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ABSTRACT

Bhatia et.al [10] proved a theorem using common EA property which assures the existence of a fixed point for four
weak compatible mappings in the framework of fuzzy metric space. Motivated by this, we prove a common fixed
point theorem using common E.A. property for three pairs of weakly compatible mapping satisfying integral type
contractive conditions in M-fuzzy metric space. An exampleis also given in the support of the theorem.
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INTRODUCTION

It proved a turning point in the development of hegthatics when the notion of fuzzy set was introduzg Zadeh
[9] which laid the foundation of fuzzy mathemati&nce then to use this concept in topology andyaizamany
authors have expansively developed the theory pfyfusets and application. George and Veeramaniafie]
Kramosil and Michalek [8] introduced the concepfudzy topological spaces induced by fuzzy metridol have
very important applications in quantum particle gibg particularly in connections with both stringdaE-infinity
theory which were given and studied by El NascHli€] and [15]. Dhage [3] introduced the notion ehgralized
metric or D-metric spaces and proved several fi@dtgheorems in it. Recently Sedghi and Shobe [idduced
D*-metric space as a probable modification of D-imeetpace and studied some topological propertieshwdre not
valid in D-metric spaces [14]. Based or-Dnetric concepts, they [13] define M-fuzzy metngxase and proved a
common fixed point theorem in it. Chauhan [11] arftathan and Joshi [12] added some important rebylts
proving some fixed point theorems in M-fuzzy mespace using weak compatible mappings. Recentlyi&kaal
[10] proved some common fixed point theorems ugiAgproperty in fuzzy metric space.

In this paper we prove some common fixed point tbeofor three pairs of weak compatible mappingsgisi
common EA property and integral type contractivadiions ,which extend and generalizes the reaflBBhatia
et.al [10].

MATERIALS AND METHODS

Definition1.1.A binary operation«: [0, 1] x [0, 1] — [0, 1] is a continuous t-norm if it satisfies th@ldwing
conditions

(1) = is associative and commutative,
(2) = is continuous,
(3) a* 1 = aforall e [0, 1],
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(4) a* b<c*d whenever & c and k< d, for each a, b, c,d [0, 1].

Two typical examples of continuous t-norm arela= ab and a b = min(a, b).

Definition1.2. A 3-tuple (X, M, %) is called a M-fuzzy metric space if X is an ardiy (non-empty) set is a
;:osnt;néjous t-norm, and M is a fuzzy set 03h<Q0, ), satisfying the following conditions for eachyx,z, ae X and
(1) Mx,y,z,t)>0,

) M(x,y,z,t)=1ifandonlyifx =y =z,

(3) M(x,y, z,t) = M(p{x, v, z}, t ), (symmetrywvhere p is a permutation function,

(4) M(x, y, a, t ) M(a, z, z, Sk M(X, ¥, z, t + 8),

(5) M(x, y, 2, .) : (0) — [0, 1] is continuous

Remark 1.1Let (X, M, x) be a M-fuzzy metric space. We prove that for g¥er 0,

M(x, X, ¥y, t) = M(x, v, Y, t ). Because for each» 0 by triangular inequality we have

() M(X, X, ¥, e+ t)=>M(X, X, X,€) * M(X, ¥, ¥, t) = M(X, y, y, t)

(i) M(y, y, X, et )= M(y, ¥, ¥, €) * M(y, X, X, t) = M(y, X, X, t).

By taking limits of (i) and (ii) wherm — O, we obtain M(x, X, y, t) = M(X, y, Yy, t).

Let (X, M, %) be a M-fuzzy metric space. For t > 0, the opdhBid(x, r, t ) with center X X and radius 0 <r<1
is defined by BM(x, r, t) ={}¢ X: M(X, y,y,t)>1-r}.

A subset A of X is called open set if for each A there existt >0 and 0 <r < 1 such that

BM(x, r,t) < A.

A sequence {}}in X converges to x if and only if M(x, x,xt)— 1 as n— oo,for each t > 0. It is called a Cauchy
sequence if for each 0e<< 1 and t > 0, there exisgg N such that M(¥, X,, Xm, t ) >1 —¢ for each n, n® n,. The

M-fuzzy metric (X, M,*) is said to be complete if every Cauchy sequesncemvergent.

