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ABSTRACT

In this review we will try to perform a comprehemsisummery of Dirac — Jordan transformation thedrkis

theory indicates that, any quantum state of a phetwill determine by a vector of state in abstrsgace, D. There
are very few authors who have discussed this theogbstract and pure form. For this reason, thenaif this

paper is to illustrate the ability of this theory lifferent experiments, and to show its capabilitydifferent

consequences. Then, we will try to show also, fleeific distinct between this method and other ough
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INTRODUCTION

Rarely, the authors of quantum mechanics books Hseeissed Dirac — Jordan transformation theory{ Hpstract
and pure form [2]. Mostly, in the topics of matheima tools, quantum mechanics assimilates in amaamith
matrices theory that and its operability and apiliifferentiates as a pure theory is difficult. Thebject of this study
is that to show the ability of this theory in diffmt discussions and particular differencies okiution methods
with other theories. Principally, applied mathemsin Dirac — Jordan transformation theory is patér and differs
with the mathematics present in theorems and oslsitof wave and matrices theories [3]. Encountewith wave
and matrices theories maybe implies, at least,iegpphathematics in these theories gives certaatiogl between
them, but there is not the case of Dirac — Jordawsformation theory [4].

Quantum state of a particle in a given time, inrBdmger’'s wave theory, was defined by wave funegid ) .

Probabilistic interpretation of this wave functicequires that its square could be integrated, hisdéads to study
Hilbert, H space [5 and 6]. By the viewpoint ofgtiheory, a microscopic system may be defined awe like
equation [7]. Based on elementary suggestions bfd8inger, these waves may be existed as Maxwelesia
Later, it was clarified that, supposing these weageseal ones is erroneous.

In Dirac — Jordan's theory each quantum statepsrticle, may be characterized by a state vectpemniding to an
abstract space D (for respect of Dirac) which wamed also, state space of a particle [8]. D spmaesub- space of

Hilbert H space. Any element or vector of D spas@&amed Ket vector or simply, Ket and has shO\}v )oyand for
distinct with other Kets, a symbol is placed insa® was shown #ﬁ) D space of the states of a particle is

defined by correlating a Ket vect4w> , of D to any function which may be integrate ggiare:
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@(OH « |¢)0D (1)

The movement of quantum particle is comparableoimes way to rotation of this vector. Selecting basctors
which are formed in this space, there is a quardafimition. It may be simply going from one definit to another
and in fact, Dirac — Jordan's theory leads to perfthis, and hence it was named transformationrtheo

METHODS AND DEFINITIONS

2.1. Scalar product
To each pair of Kets|[//> and |¢> could be depended a complex conjugate which sataisproduct and has the
following properties:

(plw)=[¢ (N (r)dv (2)
(elw)=(w|o) 3)
(PIA+ A ) = APl +A8ly @
(AP + A0y =2 (@) + At dw)  ®

It is perfectly obvious that scalar product is &nevith respect tas function, and is anti- linear with respectgo
function.

—~

2.2. D space
Any element or vector in Dspace, is named Bra vector or simply, Bra andhisve a;{ | Then, <¢|l//> symbol

shows the position of both state vectors from tiffexent sub-spaces, or determines the positiothisftwo sub-
spaces with respect to each other, so:

|¢)0D - (¢|OD (6)

2.3. There is a Bra related with a Ket
Presence of a scalar product will enable to shawdn element of Di.e. a Bra, is related to each K{am aD.
Bra—Ket relation is antilinear because:

(A A )= A @)+ A Jw) = (e [+ A 4o lw) @
A <¢1| +A, <¢2| is the Bra depending tdl|¢1> +/12|¢2> Ket, thus, Ket>Bra relation is anti- linear.

If A is a complex number, a|1ﬂ> is aKet, thenA |lﬂ> also will be a Ket and so:

[Ay)=2|e) ®)

Also, </11ﬂ| defined a Bra depending *01 lﬂ> Ket, because the relation between a Bra and askaetti- linear, and
this gives:

(Ae|=2" (¢ ©)
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2.4, There is not a Ket related with a Bra

However, a Bra is correspond to a Ket, but by sielgexamples from Hilbert space it is possiblesthow that we
can find the Bras which aren’t correspond to K@¥ave function of free particle corresponds withra,But it is
not correspond with any Ket.

I I
Considering a flat wave which is defined by a motaenp, in the range of—E < X £ — asg(x) function tend to

2

zero outside of this range, so:

000=——

Related Ket withp(y) is shown a}s;é>, so that:
#(x)OH o |¢)0D (11)

gPox/ —% < X< 12 (10)

Then, it may be written as:

L _
1 _2| e—|p0x/h épox/h dX: I (12)
271 - 271h

Which will be divergent with—co, thus in this case, any extreme in Hilbert spageot defined. So that:
lim ¢(x) OH  and Ilim|¢> OD  (13)

Now, considerin§¢| for |¢> and selecting again Ket from D spa{i¢1,> 1D and thus we have:

L (5 cioin

PlY) =—— |2 ™" (x)dX (14)

