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ABSTRACT

Inverted pendulum control is one of the fundameptablems in the field of control theory
especially in the control of a walking robot. Tinaper describes the steps to design various
controllers for a rotary motion inverted pendulurhieh was operated by a rotary servo plant,
SRV 02 Series. The paper then compares the classidamodern control techniques used to
design the control systems. Firstly, the most pmpsystem, Single Input Single Output (SISO)
system, was applied where 2DOF Proportional-Intédarivative (PID) compensator design
was included. In this paper the common Root Locathtl is described step by step to design
the two compensators of PID controller. Designihg tontrol system using 2DOF PID is quiet
challenging task for the rotary inverted penduluetduse of its highly nonlinear and open-loop
unstable characteristics. Secondly, the paper dessrthe two Modern Control techniques that
include Full State Feedback (FSF) and Linear QuadrRegulator (LQR). For the experiment,
FSF and LQR control systems were tested both ferUpright and Swing-Up mode of the
Pendulum. Finally, experimental and MATLAB baseadusation results are described and
compared based on the three control strategy whmehe designed to control the Rotary
Inverted Pendulum. Both the simulated and experiaheasults show that the LQR controller
presents better performance over the other tworodats.

Keywords : 2DOF PID, FSF, LQR, Inverted pendulum control.

INTRODUCTION

A modern control theory can be verified by the med pendulum control which can be
considered as a very good example in control eeging. It is an excellent model for the plasma
impact force sensor [1], attitude control of a sphooster rocket and a satellite [2], an automatic
aircraft landing system [2], aircraft stabilizatiom the turbulent air-flow [2], stabilization of a
cabin in a ship [2]. This model also can be anah#tep in stabilizing androids. The inverted
pendulum is highly nonlinear and open-loop unstabjstem that makes control more
challenging. It is an intriguing subject from thentrol point of view due to its intrinsic
nonlinearity. Common control approaches sucR@OF PID controller,FSF control andLQR
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requires a good knowledge of the system and aerurating in order to obtain desired

performances. However, an accurate mathematicalemofdthe process is often extremely

complex to describe using differential equationsorddver, application of these control

techniques to a humanoid platform, which has mbam tone stage system, may result a very
critical design of control parameters and difficstibilization.

PID controller is a common control loop feedback meddra which is generally used in
industrial control system. It depends on three i#paparameters, Proportional, Integral and
Derivative, values where the Proportional indicdhesresponse of the current error, the Integral
value determines the response based on the suhe aktent errors and the Derivative value
determines the response based on the rate of #mgjiciy errors. Finally the weighted sum of the
three parameters is used to control the proceptant. Because of the simple structure, it is not
an easy task to tune ti®dD controller to achieve the expected overshootlisgttime, steady
state error etc. of the system behavior. Basedhigrigsue sever&ID control techniques such as
I-PD control system [3] [4]2DOF PID control system [3] [4] are introduced. The numbér
closed-loop transfer functions determines the degfefreedom of a control system where the
transfer functions can be adjusted independently.

The analysis and design of feedback control systentarried out using transfer functions along
with various tools such as root-locus plots, Botsp Niquist plots, Nichol's chart etc. These
are the techniques in classical control theory whbe classical design methods suffer from
certain limitations because; the transfer functrondel is applicable only for linear time-
invariant system and generally restrictedS¥6$O system [8]. The transfer function technique
reveals only the system output for a given inpud @&ndoes not provide any information of
internal behavior of the system. These limitatimisthe classical method have led to the
development of state variable approach, direct tiomain approach, which provides a basis of
modern control theory. It is a powerful technique the analysis and design of linear and
nonlinear, time-invariant or time-varying multi-iap multi-output MIMO) system.

Figure 1: Rotary inverted pendulum modelSRV-02.

FSF control also known as Pole Placement, is a methoidh is employed in state feedback
control theory to place the closed-loop pools pfamt in pre-determined locations in the s-plan.
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Placing pools is desirable because the locatioth@fpools determines the eigenvalues of the
system, which controls the characteristics of tystesn response. THeSF algorithm is actually
an automated technique to find an appropriate -&taidback controller. Another alternative
techniqueLQRis also a powerful method to find a controller othee use of th&SF algorithm.

