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ABSTRACT

This paper deals with an investigation on a thrpecses ecosystem consisting of a prey, (&0
predators (9 and () surviving on the same prey,JSThe mathematical model equations
constitute a set of three first order non-lineamsitaneous differential equations in,NN, and
N3, the population densities 0f,S5 and S; respectivelyAll possible equilibrium points of the
model are identified. Local and global stabilitiase discussed by using Routh-Hurwitz criteria
and Lyapunov function respectively, and also tlseilts are verified by numerical examples.

Key Words: Prey predatorequilibrium pointsjocal and global stability.

INTRODUCTION

Ever since research in the discipline of theorétemlogy was initiated by Lotka [8] and by

Volterra [15], several mathematicians and ecolsgegintributed in the growth of this area of
knowledge, which has been extensively reportedhéntteatises of Meyer[9], Cushing [2], Paul

Conlinvaux [10], Freedman[3], Kanpur[5,6]. The amtal interactions can be broadly

classified as prey-predation, competitions, neistral and mutualism and so on. N.C.Srinivas
[14] studied the competitive eco-system of two sgeand three species with regard to limited
and unlimited resources. Later, Lakshmi NarayanHa$ investigated the two species prey-
predator models. Recently stability analysis of petitive species was investigated by Archana
Reddy [1]. Local stability analysis for a two-spesiecological mutualism model has been
presented by B.Ravindra Reddy et al [11]. Recerstigbility analysis of prey, two predators

which are neutral to each other [12], prey, predata super-predator [13] were carried out by
the present authors.

The present investigation is an analytical studyhoée species system comprising a Pray (S
common to two predators {Sand (3) which are competing with each other. All the ¢igh
equilibrium points are identified based on the maatpiations and these are spread over three
distinct classes: (i) Fully washed out (ii) Semiffdly washed out and (iii) Co-existent states.
Criteria for the local and global asymptotic stiibf the states have been derived.
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Mathematical Model:
The model equations for a three species multi-systee given by a set of three non-linear
ordinary differential equations as

0] Equation for the growth rate of Prey specieg:(S

dN
d_tlzaiNl_allNi _a12N1N2_a13N1N (2-1)

(i) Equation for the growth rate of predator sgsc(S):
dN,

dt :aZN2—022N22+0'21NN ~a NN, (2.2)
(i)  Equation for the growth rate of predator sigsq(S):

dN

d,[3 =a3N3—033N23+a31N N;a,NN (2.3)

with the following notation.

N; (t) : Population density of the specigaSime t ,i=1,2,3.

a; : The natural growth rates qf 5= 1,2,3

aii : The rate of decrease qfdsie to its own insufficient resources i = 1,2,3.

a1y :The rate of decrease of the prey) Bue to inhibition by the predator{{$h=2,3

am1 : The rate of increase of the predatar)(Bue to its successful attacks on the prey
(S1),m=2,3

Ki=a;/ a j: Carrying capacities ofiSi =1, 2, 3.

B1n=a 1 a11: Co-efficient of inhibition of the specieg &ue to the species, Sn=2,3

B m1=0am amm Co-efficient of predation of the specieg, 1=2,3on the prey §

Further the variablesN,, N,andN,are non-negative and the model parametarX,a;;,

i=1,2,3, j=1,2,3B 12, B 13, B 21, P 23B z1@andP 3> are assumed to be non-negative constants.