Example 1.1Let X is a nonempty set and D is the D-metric onDénote & b = a.b for all a, ke [0,1]. For each t
€]0, «o[, define

M(X,y, z,t) =t/[t + D(X, Y, 2)]

for all x, y, ze X. It is easy to see that (X, M) is a M-fuzzy metric space.

Lemma 1.1Let (X, M, %) is a fuzzy metric space. If we define I\/lsx)(O o) — [0, 1] by

M(X, Y, z,t) = M(X, y, t )x M(y, z, t )* M(z, x, t) for every x, y, z in X, then (X, M) is a M-fuzzy metric space

Proof .
(1) Itis easy to see that for every x, ¥§ X, M(x,y, z,t) >0vt>0.

) M(x,y,z,t)=1ifand only if M(x, y, ) = W, z, t) = M(z, x,t) =1l ifand onlyifx =y z.

(3) M(x, y, 2, t) = M(p{x, ¥, z}, t ), where p is permutation function.

@) MX, y, 2z, t+s)=M(X, Y, t+S) M(y, z, t +S)x M (z, X, t + S)

>M(x, Y, t)* M(y, a, t)* M(a, z, s} M(z, a, s} M(a, x, t)=M(X, y, a, t ¥ M(a, z, s)x M(z, a, s)x M(z, z, S)M(x,
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y,a ,t) M(a, z, z, s) for every s > 0.

Lemma 1.2Let (X, M, *) be a M-fuzzy metric space. Then M(x, y, z, t W& decreasing with respect to t, for all
X, ¥, zin X

Proof. By definition 1.2 (4) for each x, y, z,&X and t, s > 0 we have

M(x, y, a, t ¥M(a, z, z, SK M(x, y, z, t + S).

If set a =z we get M(X, y, z, tyM(z, z, z, SK M(X, ¥, z, t + s),that is M(X, Yy, z, t + BM(X, y, , 1 ).
Definition 1.3 Let (X, M, *) be a M-fuzzy metric space. M is said to be cariirs function on
X3x (0,00) if lim M(Xp, Vs Zny ) = M(X, Y, Z, t) @S B> © .

Whenever a sequence {(¥n, Z,, t,)} in X (0, 0) converges to a point (X, Y, z,et)sz (0,) i.e.
lim x,= X, limy,=vy, limz=zand lim M(x,y, z,) =M(x,y, z,t)as > «.

Lemma 1.3Let (X, M, *) be a M-fuzzy metric space. Then M is continuauscfion on )§><(0, 0).
Definition 1.4. Let A and B be two self-mappings of a M-fuzzy netipace (X, My).

We say that A and B satisfy the common property ifEhere exists a sequence)such that

lim M(Axn, u, u,t) =lim M(Bxn, u,u,t)=1as —

for some u.e X and t > 0.

Example 1.2Let X=Rand M(x, y, z, t) =t/[ t+ [x —y| + {yz| + [x — Z| ]

foreveryx,y,z2 Xandt>0.Let Aand B, Ax=2x+ 1, Bx=x+ 2.

Consider the sequencg/n+1,n=1,23..... Thus we have

lim M(Axn, 3, 3,t) =lim M(Bxn, 3, 3,t) = 1san—

for every t > 0.Then A and B satisfying the prop€Eg).

Definition 1.5.Let A and S be mappings from a M-fuzzy metric @€, M, =) into itself. Then the mappings are
said to be weak compatible if they commute at tbeincidence point, that is, Ax = Sx implies the@¥= SAX.

Definition 1.6.Let A and S be mappings from a M-fuzzy metric @€, M, ) into itself. Then the mappings are
said to be compatible if

Lim M(ASX,, SAX, SAX, t)=1vt>0
RA—>00
whenever {x} is a sequence in X such that lim Axlim Sx.=x€ X for n— .

