6
(14-b)
0 (6.6,) = -2+ 3 a, 12 sin2q6,
T A (15-b)
1 68 N ] . .
Ug (g, &) = _E(l__) +Yagry sinj b,
T (16-b)

We are therefore connecting the solutions of aailproblems according to least squares methadweecalculate
coefficientsa,, that allow minimizing the function:

au (a,))
(8 = Y [| @) -u, (8 +[a“ (&) ”’(a‘)j ds a7

i<j T an anj

These coefficients are solution of the linear atg&bsystem positive definite square matrix of ortigN with 12N
unknowns classically called normal equations of$&au

N@w) _5 mk=12..8 nl=1.. 12N (18)
08y,

The accuracy of approximate solutions is diredthkedd to the quality of the connection of solutidnsauxiliary
problems. It is therefore natural to characteriggiecision by measuring the imperfections of icauitly conditions.
We will use the overall connecting error definite(t9):

1 ou ou
n= (u, —u)? +( —K 4 'j d (19)
;Sqr'[l “ 6Uk 6U| Skl

Where ds, is the element which arch lengthlig, S, its length and/, and v, the normals to the sub-border

separating both adjacent sub-areas. If the overadr is null, the approximate solution got aligmigh the exact
solution.

Mode of convergence of the method of large singiitéte elementsis exponential. Indeed, the bage 1
logarithm of the overall error decreases linearlyth®@2N as shown in Figure 3. Moreover, this curgé the

overall error allows us to say, for example, thatkbeping 288 coefficients,, the numerical results are obtained

with an absolute accuracy of less thaf ™.
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Figure 3- Evolution of the overall error according to thenumber of coefficientsa,, retained.

In order to compare results obtained using the otetf large singular finite elements with thosevided by the
method of conventional finite elements in its stmddform, the problem was solved using COMSOL saffew

The comparison of both methods is summarized in fgaphics shown in figures 4, 5 and 6. In figure 4,
approximations of the functiotland its derivatives were presented all along grdentered on singularitg,
(figure 1). The full lines have been obtained usihg method of large singular finite elements begieg 288
coefficientsa,, and the small circles are the results from thitefialements method for a range of 367,617 degrees

of freedom. Figure 5 is similar to the previous ohat only data on functiod for the four circles are there
presented.

Finally, the bi-logarithmic chart in figure 6 givélse maximal gaps between results obtained usiegréthod of
large singular finite elements and the finite elateemethod all along various circles centered jnaccording to
their radius.

Results obtained by both methods are in line with whole domain of calculation. However, if we exaanthe
numerical values obtained near the singular pditiscontinuity points of the function), it appeahat the method
of large singular finite elements is significanthell accurate enough. If gaps between both metlodsaround

107 over a circle which radius 8107, it increases th0? for a circle which radius 0, then to10*if the

radius of the circle 07,
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Figure 4 —Comparing the values ofu (blue), gu (red) and gu (black) obtained through the method of large
X y

singular finite elements (full lines) and finite eéments method (circles).

1578

Pelagia Research Library




Ouigou M. Zongoet al Adv. Appl. Sci. Res,, 2012, 3(3):1572-1581
i —1 ) _ _
Circle of radius 6.10 Circle of radius 1072
0.45 ; . . )
0.4 ‘ . .
031 0.3}
0.2t 02l
0.1 04
= 3
of ok
-0.1 —oal
-0.2 -0.2
-0.3 50 100 150 200 250 3 -0.3 ¥ : - x m——
oo 0 50 100 150 200 250 300
0 in degrees 0 in degrees
. _3 el e —4
Circle of radiuz 10 Circle of radiuz 10
0.4 . : . 0.4 ‘ . .
0.3 0.3f
0.2} 0.2t
q
0.1 0.1
=] 3
0 B 0 -
-0.1 OO%% -0.1
-0.2 -0.2
-0.3 ‘ : : - s -0.3 ' ‘ i i :
50 100 150 200 250 30 0 50 100 150 200 250 300
g indegrees 0 in degrees

Figure 5- Comparing the values ofi obtained using the method of large singular finiteelements (full lines)

and finite elements method (circles).
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Figure 6- Maximal local gap between the values af and its derivatives calculated using the method dérge
singular finite elements and finite elements methodll along the various circles centered on the sindarity os

CONCLUSION

Results obtained by the method of large singutatefelements and finite elements method arenie &ll over the
domain. However, by checking the numerical valugsioed near the singular points, this shows tiamntethod of
large singular finite elements is well accurate ugio The method of large singular finite elemerikes the
existence of singularities into account, while riyito find analytical solutions near them; thisoal therefore
getting without further formulation, derivative vals. Moreover, the mode of convergence of this atetis
exponential.
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