The rotary motion inverted pendulum, which is shawrkigure 1, is driven by a rotary servo
motor system $RV-02. The servo motor drives an independent output gdsse angular
position is measured by an encoder. The rotary ydand arm is mounted on the output gear.
The pendulum is attached to a hinge instrumentefi amother encoder at the end of the
pendulum arm. This second encoder measures théaampgsition of the pendulum. The system
is interfaced by means of a data acquisition cadddaiven by Matlab / Simulink based real time
software. The pendulum has two equilibrium poingsable and unstable. At the stable
equilibrium point the rod is vertical and pointidgwn while an unstable equilibrium at the point
where the rod is vertical and pointing up. In tbéper the three methodd)OF PID, FSF and
LQR are applied to design the controller of the nptaverted pendulum.

In the section 2 of the paper presents the matheshanalysis and state space representation of
the rotary inverted pendulum system. Various cdrgn@tegies including theDOF PID, FSF
andLQR are designed and demonstrated in the sectionc3ioBet of the paper delineates the
comparative assessment of the various results basedthe simulation and practical
experimentation of the designed controllers. Findle section 5 draws the abridgement of the
writings.

Mathematical modeling of rotary motion inverted perdulum

Figure 2 (a) shows the rotational direction of rptaverted pendulum arm. Figure 2 (b) depicts
the pendulum as a lump mass at half of the pendigagth. The pendulum is displaced with an
anglea while the direction ob is in the x-direction of this illustration. So, thamatical model
can be derived by examining the velocity of the qudam center of mass. The pendulum is
considered as stable while the value of the pemdwdngle is equal to zero or nearer to zero.
This condition is maintained by controlling the gty and direction of the arm’s movement.

-

Pendulum

Pendulum
L Arm
(a) Rotational direction of pendulum arm. (b) Pendulum lump mass

Figure 2: Pendulum motion and lump mass.
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The following assumptions are made in modelindhefdystem:

. The system starts in a state of equilibrium meathiagjthe initial conditions are therefore
assumed to be zero.

. The pendulum does not move more than a few degreag from the vertical to satisfy a
linear model.

. A small disturbance can be applied on the pendulum.

As the requirements of the design, the settlingetifg, is to be less than 0.5 seconds, Te<
0.5secsThe system overshoot value is to be at most 1@/860P = 1Q The following table is
the list of the terminology used in the derivati@isystem model.

Table 1: Symbols to describe equation parameters

Symbol Description

Length to Pendulum's Center of Mass

Mass of Pendulum Arm

Rotating Arm Length Y Velocity

Servo load gear angle (radians)

Pendulum Arm Deflection (radians)

Distance of Pendulum Center of mass from ground
Pendulum Inertia about its center of mass

Velocity of Pendulum Center of mass in the x-di@tt
Velocity of Pendulum Center of mass in the y-diiatt

3

<<&TR -3z

<

There are two components for the velocity of thedeéum lumped mass. So,
V pen. center of mass — —Lcos a(a)X — Lsin a(d))’; 1)

The pendulum arm also moves with the rotating arenrate of:

Varm = 10 (2)

The equations (1) and (2) can solve the x and goityl components as,
Vx =10 — Lcos a(d) 3)

Vy = —Lsin a(a) (4)

1.1  Deriving the system dynamic equations
Having the velocities of the pendulum, the systgmathic equations can be obtained using the
Euler-Lagrange formulation.

1.1.1 Potential Energy
The only potential energy in the systemravity. So,

V = P.E.penguium = mgh = mg Lcos a (5)
1.1.2 Kinetic Energy
The Kinetic Energies in the system arise from ttwimg hub, the velocity of the point mass in
the x-direction, the velocity of the point masshe y-direction and the rotating pendulum about
its center of mass.