3. Equilibrium points:
d

The system under investigation has eight equilibratates given b),é?:O, i=1, 2, 3.
I. Fully washed out state:
(Ei) N1=0,N2=0;Ns=0 (31)
ii.a. States in which two of the three speciesnaashed out and third is surviving.
(E,) Ni=K;N2=0;N3=0 (3.2)
(E,)) Ni=0;N2=K,;N3=0 (3.3)
(E,) Ni=0;N2=0;Ns= K, (3.4)
ii. b. Only one of the three species is washednduie the other two are surviving.
(E) Ny=famhulls [ S Kt Bl g 2 g (3.5)
1+ﬁ21ﬂ12 1+ ﬂZlﬁlZ
This state would exist only when Kg,,K,
(E) Ni=0,N,=Ke=Bs [, - Kam Bal, (3.6)

1- ,323,332 o 1- :823832
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This state would exist only when
1_:823ﬂ32> 0’K2> Kagzsand K3> Kﬂsz
() No=t=Bds 2o, = Kat Al (3.7)
1+ ﬁliiﬂSl 1+ 1813831

This state would exist only when & S, K,

iii. The co-existent state or normal steady state
(E,) N; = Kit BB KA BB K (BLEK LK $8K )3,
1+ BBt B~ BBt BLBE FBE B )
N, = Pkt A+ BB )K = (BB K +(B .+ £ K ),
1+ BBt B~ BB B L L FB 8 B X
Ns= BaKit A+ BB )K s~ (BB K i+ (BB £ K ) (3.8)
1+ BBt BBy~ BB ABLBE S8 B 8 %

This would exist only when

1+ﬂ12ﬂ21+ﬁ13831>(ﬂ2ﬁ32+ﬁ]§ 24.; 3§-ﬁ ﬁ é )3
Ki+BoBK A BLK>BLK+BE 6K,
ﬁ21K1+(1+ﬁ1383])K 2>(ﬁZﬂSK f*_(ﬂ 2(;*_18 1@ %.K )3
andﬁ31K1+(1+ﬂ2]ﬂ12) K3> (182@3J<l+(ﬁ32+ﬁ J@ ])ZK)Z

(3.9)

4. Local Stability of the system at Equilibrium points:
Let N=(N, N,, N,)= N+ U=(N+ y, N+ 4, N+ WwhereU =(u,u,,u,)" is a small
perturbation over the equilibrium statd = (E,WZ,E) the basic equations (2.1), (2.2), and

(2.3) are linearised to obtain the equations fergarturbed state as
du

W 4.1)
with
a-20,N-a,No—a ;N -a,N -a N
A= a, N a+a,N-20,N-a N -a N (4.2)
a,Ns —a,Ns ata,N-a,N-20 N
The characteristic equation for the systedefA-A1] = 0. (4.3)

The equilibrium state is stable only when the rawtthe equation (4.3) are negative if they are
real or have negative real parts if they are complédhe equilibrium stateE, E,, E;, E, are

noticed to be unstable (The detailed investigatibthese states is not included in this paper).
The stability criteria of statek;, E;, E,, E;are discussed below.

4.1 Stability of Predator (Sg) Washed out Equilibrium State: ( E;)
One Eigen value of the variational matrix Aas+ aglﬂl —aszﬂz, and the other two are given

by the quadratic equation A2+ (a, N1 +a,,N2)A+ (@, ,,+a & ,)NiN>=0
4.1.1)
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whose sum of the roots—(allﬁﬁazzﬂz), is always negative and the product of the

roots(a,,@,,+a,4 ,)NiN2, is always positive .Therefore the roots of (4.late real and
negative or complex conjugates having negativepadts. Thus the state is asymptotically stable

only ifa, +a;, Ni <a,,N..

The solution of the perturbation equations are:

ulzulo[Abe)llt + Bbe Q/e]3 } (4.1.2)
= uzo{ﬁe + ae (;/eu} (4.1.3)
U = Ugoe/‘lt (4.1.4)

where A, =a, +a,,N: -a,,N», A,and A, are roots of equation (4.1.1)

A /]12_F)1/]3+Q1 B, = /]22_P1/12+Q1 ,C, = /132_Pl/]3+Q1
(A =A)(A =AY (A= A)(A, =AY (A =A)(A;—A)
A= /112+P2A1_Q2 . B = /122+P2/12_Q2 .C, = /132+P2/13_Q2
(A =A)(A =4y (A= A)(A =4y (A =A)(A;—A)
R=A- 0'22N2 +(u3(p'13N1+ U &7 12Nl)/ uy, B = allNl 1_(u3(p'23_N?_ u,gr 12_NZ)/ Uy
Q, = —,, NoA, + (U@ ,NA + U @ N Ne— ug @ LN N)/ u,
Q, :allNlAl"'(uscﬁlgzle Nz — u,g 12N?/] Tug g 13N N)/ u,

