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ABSTRACT

This investigation deals with a mathematical model of a four species (S, & S and ;) Syn-
Ecological system (one of the four species are washed out states). S is a predator
surviving on the prey S;: the prey is a commensal to the host S which itself isin mutualism with
the fourth species §,. Further S and S, are neutral. The model equations of the system constitute
a set of four first order non-linear ordinary differential coupled equations. In all, there are
sixteen equilibrium points. Criteria for the stability of four of the sixteen equilibrium points:
One of the four species are washed out states only are established in this paper. The linearized
eguations for the perturbations over the equilibrium points are analyzed to establish the criteria
for stability and the trajectoriesillustrated.
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INTRODUCTION

Ecology relates to the study of living beings itatien to their living styles. Research in the area
of theoretical ecology was initiated by Lotka [6hdaby Volterra [12]. Since then many
mathematicians and ecologists contributed to tbevtr of this area of knowledge as reported in
the treatises of Meyer [7], Paul colinvaux [8], €denan [2], Kapur [3, 4] etcThe ecological
interactions can be broadly classified as prey-gied, competition, mutualism and so on. N.C.
Srinivas [11] studied the competitive eco-systemsvo species and three species with regard to
limited and unlimited resources. Later, Lakshmrdyan [5] has investigated the two species
prey-predator models. Recently, stability analysiscompetitive species was investigated by
Archana Reddy [1]. Local stability analysis forveotspecies ecological mutualism model has
been investigated by B. Ravindra Reddy et. al [9,10
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2. Basic equations:
Notation Adopted:

Na(t) The Population of the Prey,{S

No(t) The Population of the Predator)S

N3(t) The Population of the Host{)Sof the Prey (9
and mutual tq S

Ng(t) The Population of Smutual to

t : Time instant

a,&,a,a . Natural growth rates 0SS, S5, &

&11,&2,883,a44 . Self inhibition coefficients of $S, &, &

ai2,&1 . Interaction (Prey-Predator) coefficients qfdsie to $and S due to $
ay3: Coefficient for commensal for; Slue to the HostsS

as4, 3. Mutually interaction betweens;@nd S

& % % % . canying capacities ofiSS, S, S

all a'22 a33 a44

Further the variables NN, N3, N4 are non-negative and the model parametgrag,aas, &, a,
o, &3, g, &2, D1, &3, &g are assumed to be non-negative constants.

The model equations for the growth rates 9f$, S5, & are

ﬁ}zqm—qﬂf—%ﬂﬁb+%NN e (2.2)
dgiz =a,N,-a,,N/+a,NN, e X
-%%za@%—%$@+agﬂy4 . (23)
dcli\':4 =a,N,-a,N/+a, NN, (2.4)

3. Equilibrium states:
The system under investigation has sixteen eqiihbstates are given by

N _oi=123. (3.1)
dt

|. Fully washed out state:
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(4) E:O,N_Z:i’m’: O,N_4: 0 (5) E:i,mzo,ﬁgz O,E: 0
a, a,

[I1.  States in which two of the four species are wash#dvhile the other two are surviving

(6) N,=0,N, = 0N, = 22" 8Ru - 88,7885
4
A8y, ~ 3@-43 aza,mag g

()N, =0,N, =2 N,=0N,=% (8N, =0,N,=2 N,=2 N,=0
a22 a44 a22 a33

— — = _ _—_a
9) N=2% N,=0,N,=0N,=
( ) 1 ail 2 3 4 a44
10) N, =22 7885 - o N =2 N, =0

a11a33 a33
(11)N—MN Mﬁs ON,=0
allaZZ + al? 21 lg' 22+ a l@ 21

[I1.  States in which one of the four species is washgdavbile the other three are surviving

(12) N =0N,=22 N,=2&ul8Pu [y - ARa" 884
& Az 8,4, A3 45 aga,aga,

This state can exist only when,a,,—a,a,,>0

— — _ T _ aa,taf, o _ ap,ra
(13) N,=— N, =0,N, =43 A N, = Aatad g3

Ay~ A58 43, azd,ady

NQ|Q

Where
o =ag(ag,tag)talagd,ag ha ra(a g za g, )

This state can exist only when,a,,—a,a,,>0

(14) Nl aa,, ~ad, N ap'21+a§'ll’W3= 0,m=i4
a:l.la'22+ alp 21 lg' 22+ a l@ 21 a
This state can exist only whexa,, —a.a,,>0

(15) WF%,E:&1E N,=0

&
B A3
Where
181 = ass(anazz"'al? 2)’ B —4a zgaq ;3aq )3—61 aa
Bs=a(apstag)tag g,
This state can exist only whgh>0
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V. The co-existent state (or) Normal steady state

(16) E:M’E:MZ’ WS: a4a34+a3a44 ,E: a?‘33+a§43
Ya Vs G358 ~ A3 43 Azd A Ay

Where
vi=(aa,tag)(@a2,,a@ ..y a3 gag g
Va=(@,taa)@a,, a8 5y r(@d 723 )@ & 12a &)

The present paper deals with one of the four sperie washed out states only. The stability of
the other equilibrium states will be presentechim forth coming communications.