T=K-E-Hub+K-E-Vx+K-E-Vy+K-E-Pendulum (6)
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Since the modeling of the pendulum as a pointsaténter of mass, the total kinetic energy of
the pendulum is the kinetic energy of the point snplsis the kinetic energy of the pendulum
rotating about its center of mass. The momenteftia of a rod about its center of mass is,

Jem = (3) MR? (7)

Sincel is defined as the half of the pendulum lend®hin this case would be equal &b.
Therefore the moment of inertia of the pendulumualits center of mass is,

Jem = (55) MR? = () MC2L)? = (5) M1? ®
So, the complete kinetic energygcan be written as,
T = G)]eq 0% + G) m ( r8 — Lcos a(o’z))2 + G) m(—Lsin a(ok))2 + G)]Cm a2 9)
After expanding the equation and collectemgns, the Lagrangian can be formulated as,
L=T-V= G)]eq 02 + (2) mlL?d? — mLr cos a(a)(0) + G) mr26?-mgLcos a (10)

The two generalized co-ordinates@emda. So, another two equations are,

§ (6L\ 6L :

5t (E) T 50 loutput — Beqe (11)
8 (6L SL

5:(5e) ~3c= 0 f12

Solving the equations and linearizing akosat0, equations become,
(Jeqg + mr?)8 —mLrd = Toyepur — Beg (13)
%mde —mLrf —mgLa = 0 (14)
The output Torque of the motor which actluaload is defined as,

T _ nmngKtKg(Vm_KGKme)
output — R
m

(15)

Finally, by combining the above equations, thedwihg state-space representation of the
complete system is obtained.

[0010]9[0]

o] 1o o o 1 0
al _ bd —cG a NMmlgKeKg
1 il U | P Bl e (16)
a 0 qd -bG olLla lbﬂngKtKgJ
RmE
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Here, a=J,+mr* , b=mLr , c=4/3ml*> , d=mgL , E=ac—b* |,
G = nmngKthKé_Bequ)
- .

. The following table shows the typical configuaatiof the system.

Table 2: Typical configuration of the system

Symbol Description Value

K¢ Motor Torque Constant 0.00767
Km Back EMF Constant 00767

R Armature Resistance 2.6

Kq SRVO02 system gear ratio (motor->load)L4 (14x1)
N Motor efficiency 0.69

Mg Gearbox efficiency 0.9

Bec Equivalent viscous damping coefficient 1.5 e-3
Jeq Equivalent moment of inertia at the load 9.31 e-4

Based on the typical configuration of tB®V02& the Pendulum system, the above state space
representation of the system is,

0 O 1 0116
a 0 1| |
9 0 3932 —1452 ofla|™ 2554 Vi
0 81.78 —-1398 O0lla 24.59
(17)
1 0 0 01781, [0
Y‘[o 10 o] [a]+[O]Vm (18)
2. Controller Design

2.1  Design of a2DOF PID controller
Based on the above state space equation it ishp@dsi derive the following two transfer
functions.

Os _ 25.54s? - 4.537e—014 s — 1122
Vin s* +14.52s3 -81.78s%2 - 638s

(19)

Os _ 25.54s? - 4.537e—014 s — 1122
Vin s* +14.52s3 -81.78s%2 - 638s

(20)

From these two transfer functions it isyeesderive another new transfer function which
describes the behavior efdepending on the behavior @f

as 24.59 s + 0.00231
O 25.54 52— 4.537e—014 s — 1122

(21)
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Chatpat

Figure 3: Plant model of SRV-02 series.

Figure 3 shows the rotary inverted pendulum plaotehwhere the pendulum arm position theta,
6, is regulated by the input voltalye The main target is to maintain pendulum angléalp, as
zero so that the inverted pendulum remains stil#ee the output theta has the responsibility to
do this job. So it is necessary to design B¥D compensators where one will maintain the speed
and position of theta while the other controlletl ftinction based on the feedback of alpha,
The overall controller block diagram becomes atoWwd whereG(#) and G(«) indicates the
plant model o anda output whileC(f) andC(a) are the twd?ID compensators respectively.

Ri's) w(5) o

Cra 4>(%)—> C | G G T

Figure 4: 2DOF PID controller block diagram.

oooo
et 0.5
Signal Theta
Generator  Setpoint (rad) Simulated Theta

N

Simulated Alpha

FID FID

FIl Alpha FID Theta

Rotary Inverted
Fendulum Model

Figure 5: Block diagram of 2DOF PID controller for rotary inverted pendulum model.

