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ABSTRACT

The present paper concerns with a model of two mutually interacting species with limited resources for first species
and unlimited resources for second species with mortality rate. The model is characterized by a coupled system of
first order non-linear ordinary differential equations. In all two equilibrium points are identified. If the death rate of
the second species is greater than its birth rate, it is found that there are three equilibrium points. The criteria for
asymptotic stability have been established for all the equilibrium points. The co-existent state is always stable. The
solutions of the linearised basic equations are obtained and their trends are illustrated.
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INTRODUCTION

Mathematicalmodeling is an important interdisciplinary activityhich involves the study of some aspects of
diverse disciplines. Biology, Epidemiodology, Pioyasgy, Ecology, Immunology, Bio-economics, Genstic
Pharmocokinetics are some of those disciplineds athematical modeling has raised to the zenitleéent years
and spread to all branches of life and drew thentitin of every one Mathematical modeling of ecosystems was
initiated by Lotka [8] and by Volterra [14]. Thermeral concept of modeling has been presenteckitrghatises of
Meyer [9], Cushing [2], Paul Colinvaux [10], Freeam[3], Kapur [5, 6]. The ecological interactiooan be
broadly classified as Prey-Predation, CompetitMotualism and so on. N.C. Srinivas [13] studied dompetitive
eco-systems of two species and three species agfrd to limited and unlimited resources. Lakshrardyan [7]
investigated the two species prey-predator modadsstability analysis of competitive species wasstigated by
Archana Reddy [1]. Local stability analysis fotveo-species ecological mutualism model has beesepted by
the present author et al. [11, 12]. Recently, ibtalanalysis of three species was carried outShya Reddy [18].
Further Srilatha et al. [15, 16] and Hari Prasadldfi7] studied stability analysis of four specie$he present
investigation is devoted to the analytical studyaahodel of two mutually interacting species witbrtality rate for
the second species.

Before describing a model, first we make the follogvassumptions:
N, is the population of the first specid$, , the population of the second specigss the rate of natural growth of

the first species, is the rate of natural growth of the second spgealg is the rate of decrease of the first species
due to insufficient foody,, is the rate of increase of the first species @gumteraction with the second species,
a,, is the rate of increase of the second speciestalusteraction with the first species. Further nttat the

variablesN;, N, and the model parametd@ls a,, Q,,,a;,,Q,, are non-negative and that the rate of difference

between the death and birth rates is identifiethashatural growth rate with appropriate sign. Tieel equations
for a two species mutualising are governed by seay®f non-linear ordinary differential equations.
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2. Basic Equations:
The basic equations are given by

dN

dtl =aN, - a11N12 +a;,NN, (2.1)
dN

dt2 = _a2N2 + 0'21N 1N 2 (2.2)

Here we come across three equilibrium states:

:O,

Z|

l. N1 =0;

2

the state in which both the species are washed out
N, =N, =0.
all
Here the first speciesl\, ) survives while the second specidy() is washed out.

. N =% "N = 80,730,
N, N, :
aZl a12a21
In this state both the species co-exist and thisaxist only whera,a;, —a,Qa ,> 0.

Equilibrium state | (fully washed out state):

To discuss the stability of equilibrium sté‘_tlel =O;N2 =0, we consider small perturbationsl(t) and

u, (t) from the steady state, i.e. we write

N, = N, +uy(t), (2.3)
N, =N, +u,(t) (2.4)
Substituting (2.3) and (2.4) in (2.1) and (2.2), gat
du, _ )
E =au -au, ta .y,
du, _
E =-au,ta,uy,
After linearization, we get
% —au (2 5
dt al 1 )
and
du
A, (2.6)

The characteristic equation is

-3 )A+a,)=0

One root of this equation }=2a, which is positive and the other root is

A= —a, which is negative. Hence the equilibrium stateristable.
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The solutions of equations (2.5) and (2.6) are
U, = U, et 2.7)

—a,t
u, =u,, e 2 (2.8)
wherel,,, U,, are the initial values ofl, andu, The solution curves are illustrated in figures @ an

Case 1. Uy, > U,, i.e. initially the first species dominates thew®t species.

We notice that the first species is going away fribra equilibrium point while the second speciesrapphes
asymptotically to the equilibrium point. Hence 8tate is unstable.

Case2: Uy, < U, i.e. initially the second species dominates tha fpecies.
In this case the second species out numbers #iesfiecies till the time,

In{u,, u¢
(a,+a,)

after that the first species out numbers the secgpeties and grows indefinitely while the secondcis
approaches asymptotically to the equilibrium poidence the state is unstable. Further the trajiestan the

u,u lane are given b
(u,u,) p given by

o] * {2] :

ulO u20

Equilibrium statell (N, existswhile N, iswashed out):
We have

t=t*=

Nl = i ;Nz =0
11
Substituting (2.3) and (2.4) in (2.1) and (2.2), et

dul 2 a:I.a,12u2
—L=-au -au; +a +1=
dt ai 1 1171 lyy 2 all
duz a10!21u2
—2=-a,Uu, +a,ul,+ ===
dt a2 2 2T p 2 all
After linearization, we get
dt a,
du a
b Bl S P T (2.10)
dt a,
The characteristic equation is
a
(+a) (A 22} =0 2.11)