4.2. Stability of Prey (S;) Washed out Equilibrium State: (E;)
One of the Eigen value of variational matrix Ads-a,,N> —a,,Ns and the other two Eigen

values are obtained froph® + (a,,Nz + @3, Ns)A + (@, .-~ @ ,@ ;) N2 N3 =0,
(4.2.1)

whose sum-(a,,N: +a,,Ns), is always negative and their produet,,a,,— @, ,)N2Ns, is
always positive. Therefore the roots of (4.2.1) exal and negative or complex conjugates
having negative real part. Thus the state is asytigptly stable only if, <(a,, N +a,, Ns).

The solution of the perturbation equations are:

u = Ume/]lt (4.2.2)
=u20[A2e +géds c;’e‘ﬂ (4.2.3)
u3=u30[A3e +géts Qéﬂ (4.2.4)

where A =a, —a,,N. —a,Ns, A, and, are roots of equation (4.2.1)
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ST N 7T B TR 17 N R # Iy § T R

A= A +PA+Q, B - A2+PA,+Q, c,= A2+PA+Q,
(A =)A= 4y (A, = A)(A, -2y (A =A)A;- 1)

R= 0’33N3 -A+ (Ul(glzT\lz - U@ 23_N2)/ u,

Qs :_a33N3A1+(U1(9'3g 12T\12T\|3+ u,¢ 23_N?/] T ug g 3:N_N‘)/ u.

P, = @y, N2 = A+ (U sNs = g 5,No) /U,

Q, ==, Nod, + (Ul o0 ,N2 No= U @ N N+ Ug ,NA)/ U

A12+P3/11+Q3 B. = A22+P3/12+Q3 C. = A32+P3A3+Q3

4.3. Stability of Predator (S;) Washed out State: (E,)

One Eigen value of variational matrix Ads +a,,N1 —a,,Ns, and the other two are roots of
the quadratic equation

A%+ (@, N1+ a gy Na)A + (@, 0+ a ¢ JNiNa=0, (4.3.1)

whose sum-(a,,N1 +a,,Ns), is always negative and produt, ., +a .2 ,)Ni Nz is always
positive. Therefore the roots of (4.3.1) are readl amegative or complex conjugates having
negative real parts. Thus the state is asymptbtistdble only ifa, + 021N1 < azsﬂs.

The solution of the perturbation equations is:

u = uw[ At gdds ¢ /e‘ﬂ (4.3.2)
u, = uzoe/]lt (4.3.3)
u, = uso[ Adt+ B+ ¢ éﬂ (4.3.4)

where ), =a, +a,, N1 —a,,Ns, A,and, are roots of equation (4.3.1)

/112+F)5/11+Q5 B = /]2'2+P5/]2+Q5 C = /132"'P5A3+Q5
(/11_/]2)(/]1_/13)' ) (/]2_/11)(/12_/13)' ) (A =A)(A;—=A)
A = A12+P6A1_Q6 B, = /]22+P6/]2_Q6 ,C, = A32+P6A3_Q6 '

(A=), = A (A, =A)(A,=Ay) (A =A)(A;—=A)

R= a5 Ne =4, = (Ut N+ U 15 N)/

Q :_0'33N3/]1+(u2(p’1g 32_Nl_N3+ Use 1_N/1 T ug g ;N_N‘)/ u

R = allﬂl _Al_(UZ(ﬂBZ_N3_ u g 31_N3)/ Uy
Qs :aan/]l"'(uzcﬁsgnT\llT\b_ U g 3_|\M T ug 4 ;N_N;)/ u.