2.1.1 Root Locus analysis

From the design requirements, the settling time~= 0.5 sec and the percentage of over
shoot,%0OP = 1Q Based on the specification it is important toedeiine the dominant pole on
the root locus plot. To determine the damping ra{i and natural frequencw], the following
equations are necessary.
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%0S = 100, e(-TO/NA=¢>))

Ts = 4/(w.9) (23)
F Sysbem wya }
Gy 1905
Pole: 703 S
Damprg O 4
e aiianl (%E 19
Fraquency (radiec )
]
i
g =
£ e
{
|
ol &,
L=} e
X - L]
Sysham pye 1 open
; o mmm Sbo
E‘ Pole -BESR-« 1210
E Damgarg O 592
: Cepprshoot (% 550
Fraag sy (naditscy 15

Foond &

(a) Root locus plot for Gj. (b) Root loqulst for [G(F) x C@)].

Figure 6: Root locus plot forG(@) and open loop {5(8) x C(9)].
So,{ = 0.59116andw = 13.5328rad/sec. To get settling time less than 0.5 deceeds to

increase the value of. So,w can be chosen as 15 rad/sec. Since it is alreaoly khe value of
® and(, so it can be determined the dominant pole bygusguation below,

51,2=—{.a)ij(a).ﬂ1—{2) (24)

= —8.86733 + 12.0984i

Based on the root locus design method, the depwkis said on the root locus only and if only
it fulfills the angle criterion which is determigy following equation,

Y. 2Zeros — ), £LPoles = 180° + 360°(l — 1) 25]

90
Pelagia Research Library



Md. Akhtaruzzaman et al Adv. Appl. Sci. Res., 2011, 2(6):83-100

Figure 6 (a) shows the root locus plot () where it is clear that the dominant pole is not on
the root locus. So, it needs to design a compensai®, so that the dominant pole comes on the
root locus. Here&C(0) indicates thd®ID compensator for the transfer functiofis/{Vm). Figure 6

(b) shows the root locus diagram after designimgfitist PID, [G(6) x C@)], where the dominant
pole is on the root locus.

The corresponding gaitkp @), ki(d) andkd(@) are as 264.1355, 0.26413 and 3.7141 respectively.
Basically it is a trial and error method where tta¢ues of damping ratiod, and frequencyy,
have to choose sometimes higher than the calcutatedto meet the desired requirements. A
small program is written based on the Root Locgsrthm where the program takes the values
for { andw to calculate the corresponding gains for bothhaf tompensators. The calculated
gains,kp(e), ki(a) andkd(), are as 104.8795, 0.1049 and 0.4393 respectieelyhe second
compensato€(a).

12 T T T T T T T T T

— Alpha vs tout

0.g

&

0.4

0.2

_I:Iz 1 1 | | |
a oo 01 01 02 025 03 03z 04 045 05

Figure 7: Unit step response of alpha foRDOF PID controller.

r :@ -IILB---:'@—-* ‘?—rC {
+ +
Eyy
=k =

Figure 8: Block diagram of FSF controller.

2.2 Design of aFSF controller based on Ackerman’s formula
In modern control system, state x is used as feddinatead of plant output y and k indicates the
gain of the system. To desigr-&F controller Ackerman’s formula is used which iseasy and
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effective method in modern control theory to desagoontroller via pole placement technique.
Figure 8 shows a basic block diagram &Sf controller of a system.
Ackerman’s formula is represented as,

K=1[0-01]M;'0,(A)
(26)

M.=[B AB - A Dp]
(27)

Where Mc indicates the controllability matrix anéq(A) is the desired characteristic of the
closed-loop poles which can be evaluated=a&. The close loop transfer function is selected
based onTAE table, shown in figure 9, and the value of frequeis taken as 10 rad/s.

2+ 32wys +
$ + 175wy + 325efs + o
s+ 24lays® + 4.93es® + 5.0daps + o
&+ 21905" + 6.50wis” + 630ws* + 5.24u)s + @)
&+ 6.120° + 13482a5° + 17.16058" + 14.14wp8° + 676005 + of

Figure 9: ITAE characteristic equation table.

