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ABSTRACT

The aim of this paper is to prove a unique common fixed point theorem which generalizes the result of Aage C.T.
The conditions continuity and compl eteness of a metric space are replaced by weaker conditions such as compatible
pair of reciprocally continuous self maps.
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INTRODUCTION

According to G. Jungck [4] two self maps P and Bdfetric space compatible mappings if
lim,_,, d(PTx,, TPx,) = 0 whenevex x,, > islim,_, Px,, =lim,_,Tx, =t
for some t belongs to X.
Metric SpacgX, d) are said to be a sequence in X such that
Two self maps P and T of a Metric Spd&ed) are said to be Reciprocally continuous if
lim,_,, PTx, = Pt andlim,,_,, TPx, = Tt
whenever< x > is a sequence in X such that,, ., Px, = lim,_ ., Tx, =t

for some t belongs to X.
Definition : A real valued functiorp defined onX, R is said to be upper semi continuous if
lim,_, @(t,) < 0(t), for every sequende,} , Xwith t, >t asn - o .
Aage C.T. and Salunke J.N. [1] proved the followihgorem:-

Theorem A: Suppose P,R, T and Q are four self mappings ofhgtzie metric spac€X, d) into itself satisfying
the conditions

(i) P(X) € QX),T(X) €R(X)

(i) d? (Px,Ty) max {(Z)(d(Rx ,Qx))0d(Rx Px)) ,0(d(Rx, Qy))0(d(Qy, Ty)),
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8(d(Rx, Px))®8(d(Qy, Ty)) o(d(Rx, Ty))e(d(Qy, Px))}
forallx,y X.

(iii) ¢ is contractive modulus as in definition (1.2).

(iv) one of P, R, T and Q is continuous.

And if

(v) the pairs (P, R) and (T, Q) are compatibleypgt
(A)Then P, R, T and Q have a unique common fix@éhtp
Now we prove the following theorem.

Theorem B. Suppose P, R, T and Q are four self mappings ofetrienspace (X, d) into itseKatisfying the
conditions

() P QEO, T R(X).
(ii) d*(Px, Ty) < max{p(d(Rx, Qy))e(d(Rx, Px)), o(d(Rx, Qy))e(d(Qy, Ty)),

¢(d(Rx, Px))o(d(Qy, Ty)), ¢(d(Rx, Ty))¢(d(Qy, Px))},
forallx,y € X.
Proof: Letx, in X be arbitrary. Choose a point in X such thatPx, = Qx,.

This can be done

sinceP(X) € Q(X). Let % be a point in X such thdk, = Rx,. This can be done sin@&X) R(X).In general we
can choose,,,, Xon41) Xans2, - SUCh thaPx,, = Qx,,,.;andTx,,,1 = Rx,,4,,50 that we obtain a sequence

Pxo,Txl,sz, TX3,‘ . (1)
Taking condition (i). (ii) and (iii) as in Aage ar8hlunke [1]{Px,,} is a Cauchy sequence and consequently the
sequence (1) is a Cauchy. The sequence (1) corsvgoge limit z in X. Hence the subsequenéBs,,} =

{Qx5n41} @and{Tx,,_1} = {Rx,,} also converge to the limit point z.

Suppose that the paifP,R) is compatible pair of reciprocally continuous.Byetdefinition of reciprocally
continuous, there is a sequercean > in X such that

Px,, = z,Rx,, — zthenPRx,, — Pz RPx,, - Rz asn - «....(2)

Since the pair (P, R) is compatible we h&wg,, —» z,Rx,, — zasn — o and
lim,,_,, d(PRx3y., RPx3,) = 0....(3)

using (2) and (3) we get

d(Pz,Rz) = 0or Pz = Rz. Since Pz = Rz,

Now by (ii)

d*(Pz,Txzpn41) < max{ (d(Rz,Qxzn+1))9(d(Rz,Pz), p(d(Rz, QX2n11))
P (d(Q@xzn41, Tx2n+1))'§0(d(RZ' PZ))‘P(d(sznH'sznH)),
@(d(Rz,Tx3n41))P(d(QX2n41, P2))}-

Qx3n41 = 2z, Txyp.q — zasn — o andRz = Pz, so lettingn — « we get
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d*(Pz,z) < max{p(d(Pz z))¢(d(Pz, Pz)),

@(d(Pz,2))p(d(z,2)), (d(Pz,P2))p(d(z, 2)), p(d(Pz, 2))p(d(z Pz))}

= ¢(d(Pz,2))p(d(z P2))

i.e.d(Pz,z) < ¢(d(Pz,z)) < d(Pz z). Hencep(d(Pz z)) = 0i.e.Pz = z ThusPz = Rz = z
Further

SinceP(X) Q(X), there is a point w X such that

zPz = Qw.

Now we prove thaQw = Tw. Now by (ii)

d?*(Pz,w) < max{p(d(Rz,Qw))¢(d(Rz, Pz)), p(d(Rz, Qw))p(d(Qw, Tw)),
@(d(Rz, P2))p(d(Qw,Tw)), (d(Rz, Tw))p(d(Qw, Pz))}

= max{p(d(Qw, qw))p(d(Qw, Qw)), p(d(Qw, Qw))p(d(Qw, Tw)),
@(d(Qw, Qw))p(d(Qw, Tw)), p(d(Qw, Tw))p(d(Qw, Qw))}

sod?(Qw,Tw) < 0impliesd(Qw,Tw) = 0, hencez = Qw = Tw.

Since the pai(T, Q) is compatible pair of reciprocally continuous. B tdefinition of reciprocally continuous, there
is a sequence x,, > in X such that

Txyn = 2,Qxy, — zthenTQx,, — Tz, QTx,, —» Qz asn - «....(4)

Since the pai(T,]) is compatible we havEx,,, — z,0x,, — z asn - « and.
lim,, ., d(TQx5y.,QTx5,) = 0....(5)

using (4) and (5) we get

d(Tz,Qz) = 0, hencelz = Qz. Nowd?(z,Tz) = d*Pz,Tz)

max{p(d(Rz,Qz))p(d(Rz, Pz)), p(d(Rz, Q2))p(d(Qz,T2)),
¢(d(Rz, P2))p(d(Qz,T2)), ¢(d(Rz,T2))¢(d(Qz, P2))}

max{p(d(z,Tz))p(d(z,2)), 9(d(2,T2))p(d(Tz T2)), ¢(d(z 2))¢(d(Tz T2)), p(d(2,Tz))p(d(Tz,2))}
@(d(Tz,2))p(d(Tz,2))

implies thatd(Tz,z) < @(d(Tz z)) < d(Tz z).

INIA

Hencep (d(Tz,z)) = 0i.e.Tz = zandz = Tz = Qz. So z is a common fixed point of P, R, Q and T.
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