Ah:

4.4. Stability of Co-Existing State: (E;)
The characteristic equation of co-existing siate
A +bA’+bA+b=0 (4.4.1)
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whereb, =a, N, +a ,N,+a ,.N.

bz :(0'220'33_0'29'32)N ﬂs"’(a @ ta g 91N _N ?(a @ £a q; )3.1T\|_|}l
Q:(anazzass"'algzg a4 g 5708 5040 7350 0130'21)@\! N;N,

According to Routh-Hurwitz’s criteria, the necessand sufficient conditions for local stability
of co-existent points arg, >0,b,>0 andb,(bb,- ) >0

(4.4.2)

It is evident thaty, >0 and
(@0 0,0 0 0 @ g INNN 2(0 @ g 30 Q0 4 6,a,) N NN Thus the
stability of co-existent state is determined byslgm of bb, —b,

By direct calculations we obtain B o e
b1b2 Q.: = (alla +alg 19 2) Nle 2+(a 129' 33-0, ﬁ % LlNle '5(0' Q3 2230' QZ %3)3£\| N2+2(a 1a222+a120,2p29 N I\L‘
+(@005 — AT AINNIH (@ @ 5va g @ INN#(20 g, $,0 A0, 40 a,0,) NN N,>D

(4.4.3)
Hence the co-existent state is locally asynigatly stable.
The solution of the perturbation equations is:
_ At At & t]
u=u, Aét + Béz+ C#€ (4.4.4)
. uzo{pge"lt +Béts A (4.4.5)
u, = ug{pgae"lt +Béds ¢ /e‘st (4.4.6)

where
As: /112 +T1/]1+U1 B = /]22+T1/12+U1 C = /132+T1/]3+U1
(/]1_/12)(/‘1_/]3) ° (/]2 _/]1)(/]2_/13) ° (/‘3 _/11)(/‘3_/‘2)

A7: Alz +T2/11+U2 B7: /122+T2/12+U2 C7: ASZ +T2/13+U2
(/11_/]2)(/]1_/‘3) (/]2 _/]1)(/]2_/13) (/]3 _/11)(/‘3_/‘2)
/112+T3/]1+U3 — /]22 +T3/]2+U3 C.= /132+T3/]3+U3

AB:()ll—/}z)()ll—AS)’ BS_()IZ—/}l)(/}Z—AS)’ 5T (A=), - 1)

T,=(a,, N2 + @ ,5Na) = (U LN+ Uy SN)/ Uy,

T,= (@3 N3+, Ni) + (Ug? , No = Uy ,sNo) /U,

T, = (@, N1+, N2) + (U@ 5, Na— U@ ,N)) /U,

u, :(azzass—azgsz)ﬁzﬂg+(uz((a g0 g NN+ Ulg @ 50 g, )Z_I\J_N) u
U, :(allass+a3glgﬁlﬁg—(u3&a G0 g INN-Ufg g sa g KN _N) u
U,= (@0 ,,+ 0.0 Zgﬁlﬂz—(uz((a G0 g INN-Ulg g 50 g, k_Nz_Nz)/

5. Global Stability: o
Theorem (5.1)The Equilibrium pointE; (N1, N2, 0) is globally asymptotically stable.

Proof: Let us consider the following Lyapunov fuoat
213

Pelagia Research Library



K. Shiva Reddy et al Adv. Appl. Sci. Res,, 2011, 2 (3):208-218

V(N,, N,)= Nl—T\i—T\tin[l} q{ M—_N—_Nin[i} (5.1.1)
N1 N2
where ‘d ‘ is positive constant ,to be chosen later

Differentiating V w.r.to ‘t"we get

N, - N: dN
(- ] o B o1

Choosingd, = a , and with some algebraic manipulation yields

dv

—= (N, - N1)? _9 g (N,— ‘N2)?<0. (5.1.3)
dt 11 a21 22

Therefore ,ES(Nl,NZ, 0) is globally asymptotically stahle

Theorem (5.2) The Equilibrium pointE7(N1,O,N3) is globally asymptotically stable.
Proof: Let us consider the following Lyapunov fuoat