As the denominator of the transfer functiordefVmis a fourth order polynomial, from th€AE
table the characteristics equation will be,

S*+2153+34052+2700 S+10000 = 0 (28)
The controller matrix gain can be calculated ushregfollowingMATLAB code,

A=[0010;0001;039.32-14.52 0,0 81.78 -13(38
B =[0; 0; 25.54; 24.59];

a=[121 340 2700 10000,

P =roots(a);

K= ACKER(A, B, P);

So the gain matrix becomes,
K=(—-89144 26.4116 — 2.9755 3.3539) (29)

Using thisK and the control law) = -Kx, the system is stabilized around the linearizeditpo
(pendulum upright). The state feedback optimal it is only effective when the pendulum is
near the upright position. In the plant model @& thtary inverted pendulum, the output théba (
is regulated by the input voltag®)( Here theta has the responsibility to keep thesried
pendulum vertically upright where alph@) (will be zero. Figure 10 shows the controller loc
diagram to control the pendulum from the uprighgipon.
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e 0.5

Simulated Theta
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Simulated Alpha

Signal Theta | F2D
Generatar  Setpaint (rad)

ontrol Signal

Il atriz
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Raotany bz
Imverted Pendulum
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Figure 10: Controller Block Diagram (Upright mode).
P |
oooo
o0 0.5 Simulated Theta
i Fl
Signal Theta
Generatar  Setpaint(rad)

Simulated Alpha

]

Clantral Signal
» } e

—
—
Il atriz< —h_'_
. Swmitch
Zain
Tl Lz
Rotany
Inverted Pendulum
hdndel
Theta (i
Swing Up Output
Swing Up Signal f-4—

Swing Up Contraller

Enatble Apha ————

Control State

Figure 11: Controller Block Diagram (swing-up mode)

Figure 11 shows the block diagram of the contrdtberthe swing up mode. The pendulum starts

from down words position and whenever it comeshi® wpright mode the full state feedback
controller will maintain the pendulum in that pasit and make it stable.
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p——

=alphal va oul

2 =3 4 5 & F ® 4§ 1
Figure 12: Step response of alpha iRSF controller.

2.3  Controller design using LQR technique

Linear Quadratic Regulatot QR) is design using the linearized system. InQR design process,

the gain matrixK, for a linear state feedback control law= -Kx, is found by minimizing a
guadratic cost function of the form as,

j=Jy x®TQx(®) + u(®)" Ru(t)dt (30)
Here Q and R are weighting parameters that penalize certaitestar control inputs. In the

design the weighting parameters of the optimaedetdback controller are chosen as,

(31)

Q=)

I
cooco
cor o
or oo
cooco

R=1 (32)

In this design, the controller gain matri, of the linearized system is calculated usu§TLAB
function. Basically this method is another powet&dhnique to calculate the gain matrix which
is applied in the same model using=8F controller design.

K = (—2.4495 27.5843 —2.5505 3.9200) (33)

Here the selected diagonal matixjs chosen where the valuesmpi, 02, Gzz andgss are 6, 1, 1
and O respectively. The diagonal values are seldzdsed on iterative method. It is found that
the diagonal values fay; andgy, are more sensitive than others. Output perfornmace tested
based on four different values of the mat@ixThe test cases € matrix are shown in the table
bellow,
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Table 3: Test cases of the diagonal matrixQ.

Test case Diagonal matrix, Q
6 0 0 O

o 01 0 o0

1 =1y 0 1 0
0O 0 0 O

1 0 0 O

[0 01 0 O

2 Q2 = 0 0 1 0
0 0 0 1

6 0 0 O

[0 10 0 0

3 B=lo 0 1 0
0O 0 0 O

5 0 0 O

[0 20 0 0

4 Qa = 0 0 0 0
0O 0 0 O

40

_40 1 1 1 1 1 1 1 1 1
0 Lo} 10 15 20 25 30 35 40 45 a0

(a) Unit step response of theta (b) Unit steppogsse of alpha.
Figure 13: Unit step response of theta and alpha fd_QR controller.
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Figure 13(a) and 13(b) show the simulated outputhefa and alpha based on Q& matrix
where diagonal values are 6, 1, 1 and O (testrbynRhe results of other test cases, it is clearly
identified that the settling time of theta for t&31 is less. Though the alpha overshoot and
settling time for tesQ2 is smaller to tesQ1, still the performance of the tedtl is better than
other because of the settling time. In practicaecthe tesQ1 result also shows the better
performance.