4, Stability of one of the four species washed out equilibrium states:
(Sl. Nos 12,13,14,15 in the above Equilibrium States)

4.1  Stability of the Equilibrium State 12

To discuss the stability of the equilibrium state
N = d;,tagd,, ,E: aAgstaad g ’
) Ay~ A3 43 ag,ag,
u,(t), u,(t), u(9Y, u() from the steady state

we consider small deviations

ie. N (t)=N +u(t),i=1234 - (4.1.1)

Substituting (4.1.1) in (2.1), (2.2), (2.3), (2.4hd neglecting products and higher powers
ofu,, u,, u,, u,, we get

du du -

d_tl =Qu, .. (4.1.2) th =-au, +a, Ny, .. (4.1.3)
du, _ T du, _ NE
E——a33N3u3+a34Ny4 ... (4.1.4) E—a43N4U3_a44Ny4 .. (4.1.5)
HereQ =a,-a,N,+a, N, .. (4.1.6)
The characteristic equation of which is

(A-Q)A+a)[ 1’ +(aN+a,N ) +(@a,-aa N N =0 .. (417)

The characteristic roots of (4.1.7) are

- (Nt N)ty@.Nra,N)+daa NN

A=Q,A=-a, A=
QA=-a, -

Case (A): If Q <0 [i.e.q < au% +a.N,]
2
Here Q,is negative and the other three roots are alscotivega
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Hence the equilibrium state s&able.

The solutions of the equations (4.1.2), (4.1.31.4), (4.1.5) are

u, =u,e¥

u, = {Uzo __ a3,Uy, }e—azt + ag, et
a,,(Q, +a,) a,(Q,*+a)
uso()‘3+ a44|_\|4) + u40a34_N3 ot + usr()‘ P a4:N)J+ u4oa3_4N Qt
A -A, A - A,

u; =

_u4o()\3+ a33N3)+ Uzo@ysN, gt 4+ I u4(()\ T aszN);"' usoa4_3N aut
A=A, A -A,

u, =

where uo, W, Uso, Wy are the initial values ofiuw, u, U, respectively.

There would arise in all 576 cases depending upertdering of the magnitudes of the growth

... (4.1.8)

... (4.1.9)

... (4.1.10)

. (4.1.11)

rates a &, &, & and the initial values of the perturbationg(), Uo(t), Uso(t),uso(t) of the
species § S, S5, & Of these 576 situations some typical variatians illustrated through

respective solution curves that would facilitatertake some reasonable observations.

The solutions are illustrated in figures 1 & 2.

18}

el

Usg

thao i a2
: g
:x’ 115

T fx f t

Fig. 2

ﬁ—)—c Ilf u10<u40<u30<u2candaS<a2<Q1<a4

In this case initially the host g5of S; dominates over the,Sill the time instantt,; and there
after the dominance is reversed.tAs o, all the four species approach to the equilibrpomt.

Hence the equilibrium state s&able.

Pelagia Research Library

170



R. Srilathaet al Adv. Appl. Sci. Res., 2011, 2 (3):166-178

Case (ii): If u,, <u,,<uz,<u,anda,<a,<a,<Q,
In this case initially the host {50of S, dominates the predatorjSand S till the time instant
t,5 ,t,, respectively and there after the dominance is seebrAlso $dominated over by the
predator (9 till the time instant,, and there after the dominance is reversed.
Case(B): If Q>0 [i.e.a >a, 2 +a.N,]

&
Here the rooQ, is positive and the other three roots are alsothega

Hence the equilibrium state usmstable and the solutions in this case are same as in @ase
The solution curves are exhibited in figures 3 & 4.

Case(i): If uy,<u,<u,<uzanda,<Q <a,<a,
In this case initially the host {5of S; dominates the predatorjSprey () and Still the time
instantt,, ,t,; ,t,; respectively and there after the dominance is seeerAlso $dominates over

the prey (9 and predator ($ till the time instantt,, ,t,, respectively and there after the
dominance is reversed.

gy IH

ettt tn t
Fig. 3

Case (ii): If u,, <u,,<u,<uj,anda,<Q<a,<a,

In this case initially $dominates the host {5of S till the time instantt,, and there after the
dominance is reversed. Also the predatg) (®minates the prey (Btill the time instantt,,
and there after the dominance is reversed.