V(N,N)= N- N- Nln[ } q{ I\;—_N—_Nln[%}} (5.2.1)

Where ‘@ ‘ is positive constant ,to be chosen later
Differentiating V w.r.to ‘t’ we get

d_V _ N, — N: | dN +d, N, — Ns | dN, (5.2.2)
dt N, dt N, dt
Choosingd, = , and with some algebraic manipulation yields
31
dv
—= (N, - Ni)? ~Ga (N,- Ns)?<0. (5.2.3)
dt 11 0,31 33

Therefore ,E, (Nl, O,Kls) is globally asymptotically stahle

Theorem (5.3)The Equilibrium pOintEs(Nl,NZ,l_\b) is globally asymptotically table.
Proof: Let us consider the following Lyapunov fuoat

V(N, N, N,) = M—T\i—_i\tin[l}r q{ N—_N—_Nln[i}}+ g{ g\k_u—_un{i}}
N1 N2 N3

(5.3.1)

where d,,d, are positive constants ,to be chosen suitabily

Differentiating V w.r.to ‘t’ we get

d_vz(Nl—Nlj dM+d*( NZ—_NZJ dl\i+d*[N3—N3jdl\g (5.3.2)
dt N Jdt | N d | N dt o

214
Pelagia Research Library



K. Shiva Reddy et al Adv. Appl. Sci. Res,, 2011, 2 (3):208-218

cjj_\t/: ~a, (N, = No)? = (N, N)(N,= No)—a {f N— N)( N~ N)

+ 0, { (N, = NN, = W) = N,= N =0, N N)( N N}
+d; { (N, = N (N~ No) =0 o No= N)( N N)—a o N Ny}

dv (N~ No)* (NZ—T\lz)T

E< —ay (N, _Nl)z —(a,- aZld*1)|:

2 2

(N~ N»)® (N, = No)?
2 2

(N, = N2)® | (N; = Ns)®
2 2

~(a,, —asld’;)[ } da,,(N,~ No)® (5.3.3)

- (d;0'23 + a32d*2){ } - d;ags( Ns_T\h)z <0

- * a * a - . - - 0
Choosingd, == ,d, =— and with some algebraic manipulation yields

aZl a3

ey

dv - a, —
E< _all(Nl_ Nl)2 _a_zazz( NZ_ N2)2

VR Y: _ N2 _
_[ﬁam"'agzﬁ]{(l\lz = +(N3 . }_%a33(N3_N3)2<0
a 2 2 31

(5.3.4)

21 31
Therefore ,Es(Nl,NZ,I_\IS) is globally asymptotically stahle
6. Numerical Examples:

(1).Let a;=2, a11=0.1, o12=0. 2, a13=0. 01, a,=3, w»1=0. 3, 02=0.1,
O(23:O. 2, asz=4, 0(3120. 01, 0(32:O. 1, 0(33:O. 2
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predatar populatin

predator! population prey population

Figures shows the variation of the populationsragjahe time .beginning with
N;=15, N, =20 and N3=30

(2) Let ai=5, 011=0. 1, a12=0.2, o13=0. 1, ar,=4, 021=0. 1, ayy=0. 2,
0(2320. 1, 83:3, 0(31:O. 4, 0(32:O. 1, 0(3320. 3

40 : , : : : : : : :
: f § Z : : : prey
....... predatar! [
; : : : : ; ; predatar?
=
8=
= B e e s e s o A i Do e o e )
=
=3
o
5&\ ........ ...................
D 1 I 1 1 | 1 | 1 I
o 05 1 1.5 2 25 3 35 4 4.5 5
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predator2 populatin

10 4

predator] population prey population

Figures shows the variation of the populationsragjahe time .beginning with
N;=10, =40 and N3=30
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