3. COMPARATIVE ASSESSMENT AND ANALYSIS OF THE RESULTS

Figure 14 shows the experimental result of thethapha while2DOF PID controller tries to
maintain the system stability. In the practical ecdlse controller is capable to maintain the
pendulum vertically up but it is not robust. Théat two controllersKSF and LQR) can be
considered as robust. For both of the controllEg; andLQR, comparative simulated results of
theta and alpha are shown in the figure 15 (a)l&n(b) respectively.

20

ThetaFuII vs tout
Theta CIR vs tout

(a) Comparative results of theta.

——— Alpha AR vs tout

Alphagull vs tout

LOR

D.I5 1I 1 .I5 2I 2.I5 3I 3.I5 fll 4.I5 5
(b) Comparative results of alpha.

Figure 15: Comparative results of theta and alphadr both FSF and LQR controllers.

From the figure 15 it is clearly seen that for boflthe outputs, theta and alph#R controller
shows the better result where rising time, settlingg, overshoot and steady state error are more
acceptable thaRSF controller. Figure 16 shows the experimental tesiUlLQR controller.
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g snllZ sesip g4 Measured Theta  deg ws tout
g _snd2 sesip g4 Measured Alpha  deg ws tout

o e L R

a 0.5

1.5 L, 245 3 345 4 4.5

Figure 16: Experimental result of the pendulum base on LQR controller.

g snd2 sesip gd Measured Theta  deg ws plot time |

(a) Experimental result of theta.
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120 T T T T T T T T T

100 F

80

B0

40

20

_20 1 | | 1 1 | 1 1 1
0 ; _ . ; :
(b) Experimental result of alpha.

Figure 17: Experimental results of the pendulum basd onFSF controller.

The experimental results of theta and alphd®F controller are presented in the Figure 17. By
comparing the two experimental results shown irufgdl6 and Figure 17, it can be said that the
stability of LQR controller is more than thESF controller because the overshoot of alpha for
LQR is smaller than the overshoot fBSF controller. LQR also tries to keep the value of
pendulum angle as nearer as zero than the otheedBan the simulated results of unit step
response of alpha for all the three controll@30OF PID, FSF andLQR, a comparison table
shown in the Table 4, can be drawn to representhiaeacteristics of output through which a
better controller can be identified.

Table 4: Comparison of unit step response for pendum angle, alpha.

Rising time Settling time Overshoot range Steadyeserror

2DOF PID 0.1 0.23 0.151t0-0.13 0.02

FSF 0.16 1.24 16.8 t0 -16.6 -0.004

LOR 0.14 0.39 2.5t00.86 -0.0003
CONCLUSION

Based on the result, shown in Table 4, the classmairol method2DOF PID, is capable to
control the nonlinear system especially the rotaryerted pendulum. The simulated unit
response characteristics 2ZIDOF PID controller are satisfactory but in practical itnigt robust.
The performance dDOF PID can be improved by tuning the controller paranget8mimulation
and experimental studies determine the efficien@iability and accuracy of other two
controllers,FSF andLQR The controllers are not only meet the design irequents but also
robust to the parameter variations. TH@R controller is more robust and reliable than thé& FS
controller in successfully swinging the pendulunthe upright position. As the data indicates,
the LQR controller is also faster than tHeSF controller. Overall, it is seen that th&R
controller is more convenient to swing up the pémauto its upright mode and maintain
stability on the unstable equilibrium point. Froimetexperimental results it is considered,
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however, that both controllerE$F andLQR) can be effective in maintaining the rotary ineelrt
pendulum stable.
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