Branciari -Integral contractive type condition [1]: For a givere > 0, there exists a real numbet ¢0, 1) and a
locally Lebesgue-integrable function g : §) — [0 ) such that

jd'ifxaf}'}

. g(t)dt <c f:mﬂg[t] dt and _I: g(t)dt >0, for all x,y in X and for each > 0.
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Also, Branciari-Integral contractive type conditisna generalization of Banach contraction maftifg 1 for all t
>0.

RESULTS AND DISCUSSION

Letw () : R—R is Lebesgue-integrable mapping which is summailda;negative and

J5w (£)dt > 0, for each > 0 and if f;‘f"x’}"z’gl‘s}} z(t)dt > f;“':x’}"g’ﬂ #(t)dt then

x=y=1z,where g: (83) — (0 o) is such that g(t) <t for every t and X is a Mzty metric space onSX(O, 0)
vV X, y,z€e X, t>0.

Theorem2.1 Let A, B, |, J,R and S be self mappings of a Mzfumetric space (X,Ms) satisfying
) AX) € R (X), B(X) € S(X), I(X) € J(X) and J(X) or R(X) or S(X) is a closed subspalcX.

(i) Pairs (A, J), (B,R) and (1,S) are weakly cortipke.
(iii) Any two pairs from (A,J), (B,R) and (I,S) ssfy common property (E) and

(|V) I;H':MJB_}'JZQ'._E}} ‘F(tj dt > f:i"MJE_}'JfZJF} ‘F[t]d‘, where

m(Ax, By, Iz, t) = min{M(Jx, Ry, Sz, t), M(JIx, ABy, t), M(Ry, By, Iz, t), M(Sz, 1z, Ax, t), M(JIx, R Iz, t), M(AX,
Ry, Sz, t), M(Jx, By, Sz, t), M(Jx, By, Iz, t), MKARY, Iz, t), M(AX, By, Sz, )}V X, y, ze X, t >0,where g : (0x)
— (0 ) is such that g(t) <t for every t. Then A,B, Rland S have a unique common fixed point.

Proof: Since the pairs (A, J) and (B,R) satisfy commaopprty (E) therefore there exists sequencggafd {y.}
s.t. Lim M(Axn, v, v, t) = lim M(Jxn, v, v, t) 4 and

lim M(Byn, v, v, t) = lim M(Ryn, v, v,t)=1as — o.

Therefore lim Byn = lim Ryn =Ilim Axn =IlimJxn ¥ asn— o forve X.
Since B(X)<S S(X), there exists sequencegiz X s.t. lim Byn =lim Sznv n ..
Therefore lim Szn=v as# « .

Let limlzn =p as n— o therefore from (iv)

_J““ ':Axmﬂﬁm,fzmgkﬂ} T(t] dt

J.-m':ﬁ!xu,Bm Izn.t)
o

1]

>

#(t)dt, where

m(Axn, Byn, Izn, t)= min{M(Jx, Ryn, Sz, t), M(I%, AXn, By, 1), M(RY,, By, 125, 1), M(Sz, 1z, AX,, t), M(Jx,
Ryna IZn! t)' M(Axn! RYn- SZv t)’ M(‘JX’h Byna SZv t)’ M(‘]Xh Byna IZn! t)' M(Axn! RYn- IZn- t)' M(Axn! BYn- SZM t)}v
which implies

[ gdt 2 [P w(®dtasas v o and

m(v, v, p, t) = min{M(v, v, v, t), M(v, v, v, ) M(v, v, p, t), M(v, p, v, t), M(v, v, p, t), M(v, w, t), M(v, v, v, 1),
M(v, v, p, t), M(v, v, p, t), M(v, v, v, t) } = M(yv, p, 1)

Therefore M(v, v, p, g(t)x M(v, v, p ,t) which implies p =v.
Thuslimizn =vas n-> o .
Now let us suppose J(X) is a closed subspace &hEn v =Ju for some @ X.