0=
Right term in above equation, in linit>co, will be Fourier transformation af(x) for p = p,.
lim (4[w)=4(p,) (15)
Hence, whem—o, <¢|tend toward a perfectly determined B(aﬁ , SO:

p:pﬂ
!im<¢|:<¢|DD* (16)
- P=p,

RESULTS AND DISCUSSION

3.1. Representation of inverse operator of momenturim D space
Considering the effort performed for defined timg an operator in quantum mechanics, inverse opedto
momentum has an important role. Thus, its represient other than Fourier transformation may be atife.

ipelh

Firstly, evolution operator could be definedld€) = €', then we have:

J.ng:zlépflh :_EE[:HE pt o€’ ).F...:l:_ﬁé+g+ 0€% -+ (17)
I p Ip h Ip

This results in:

1_i 2

5—%UTd£ -0 )] (18)

2476
Pelagia Research Library



F. Ashrafi et al Adv. Appl. Sci. Res., 2012, 3(4):2474-2480

Then:
(x I—Iw ——[ x| [ Tde ~ely) = (x| o)) (19)
With e—0 andde—dx we have:

1 i i i
<X|E|(//>=%<x|jdx|w>=%jdx<x|w>=%J'(//dx (20)
Therefore:

(120 =( 4 o @
and, .
%:hl dx (22)

3.2. Dimensions of quantum space
Assuming thatX operator is an eigenstate non zb(o'> with x’ eigenvalue, so:

x|x') =x'|x") (23)

The spectrum oK operator may be studied. Considering property ofugion operator we have:

TA)|XY=[x'+2) , [x,TA)]=AT  (29)

WhereT is evolution operator of transformation, anid a true constant. Then:

XT|x') = (x"+2)T|x) (25)

T|X'> is an eigenstate non zero, akd+ A is an eigenvalue fox. Thus, by starting from an eigenstate fpby

applyingT (A), by any true value, it may be establishing anotigenstate fox (in fact, 2 may have any true

value). Thereforex spectrum is a continuous one which is formed bpas$sible values over true axis. This shows
that in a D space with limited dimensibin anyx andp observables are not present which their repladér i

Because, any time, by applying transformation dperavithout any limitationh will be accrued. Evidently,
eigenvalue for x could not be simultaneously smahan or equal to space dimension and in sameisiritdinity.
So, space dimension, necessarily, must be infinity.

3.3. Two distinct Kets in D space
Comparing two Kets| —X'> and —|X'> in D space, is useful. Considering the definitidnwave function in
transformation theory, we can write:

(X' =|w)y=w(=x) (26)

((x'[=)le) ==(x'lg) = =g (x) (27)

As we have:

(x'|(=|x)) = =6 (x =x) and(x| =x") = 3(x +x') (28)
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Then can write:

Y(x")=0(x=x")andp(-x") =d(x +x') (29)

So that, the wave functions corresponded to theeKets are completely different.
Now we define figure operator such @& =|X><X| and affect it on these both Kets (assuming|m'a)t is
eigenstate oX):

@ |=x)=[x){x|x) =k[x) (30)
@ (~1x)) =) (x| (=1x) = [x) (x| x') = K[ x) (3D)

Where Kk is a constant. It is evident th|atx'> vector is in the same direction with basis Ii()@ and —| X'> vector
is in the opposite direction.

3.4. Two mathematical methods in D space
1. According to definition of wave function in thisabry <X'|¢/> =¢(X') we have:

dion_ o d
<¢&|X>‘¢(X)dx (32)

| <¢%|x’>w(x')dx' = Jo)Cw(x)ax (39)

Above integral may be solved by part to part inéigg, as following:

u=x)  du=-L p(x)dx (34)
dx
! _d ,
v=¢(X) dv=—¢/(x')dx (35)
dx
This gives:

' n1+° r d r '
[0 0] 2 = [ () X)X @6)
Therefore:

jrp(x)—w(x)dx— jw(x)—rp(x)dx (37)

nd __d

(U(X)—dx,— W AX) (38)
dy\n__/d

<¢)—dx|x>— <—dxqo|x> (39)

Assuming tha‘x'> is a basic Ket, then we have:
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< i = —<£ (40)
¢dx dx¢

2. Supposind a'> is eigenstate ok (A is an arbitrary operator), and this gives:
Ala')=4d|4d) (41)
And:

(a|A=(a|d (42)
Multiplying relation (40) by<a'| , We obtain:

Ala')(d] = 4| 8 4 (43)
Thus, we can conclude:

[Ala)(d]]=c (44)
And this gives:

[F(A).[a")(a]]=0 (45)

Consideringa’){ d| = ¢, , then:

f(A) @ =af(A) =pf(A) @, (46)

This equality plays an important role in perturbattheory in quantum mechanics.
CONCLUSION

In this paper the review of Dirac- Jordan transfation theory by different methods, and we have qgreréd a
comprehensive summery of this theory. We approadhow that any quantum state of a particle witedwaine by
a vector of state in abstract D space.

This study shows that only by change in wave anttimtheory symbolizing, we obtain a new theoremichh
consists of a new expression (language) to expoaetgm mechanics. Because not only the perviousegis may
be discussed, but, demonstration the conceptsaa® sppmension and differentiation between states; be carry
out stronger.

Dirac- Jordan's theory, at our point of view, isteong expression, and this review may be a stafimint for
profound studies generalizing this theory.
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