Uy

43 B3y t

Fig. 4
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4.2  Stability of the Equilibrium State 13

Wl =ﬂ,W2 = O,Wg _ 88,tag,, ,Wf aptad,,
a, Aygf40 ™ A3 43 A maf
Where

al:a13(a4a34+a§4)+a£a3§' 44_a ﬁ )30' 2:a ip' @3 4_4a %4 )43

Substituting (4.1.1) in (2.1), (2.2), (2.3), (2.4hd neglecting products and higher powers
ofu,, u,, u,, u,, we get

% =Mu,-a,Nu,+a, Ny, .. (4.2.1) % =r,u, .. (4.2.2)
du, = _ — N du, _  — NS
E——a33N3u3+a34Ny4 ... (4.2.3) E—a43N4u3—a44NJJ4 .. (4.2.4)
Here M, =—(a,+a,N),r,=a,+a,N, .. (4.2.5)
The characteristic equation of which is

(A= Ml)(/] - rz)[/‘z + (a33N3+ a,N z)/] +(a 34 a R 4)3N N ]: 0 ... (4.2.6)

The characteristic roots of (4.2.6) are

A=M,,A=r /]=_(a33N3+a44N4)i\/(a32N3_a4N)2+4a3§'4&& 4
1 21 5

One root of the characteristic equation=r, is positive and the remaining three roots are
negative. Hence the equilibrium state is unstahkkthe solutions are

u = {ulo+(alzﬁlu20(/13+ M ])—alﬂi prp)r+M )‘j}e"\"lt

(,+ M)A+ M) 42.7)
+[613W1( pe* + p£)(r,tM)-a, Ny 64(4 +M lj
(p+M)(A;+ M)
U, = Uy? ... (4.2.8)
u, = p,€ + p, & ..(4.2.9)
u, = u4o()‘3+ a33N3)+ u30a43_N4 ot + u4(()‘ T aazN);"' usoa4_3N at (4.2.10)
A=A, A -A,
Where
- uso()‘s"' a44N4)+ U083, N3 - usp\ 1 a44N)l+ U,85,N
! A=A\, ’ A=A,

The solution curves are as shown in figures 5 & 6.
Case(i): If u,<u,<uz<u,anda,<a <r,<a,
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In this case initially the predator JSdominates the host {5of S , & and the prey ($ in
natural growth rates well as in its initial popida strength. Also we observe that the Predator
species diverge from the equilibrium point whilee tother three species converge to the
equilibrium point. Hence the equilibrium state istable as shown in figure 5.

Fig. 5

Uz
Uso
Ugn

]
Us

E//[L

t

0 t

Case (ii): If uy, <u,<uz<uganda,<a,<r,<a,
In this case initially $dominates the host {5of S and the predator {ptill the time instant
t., ,t,, respectively and there after the dominance is smekrAlso the host g5of S, dominates

the predator ( till the time instant,; and there after the dominance is reversed. Siyilae

prey (S) dominates the predatorSill the time instantt,, and there after the dominance is
reversed.

Fig. 6

L1 bag By Iz

4.3  Stability of the Equilibrium State 14
Wl: aay, ~aA, ’Wz: a?-21+a?'11’W3:0’W4:i4
a11a'22+a'1f"21 al@' 22+a 19 21 a 4.
Substituting (4.1.1) in (2.1), (2.2), (2.3), (2.4hd neglecting products and higher powers
ofu,, u,, u,, u,, we get

du — — —

d—t1=—a11N1u1—a12Ny2+ a,Nu. ... (4.3.1)
du — —

d_tzz_azzNzuz"'aleiJJ ‘?(42)
du, du a

—=lu ...(433) —“2=-au,+a,,—u .. (4.3.4)
dt 3¥3 dt 44 43a44 3
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Herel, :a3+a34:—4 .. (4.3.5)

44

The characteristic equation of which is
(A=1)A+a)[ A +(a,N+a,N )1 +a,a, NN |=0 .. (4.3.6)

The characteristic roots of (4.3.6) are

A=l,A=-a,,A= _(aanJ’azzNz)i\/(ale’azN y’-4aga NN,
37 4
2
One root of the characteristic equatiohn=1, is positive and the remaining three roots are

negative. Hence the equilibrium state is unstahtkthe solutions are

{[(um +Uy)a,—U A 11“1_ % %}eﬂﬂ

u,
A=A
2 . .. (4.3.7)
{ b =B, = A) (U udamu 2 N g ;I>3}@zt+¢légt
A=A
{[(Um"'um)alz 3(5311N (”QA l)s}e/htgt
1
A=A
s .. (4.3.8)
. {w @A, =) U+ ua,~u 8 IN + 9 ;I>3}@2t52+%é3t
/]2_/‘1
5 = Uy, .. (4.3.9
{ a,a,U3, }e—%_*_ apg M e|3t . (_4]_(3)
a,ls+a,) alsta)
Where
—L _ a3 NyUgy~ 9.5+ py)
(pl_|2+l]J| +Bl a11N+a22N21(p2 812
B, = (a2, * a12‘?‘21)'\11 N, B = upa,(F a,N,)N,
- _0\1+ pg) - _0\2+ p3)
TN TN, P N

The solutions are illustrated in figures 7 & 8.