nr*“':ﬂ“sﬂjﬂlafmg':ﬂ] 'F(tjdt > J.-Ml:,llu,u,v,t]l

o o =(t)di as
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M(Au, v, v, t) = min{M(Ju, Ry, Sz, t), M(Ju, Au, By, t), M(Ry,, By,, 1z, t), M(Sz, Iz,, Au, t), M(Ju, Ry, Iz,, t),
M(Au, Ry, Sz, t), M(Ju, By, Sz, t), M(Ju, By, 1z,, t), M(Au, Ry, 1z,, t), M(Au, By,, Sz, t)}, which implies

jt;“l:ﬂu,ﬂ,ﬂ;.ﬂ":l:':l w(t)dt > jt;ﬁliﬂu,n,n,s]
m(Au, v, v, t) =min{M(v, v, v, t), M(v, Au, v, t)M(v, v, v, t), M(v, v, Au, t), M(v, v, v, t), M(Al, v, v, t), M(v, v,
v, 1), M(v, v, v, t), M(Au, v, v, t), M(Au, v, vt} = M(Au, v, v 1)

#(t)dt, as n— « and

Therefore M(Au, v, v, g(t)» M(Au, v, v, t) which implies Au = v.

Since the pair (A,J) is weakly compatible therefadel =JAu and Au =Ju = v.Thus AAu = AJu =JAu = J@hich
implies Av =Jv.

Since A(X)< R (X) there exist ve X s.t. v =Au =Rw.
Thus from (iv) we have

J.-Mn:ﬂu,Bw,fmgu:}} ‘F(tjdt > J.-ML;U,BW,D,E}

o o =(t)di, as

M(v, Bw, v, t) = min{M(Ju, Rw, Sg t), M(Ju, Au, Bw, t), M(Rw, Bw, Iz t), M(Sz, 1z, Au, t), M(Ju, Rw, Iz t),
M(Au, Rw, Sz, t), M(Ju, Bw, Sgz t), M(Ju, Bw, Iz, t), M(Au, Rw, 1z, t), M(Au, Bw, Sz, t)}, which implies

M {(wEw g () M (v Bww.t)
fu TR e(hdt > _rﬂ PEREY w(t)dt, as

m(v, Bw, v, t) = min{M(v, v, v, t), M(v, v, Bw, t)M(v, Bw, v, t), M(v, v, v, t), M(v, v, v, t), M(yv, v,t), M(v, Bw,
v, 1), M(v, Bw, v, t), M(v, v, v, t), M(v, Bw, v,)} = M(v, Bw, v, t)

Therefore M(v, Bw, v, g(t)» M(v, Bw, v, t) which implies Bw = v.

Since the pair (B, R) is weakly compatible therefBRw =RBw and Bw =Rw = v. Thus BBw = BRw =RBw =
RRw which implies Bv =Rv .

Since B(X)< S (X) there exist € X s.t. v =Bw =Sr.

Thus from (iv) we have

M (AuBw.Ir, g(t)) M v dr,e)
S T e(mde > [TV w(0)dt, as

M(v, v, Ir, t) = min{M(Ju, Rw, Sr, t), M(Ju, Au, Bwt), M(Rw, Bw, Ir, t), M(Sr, Ir, Au, t), M(Ju, Rwiy, t), M(Au,
Rw, Sr, t), M(Ju, Bw, Sr, t), M(Ju, Bw, Ir, t), M(ARw, Ir, t), M(Au, Bw, Sr, t)}, which implies

M v tegt)) M dr.t)
Js w(t)dt > [ w(t)dt, as
m(v, v, Ir, t) = min{M(v, v, v, t), M(v, v, v, ) M(v, v, Ir, t), M(v, Ir, v, 1), M(v, v, Ir, 1), M{, v, v, 1), M(v, v, v, t),
M(v, v, v, 1), M(v, v, Ir, t), M(v, v, v, t) } = My, v, Ir, t) Therefore M(v, v, Ir, g(t}x M(v, v, Ir, t) which implies Ir
=v. As the pair (1,S) is weakly compatible therefdv = Sv. Hence v is a coincidence point of AJBl, R and S.