11

One root of this equation (2.11)}'&3_ = —a, which is negative.
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a
CaseA: When1 >—iL
a2 a21

a
the other root of equation (2.11))15 = 8% _ a, which is positive. Hence the equilibrium stateiistable.
11

The trajectories are given by

1 -at
l:Y_ [uzoa1a'12e>LZt +{ uléyl_ u,aq  je % } (2.12)
1
u, =u, & (2.13)

where
Yl = a1[a11+a21] —agy,

The solution curves are illustratedfigures 3& 4.
CASE 1. Foru,,< U,,, we have

In this case the second species is noted to beygoimy from the equilibrium point while the firgtexies would
become extinct at the instant

g* = 1 |n{ Upo1 AU, f 1}
(hot+a) U1 A

As such the state imstable.

CASE 2: If U,,> U,,, we have
Here the first species out numbers the secondesptit the time,

t=t*= 1 In {uloall(Xﬁa])—uzda glz}
A2t+a Uylay(r2+a)—ag ]

there after the second species out numbers thesfiesies. And also the second species is noted ing away
from the equilibrium point while the first speciesuld become extinct at the instant

f* = 1 |n{ U2, Y 1}
(A2+a) Upo1 24

As such the state imstable.

a.
CaseB: Whenﬁ <1
aZ a21
One root of the equation (2.11);"5‘ = —a, which is negative and the other root is

A= Ay

11
As the roots of the equation (2.11) are both nggathe equilibrium state sable.

—a, which is negative.

The trajectories in this case are the same asi2)and (2.13).
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That is
_1 Aot -t
ul_y_ [uzoa1a12e 2 +{U1071- u,Aq  je % }
1
u, :uzoek2t
where

1, =afa,+a,]-agy,
The solution curves are illustratedfigures 5& 6.
CASE 1. U,y< U, i.e. initially the second species dominates tre fipecies.
In this case the second species always out nurtiiefgst speciedt is evident that both the species converging

asymptotically to the equilibrium point. Hence #tate isstable.

CASE 2: U,,> U, i.e. initially the first species dominates the®t species.
Here the first species out numbers the secondespdtiithe time,

t =t* = 1 |n{u10a11(>\’2+a1)_u2(ﬁ' 9'12}
Ul (Rota) —an,]

there after the second species out numbers thefiesies. A4 — o both U, & U,
approach to the equilibrium point. Hence the stastable. Further the trajectories in t}"(eul,uz) plane are given
by

(o, —1u,= cu, %y U,

where
oo B
toao,-agy,
q = ada,
oaa,mady,

and C is an arbitrary constant.
The solution curves are illustrated in figure 7.

Equilibrium state I 11 (coexistence state):
We have
= - a.,.—aa .
N, =% N, =20~ 30, whereina,a,, —aa,, >0
an 1,0

Substituting (2.3) and (2.4) in (2.1) and (2.2), get

dU 2 1 N1
d_tl =-apu” taup,—a N ta 1J\|1U :
du, =
dt _a21ulN2 +a2pp2
After linearization, we get
du — —
d_tl:_allN1u1+a12N1u2 (2.14)

and
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du =
d_t2 =a,u,N, (2.15)

The characteristic equation is
A%+ a N A -a,a,, N;N, =0
One root of this equation is positive and the otbet is negative. Hence the equilibrium stateristable.

The trajectories are given by

U= [ulo/]1+uzocy12ﬁ1} e/11t + {Um/‘z‘*Uz(ﬂlle} eAzt

/]1 _/‘2 /]2 _/11
U= UZO(A1+0'11N1)+U1(Q’ 21N2 e/11t + u20(A2+allNl)+ul(p, 21N2 e/‘zt
’ /11 _/]2 /12 _/]1

The curves are illustrated figures 8& 9.

Casel: U, > Uy, i.e. initially the first species dominates thew®t species.

In this case, the first species is noted to be g@way from the equilibrium point while the secospecies
approaches asymptotically to the equilibrium pditgnce the state is unstable.

Case 2. Uy, < U, i.e. initially the second species dominates tha fpecies.
In this case the second species out numbers #iesfiecies till the time,

t=t*= 1 In (b,-A)uyst(@;~b)u 4
A=A (b,=A)ut (a,~b)u

where

after that the first species out numbers the secgpeties and grows indefinitely while the secondcis
approaches asymptotically to the equilibrium poidence the state is unstable. Further the trajiestdan the

u,,uU,) plane are given by
112

[U (a_l)(Vl_Vz)]d — (ul _u2V1)aVl
’ (ul _Vzuz)avz

where V, and V, are roots of the quadratic equatian® +bv+c=0 with a=a,,N, ; b=a,,N, ;

¢ =—a,,N, andd is an arbitrary constant.
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Trajectories:
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Figure 1 Figure 2 Figure 3
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Figure7 ™ Figure 8 Figure 9
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