Case(i): If uy,<u,<uz<ug,anda, <l,<a,<a,
In this case initially $dominates the host {5of S, and the prey (S till the time instant
t., ,t,, respectively and there after the dominance is se¢krlt is evident that all the four

species going away from the equilibrium point. Hetlee equilibrium state is unstable as shown
in figure 7.
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Fig. 7

Uy

Usg

Uig

Uzg

Case (ii): If uy, <u,,<u,<uganda,<a <l;<a,
In this case initially the prey (pdominates over and thehost (Q) of S till the time instant
t,, ,t,, respectively and there after the dominance isrsexk Also the predator {fSdominates

S, and the host ($ of S, and till the time instant,, ,t,, respectively and there after the
dominance is reversed. Similarly 8ominates the host {Sof S till the time instantt,, and
there after the dominance is reversed.

Fig. 8

Uz N w

Uz

Uzn
Uan

|
Usg —

o . . .
g B Bty 0 3

44  Stability of the Equilibrium State 15
N '82 N, '83 N, = B N =0
,81 ﬂl Qs
Where
ﬂ1:a33(a11a22+a1fjl 2)'/8 —a 2§a‘r‘1l ;¥aa 1)3_a I
Bi=a,(agstag)taga.a,

Substituting (4.1.1) in (2.1), (2.2), (2.3), (2.4hd neglecting products and higher powers
ofu,, u,, u,, u,, we get

du N <. .
_dtl =-a,Nu,—a, Ny, +a,Nu. - (4.4.1)
du T INW

dtZ - _a22N2u2+ aZlN y] (442)
du - du
Al (443 —EEny, - (4.4.4)
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Heren,=a,+ a43ﬁ .. (4.4.5)

3

The characteristic equation of which is
|:A2 + (a11N1+ a22N E)A + (alg 22 a 19‘ 22N N ;(/1 -n MA ta k: O (446)

The characteristic roots of (4.4.6) are

A:_(a11N1+a22N2)i\/(a1Nl_a2N )2_43-1@-4?@ 21=n A=
2 R

4,

One root of the characteristic equatidr=n, is positive and the remaining three roots are
negative. Hence the equilibrium state is unstahtkthe solutions are

U = {(ulo + uzo_le_sz)a1N1_ (4 ;a 1N1(W Tw Z}GM

/]2_/]1
W =W WI(A,=A4) +(Uye+ U= QT -Q 9 a N (4 Fa N)(W +w)y|
/12_/]1
+we ™ +w,e™ ...(4.4.7)
u, :{(u10+u20_Q1D_Q2D)a12W1_(A 2+a1N)(W rw l}grle/ht
/12_/]1
+{[u10_(W1+W2)](/12_/]) +(u10+u 2/01_?;_Q aa 1N1_(/1 Fa 1IN_)(W TW)Z}fze/]zt +Q1De_aat +Q2De”“t
... (4.4.8)
., {ugo— 8,8, Uy }e-aaw 38Uy g (4.4.9)
a5 (N, + &) a; (n*+ a)
u, = u,e™ . (4.4.10)
Where
u —_— —_— —_— —_—
Q :% ,A=a;N,+a,N,,B=(a,a,N+a N,
W. = (U3~ Q)(@, N— a5 )a; N, W. = a; NQX &+ &, N,
' a’-a,A+B e A2+A,A+B
Q= a3 N, (Ugo— Q1)+_W1(a3_ a,N) Q= a, N Q- Wi(ni" a; N,
1 12
a, N; a, N
_ _0\1+ pg) —_ _0\2+ p3) —a N
=~ Ble = V2 Ps/h =g N
El a, N, Ez a, N, Ps=a, N

The solution curves are exhibited in figures 9 & 10

Case(i): If u,<u,<uy,<uzanda,<a,<n,<a
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In this case initially the host g5of S; dominates $till the time instantt,, and there after the

dominance is reversed. Also the predata) (®minates $till the time instantt,, and there
after the dominance is reversed. Similarly thedpter (S) dominates the prey {gtill the time

instantt,, and there after the dominance is reversed.
Fig. 9

tl:l o Bt
Case (ii): If uyy<u,<u,<u,,andn,<a,<a <<a,
In this case initially the predator fSdominates over thisost (3) of S till the time instantt,,

and there after the dominance is reversed. Alsgthy () dominates the host {Sof S till the
time instantt,, and there after the dominance is reversed.

Fig. 10

Ug Uz ooy

|
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