Now

M dvar,v.gle)) M Av, Bw.Ir.g(t)]) M (Ava.at)
ST e (nde > [T w(dez [T w(t)dt where

M(Av, v, v, t) = min{M(Jv, Rw, Sr, t), M(Jv, Av, Bwt), M(Rw, Bw, Ir, t), M(Sr, Ir, Av, t), M(Jv, Rwir, t), M(Av,
Rw, Sr, t), M(Jv, Bw, Sr, t), M(Jv, Bw, Ir, t), MA Rw, Ir, t), M(Av, Bw, Sr, t)},which implies

J-::F(Av,vm.ﬂkﬂ} w(t)dt > f;"'*‘q"""”} w(t)dt, as
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m(Av, v, v, t) = min{M(Av, v, v, t), M(Av, Av, v,t), M(v, v, v, t), M(v, v, Av, t), M(v, v, v, t), MAv, v, v,t),
M(Av, v, v,t), M(Av, v,v, t), M(Av, v, v,t), M(Av,v, v,t) } = M(Av, v, v, 1)

Therefore M(Av, v, v, g(t)» M(Av, v, v, t) which implies Av = v. Thus Av = Jv v.

Similarly Bv=v and Iv=v.

Hence Av = Bv = Iv=Jv = Rv = Sv =v which impliessrcommon fixed point of A, B, I, J, R and S.

Uniqueness Let us suppose ‘g’ be a fixed point of A, B, IRland S other thanv. Then Ag=Bq=1g=Jg=Rq =
Sqg = q . For unigueness

nr-:fl:q_lp_lp_'gl:g}} 'T'(tj dt > ur-:fliﬂqjﬂvjfv;g I:F}} ‘F[tj dt > nr‘:‘f':q.ll?.ll?_ll:} T’[t]dt

where
M(q, v, v, t) = min{M(Jq, Rv, Sv, t), M(Jq, Aq, BY), M(Rv, By, lv, t), M(Sv, lv, As, t), M(Jq, RJy, t), M(Aq,
Rv, Sv, t), M(Jqg, Bv, Sy, t), M(Jq, Bv, lv, t), MEA RV, Iv, t), M(Aq, Bv, Sv, t)}, which implies

[raves®) goyde = [ g(t)dy, as

m(q, v, v, t) = min{M(q, v, v, t), M(q, q, v, tM(v, v, v, t), M(v, v, q, t), M(q, v, v, t), M(q, w, t), M(q, v, v, t),
M(q, v, v, t), M(q, v, v, t), M(q, v, v, t) } = M(gqv ,v, t)

Therefore M(q, v, v, g(t)> M(q, v, v, t) which implies q = v.
Hence v is unique common fixed point of A, B, R&nd S.

Example 1.3.Let X =[1,0]and M (X, Yy, z,t) =2t/ 2t + |[x —y| + |yzt+ [x — z|] forallt >0 and x, y,&X .
Let A, B, I, J, R and S are self mappings on X i by

Ax=Bx =Ix=2 and

J(X) = 0 if X€ (-0, 1)
2 if xe [1, w0),

R(X) = 1/4 if x€ (~o, 1)
2if xe [1, ),

S(x) = 1/5if x€& (-0, 1)
2 if x€ [1, ),

We define g which satisfies the conditions in abtheorem. Also, consider the sequences

{xn} = {1+2/n},{y o} = {1+3/n} and {z,} = {1+4/n}. Then(A,J) and (B,R) satisfy the comme@roperty (E).Clearly
A(X) € R (X), B(X) < S(X), I(X) € J(X) and J(X) or R(X) or S(X) is a closed subspatk .

Now, Ax =2 =Jx V x € X .therefore AJx =A2 =2 and JAx = J2 =2.Thus AJ3AX, which implies the pair (A,J) is
weakly compatible. Similarly, pairs (B,R) and (I8¥ weakly compatible.

Also, M(Axn, 2, 2,t) = M(A(1+2/n), 2,2, ) =M2(2,2,t)=2t[2t+|2-2 | + |2 - 2| + |2H 22t/2t=1, as n—
oo .Similarly M(Ixn, 2, 2, t) = 1, M(Byn, 2, 2, t)Eand M(Ryn, 2, 2,t) = 1 as > . Thus pairs (A,J) and (B,R)
satisfy common property E.A. Also contractive cdiudi (iv) is also satisfied by mappings A,B,l,J,RdaS.Hence,2
is fixed point of A,B,I,lJ,Rand S .
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